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180,&,%,0 9.$ 04$% 4+1:6:0: 78)5-$.0./!

 !"#$%

z → |z| 1.*- 5#0'%+#0#0 || : C→ [0,∞) 180,&,%,0,0 9.$ 04$% 4+1:6:0:

78)5-$%-( .;.0 < =<> 04$% 9-+.5+-$.0.0 )#6+#01'6'0' 78)5-$%-+.*./! ?-$;-(=

5-02 3-$ u, v ∈ C @- K = R *# 1# K = C 4+%#( ,/-$- 3-$ αinK .;.0

#&#6'1#(.+-$.0 )#6+#01'6' (#$%#&'( )#*'+#$'0 8/-+.(+-$.01-0 ;'(#$A

< ! |u+ v| ≤ |u|+ |v| B#+5=54C+#%)#++'(D

<E! |αu| = |α||u| BF4/.5.G 34%4H-0+.(D

<>! u 6= 0⇒ |u| 6= 0

 !"# I: C$49+-% J$0-(  K! !> @- J$0-(  K! !L 1- n = 1 #+'0'$)# 8/-+ 9.$

3#+ 4+#$#( 4$5#*# ;'(#$!

E! I: 98+,%1- #*$'05'+' .)C#5+#$' @-$.+%-1-0 7-;.+-0 8$0-(+-$. #*$'05'+#$'0#

.0-$-( .)C#5+#*'0'/!

M)C#5+#$ 86$-0N.*- 9'$#('+%'&5'$!

 !", &-.%/0

&'()*+ ,-./ +.0).&1

 !"*" #$%&'()'($

 ! I: (-).%1- .)C#5' *#C'+%#*#0 8$0-(+-$. .)C#5+#*'0'/!
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 !"#$" %&'(') *! +,-./01 ρ #$# %&'()*)%+) ,-.$/$#$ 01+'&(%&* )2)#

3 4 3"435 6&-)'-&()#)# +7/-7#.8/8#8 01+'&(%&-)9):; <7(+798%8%8: $97(8#=7

ηn -&( %&'()*)%+) ,-.$/$#.7#4 >&(6)()+) 3 4 3"435 6&-)'-&()#) +7/-7(;

?$(7.7# @$ +,#$2-7(8 28*7(76)-)():A

3 A ρ(x, y) =
∑

∞

n=1
ηn(x, y) ≥ 0 ,-$(;

3"A

ρ(x, y) =

∞
∑

n=1

1

2n
ηn(x, y)

≤
∞
∑

n=1

1

2n
(ηn(x, z) + ηn(z, y))

≤
∞
∑

n=1

1

2n
ηn(x, z) +

∞
∑

n=1

1

2n
ηn(z, y)

= ρ(x, z) + ρ(z, y)

.8(;

35A B&( n )2)# x = y ⇒ ηn(z, y) = 0 ,-.$/$#.7#

x = y ⇒ ρ(x, y) =

∞
∑

n=1

1

2n
ηn(x, y) = 0

,-$(;

23!45 %1 B&( n )2)# ηn -&( 6)(&( %&'()* )+&

ρ(x, y) =
∞
∑

n=1

1

2n
ηn(x, y) C D; E

.1#F@F%F .& 6)( %&'()*')(;

 !"#$% G$*7(8.7 97H8-7#-7(7 &* ,-7(7* 3I )-& 3J 6&-)'-&()#)# .& +7/K

-7#.8/8#8 01+'&(%&* 9&'&=&*')(; B&( 6)( ηn 6$#$ +7/-7.8/8#7 01(& ρ

#$# .7 6$ 1:&-)*-&() +7/-797=7/8 7H728*'8(;

23!45 (1 B&( n )2)# ηn -&( 6)(&( %&'()* )+&

ρ(x, y) =
∞
∑

n=1

1

2n
ηn(x, y)

1 + ηn(x, y)
C D;"E

.1#F@F%F .& 6)( %&'()*')(;

 !"#$% µ 6)( %&'()* )+&

δ(x, y) =
µ(x, y)

1 + µ(x, y)
C D;IE

.1#F@F%F .& 6)( %&'()*')( C6*: J;L(,6-&%E;
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#$%& '()*+ ,*) n -.-% ηn = δn /0%$1$ 2&3454)6& 7 89:; -<&=*6-

ρ(x, y) =

∞
∑

n=1

1

2n
δn(x, y) 7 89>;

?-.-1-%- &54)9 7 89 ; $2&)4%@&+ ?$ ?-) 1*A)-/A-)9 B05&246425&+ 7 89:;

-<&=*6- ?-) 1*A)-/A-)9

:9 x = (x1, x2) C* y = (y1, y2) (D*5*)- R
2
/E1*6-%=*% &54%1&/ EF*)*+ &G&D4H

=&/-5*)=*% ,&%'-5*)- R
2
EF*)-%=* ?-) 1*A)-/ =*D-5=-)I

ρ(x, y) = min{|x1 − y1| , |x2 − y2|}

δ(x, y) = (x1 − y1)
2 + (x2 − y2)

2

ψ(x, y) = |x1|+ |y1|+ |x2|+ |y2|

 !"#$%

ρ *+, -./,+0 1.2+31+," x = (−2, 0), y = (2, 0), z = (0, 1) %0/A&5&)4%4 =EGE%*H
5-19 ρ(x, y) = 4 > 1 + 1 = ρ(x, z) + ρ(z, y) 05=$D$%=&% E.'*% *G-A6-F5-D-

6&D5&%1&F9 J25*26* ρ ?-) 1*A)-/ =*D-5=-)9

δ *+, -./,+0 1.2+31+," x = (−2, 0), y = (2, 0), z = (0, 1) %0/A&5&)4%4 =EGE%*H
5-19 δ(x, y) = 4 > 12 + 12 = 2 = ρ(x, z) + ρ(z, y) 05=$D$%=&% E.'*%

*G-A6-F5-D- 6&D5&%1&F9 J25*26* δ ?-) 1*A)-/ =*D-5=-)9

ψ *+, -./,+0 1.2+31+," x = y 05=$D$%=& ψ(x, y) 6= 0 05=$D$%=&% K> ?*5-A-

6&D5&%1&F9

"9 L0%5$ 6&24=& (Xi, ηi)+ 1 ≤ i ≤ n+ n ∈ N+ 1*A)-/ $F&25&)4 C*)-5-20)9

X =
∏

n

i=1
Xi 056$%9 x, y ∈ X --.-% x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn)

051&/ EF*)*+

α(x, y) =

(

n
∑

i=1

[ηi(xi, yi)]
2

)
1

2

β(x, y) =
n
∑

i=1

ηi(xi, yi)

γ(x, y) = max{ηi(xi, yi) : 1 ≤ i ≤ n}

<0%/6-20%5&)4 A&%415&%420)9 #$%5&) X EF*)-%=* ?-)*) 1*A)-/ 1-=-)I
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α *+, -./,+0/+," #$%$ '()1*/ -.-% M&%41  89:9 -5* C*)-5*% K HKN 1*A)-/

?*5-A5*)-%-% 6&D5&%=4D4%4 /&%4A5&1&5424F9 ηi 5*)-% ,*) ?-)- ?-) 1*A)-/ 05=$D$%H

=&% K + K"+ K> C* KN ?*5-A5*)-%-% 6&D5&%=4D4 &3&.4/A4)9 O*)-2* K: E.H

'*% *G-A6-F5-D-%- '(6A*)1*/ /&514GA4)9 #$%$% -.-% J%*)1*  89 9: 7P&$@,2H

L@Q&)AF RG-A6-F5-D-; C* J%*)1*  89:9" 7K-%/0Q6/- RG-A6-F5-D-; -63&A5&)4%=&
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#$%%&'(%&' )*'+,-.' &)'(/( #$%%&'(%&0&# α(x, y) ≤ α(z, y) + α(y, x) 123,'

,4.+/.5%.6.'.' /&6%&'7(6( 3*/+,0.%,8.%.09

β 123 456327623' :$'$ 3*0-,# .2.' ;&'(-  <9=9 .%, >,0.%,' ? @?A -,+0.#

8,%.+%,0.'.' /&6%&'7(6('( #&'(+%&-&%()(59 ηi %,0.' B,0 8.0. 8.0 -,+0.# C%7$6$'@

7&' ? D ?ED ?" >, ?A 8,%.+%,0.'.' /&6%&'7(6( &F&2(#+(09 G,0.), ?= 123,'

,4.+/.5%.6.'. 3*/+,0-,# #&%-(4+(09

β(x, y) =
n
∑

i=1

ηi(xi, yi)

≤
n
∑

i=1

(ηi(xi, zi) + ηi(zi, yi))

= β(x, z) + β(z, y)

C%7$6$'7&'D 123,' ,4.+/.5%.6. 7, /&6%&'(09

γ 123 456327623' :$'$ 3*0-,# .2.' ;&'(-  <9=9 .%, >,0.%,' ? @?A -,+0.#

8,%.+%,0.'.' /&6%&'7(6('( #&'(+%&-&%()(59 ηi %,0.' B,0 8.0. 8.0 -,+0.# C%7$6$'@

7&' ? D ?ED ?" >, ?A 8,%.+%,0.'.' /&6%&'7(6( &F&2(#+(09 G,0.), ?= 123,'

,4.+/.5%.6.'. 3*/+,0-,# #&%-(4+(09

γ(x, y) = max{ηi(xi, yi) : 1 ≤ i ≤ n}

≤ max{(ηi(xi, zi) + ηi(zi, yi)) : 1 ≤ i ≤ n}

≤ max{ηi(xi, zi) : 1 ≤ i ≤ n}+max{ηi(zi, yi) : 1 ≤ i ≤ n}

= γ(x, z) + γ(z, y)

C%7$6$'7&'D 123,' ,4.+/.5%.6. 7, /&6%&'(09

"9 C× C 7,' RH), +&'(-%&'&'

ρ(z1, z2) = |z1 − z2|

IC'#/.)C'$'$' 8.0 -,+0.# C%7$6$'$ 3*/+,0.'.59 :$'&D #&0-&4(# /&)(%&0 15@

,0.'7,#.  !"# $%&%' (%#')&) 7.),J,6.59

:#59 K0',#  <9=9E9

A9 (X, ρ) 8.0 -,+0.# $5&) C%/$'9 L,0 x, y ∈ X .2.'

δ(x, y) =
ρ(x, y)

1 + ρ(x, y)

7.), +&'(-%&'&' δ IC'#/.)C'$'$' 7& X 15,0.'7, 8.0 -,+0.# C%7$6$'$ 3*/@

+,0.'.59

 !"#$%

:$'$ 3*0-,# .2.' ;&'(-  <9=9 .%, >,0.%,' ? @?A -,+0.# 8,%.+%,0.'.' /&6@

%&'7(6('( #&'(+%&-&%()(59 ηi %,0.' B,0 8.0. 8.0 -,+0.# C%7$6$'7&' ? D ?ED
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#$ %& #" '&()*(&+),), -./(.,01/1 .2.314*1+5 6&+)7& #8 93:&, &;)*-)<()/),)

:=-*&+>&4 4.(>1;*1+5

t → t

1+t
)(& *.,1>(.,., f : [0,∞) → [0, 1) ?@,4-)7@,A -9+&4()0)+5 B9,49

-9+&4() )4) ?@,4-)7@,A, @+.,101+ %& 2.70. 0 0., ?.+4(101+5 C7+1D. f ')+&E

')+E=+*&, %& .+*., ')+ ?@,4-)7@,0A+5 F7(&7-&

t < t1 + t2 ⇒ f(t) < f(t1) + f(t2)

0)+5 G)>0) t 7&+),& ρ >&*+)/),) 4A((.,1+-.4

δ(x, y) =
ρ(x, y)

1 + ρ(x, y)

≤
ρ(x, z)

1 + ρ(x, z)
+

ρ(z, y)

1 + ρ(z, y)

= δ(x, z) + δ(z, y)

&(0& &0)()+5

H5 (X, ρ) ')+ >&*+)4 A<.7 @(-A,5 X×X 0&, RI7& *.,1>(.,., .;./10.4) ?@,4-)7E

@,(.+0., J.,:)(&+) X 9<&+),0& ')+ >&*+)4*)+K

δ(x, y) = kρ(x, y), (k ∈ R
+)

γ(x, y) = kρ(x, y), (k ∈ R)

µ(x, y) = [ρ(x, y)]n, (n ∈ N)

ν(x, y) = [ρ(x, y)]r, (0 < r < 1)

 !"#$%

L.M δ(x, y) ')+ >&*+)4*)+5

L'M γ(x, y) >&*+)4 0&/)(0)+N 39,49 k < 0 )3), # '&()*) -./(.,>.<5

LDM µ(x, y) >&*+)4 0&/)(0)+N 39,49 #8 '&()*) -./(.,>.<5 OA,A ')+ 4.+;1*

=+,&4(& :=-*&+&')()+)<5 R 9<&+),0& ρ(x, y) = inf{1, |x − y|} >&*+)/),)

.(.(1>5 ρ(0, 1) = 1, ρ(0, 1
2
) = 1

2
, ρ( 1

2
, 1) = 1

2
@(0A/A,0., n > 1 )3),

µ(0, 1) = [ρ(0, 1)]n

= 1

≤ (
1

2
)n + (

1

2
)n

= [ρ(0,
1

2
)]n + [ρ(

1

2
, 1)]n

= µ(0,
1

2
) + µ(

1

2
, 1)

@(A+5 P J.(0& 93:&, &;)*-)<()/) -./(.,>17@+5

L0M ν(x, y)
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#$ X %&'()*+( ,*- ),.*- .*/ a +0%-,)1 )(2(3*'$ 4(/ f, g ∈ C
X

*2*+

ρ : (f, g)→ ρ(f, g) = |f(a)− g(a)|

5*6( -,+1'3,+,+ ρ 57+&8&'& C
x
&9(/*+5( .*/ '(-/*%*')*5*/$ :(5(+;

 !"#$%

ρ +<+ = > =? @( =A '(-/*% .(3*-3(/*+* ),B3,51B1+1 C7)-(/'(3*6*9$

= D 4(/ f, g ∈ C
X

*2*+ |f(a)− g(a)| ≥ 0 5</$

=?D 4(/ f, g, h ∈ C
X

*2*+

ρ(f, g) = |f(a)− g(a)|

= |f(a)− h(a) + h(a)− g(a)|

≥ |f(a)− h(a)|+ |h(a)− g(a)|

= ρ(f, h) + ρ(h, g)

21%,/$

=AD f ≡ g *)( ρ(f, g) = |f(a)− g(a)| = 0 03</$

!$ E&-&+ %,/',81% 5*9*3(/*+ 03<8-</5<B< %&'(6( C 5*6(3*'F 6,+*

C = {x|x = (xn), xn ∈ C, n ∈ N}

03)<+$ G7)-(/*+*9 %*

ρ(x, y) =
∞
∑

i=1

1

2n
·
|xn − yn|

1 + |xn − yn|
H #$IJ

5*6( -,+1'3,+,+ ρ K0+%)*60+< C %&'()* &9(/*+5( .*/ '(-/*%-*/$

 !"#$% 4(/ n *2*+ ηn(x, y) = |xn − yn| %0+<3</),> *)-(+(+ H #$?J 5(+

21%,/$

E<+< C7/'(% *2*+ L,+1'  #$?$ *3( @(/*3(+ = M=I '(-/*% .(3*-3(/*+*+ ),BM

3,+51B1+1 %,+1-3,',31619$ ηi 3(/*+ N(/ .*/* .*/ '(-/*% 035<B<+5,+

O$ E*/ [a, b] ,/,31B1 &9(/*+5( )1+1/31 5(B*8*'3* .&-&+ K0+%)*60+3,/1+ 03<8-</M

5<B< %&'(6* B[a, b] *3( C7)-(/(P(B*9$ E<+<+ .*/ @(%-7/ <9,61 035<B<+<

C7)-(/*+*9$ 4(/ f K0+%)*60+<+<+ -,' 5(B*8*'*+* δ(f) *3( -(')*3 (5(/)(%>

f → δ(f) 57+&8&'&+&+ .< <9,6 &9(/*+5( .*/ 6,/1 +0/' 035<B<> ,', .*/

+0/' 03',51B1 %03,6P, C7/&3(.*3*/$ Q03,61)163,>

(f, g)→ ρ(f, g) = δ(f − g)

57+&8&'& .< <9,6 &9(/*+5( .*/ '(-/*%*')* 03</$ G7)-(/*+*9$
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#$% [a, b] &%&'()( *+,%$-., /&-(0'( 1,%2,' .,),%'$ f 34-56$74-8-8- 6(-(%'(

.,)$9$0'$ :;48-.,. <&%$&/$4-= 4'0&6( .,0,5>

δ(f) = sup{
n
∑

i=1

|f(xi+1−f(xi)| a = x0 < x−1 < x2 < . . . < xn = b, n ∈ N}

6&7(6(-(-> :[a, b] &%&'()(-(- ;*/*- ;?'*-/*',%$ $2$-= 6(-(%'( 4'0&6( .,0,5/$%@

#8 .8%80.&> δ(f) 6&7(6(-& f -$- .,)$9$0$ :<&%$&/$4-= .,-$'$%@

A-&'$+.,- ;$'$-.$)$ *+,%, 6(-(%'( .,)$9$0'$ $5$ 34-56$74-8- /4B'&0( <, ;$%

6&7( :65&',%= $', 2&%B(0( 1,-, 6(-(%'( .,)$9$0'$.$%@ C4'&7D& 1?%*',D,)$ 1$;$>

(B[a, b] 5*0,6$ f + g /4B'&0(-& 1?% ;$% A;,' 1%8;8.8%@ A7%(D&> λ ∈ R

4'0&5 *+,%, λf 6&7( $', 2&%B0& $9',0$-, 5&B&'(.(%@ #8 $9',0',%, 1?%,> E,%

α, λ ∈ R <, E,% f, g ∈ B[a, b] $2$-

λ(f + g) = λf + λg

(α+ λ) = αf = λf

(αλ)f = α(λf)

,9$/'$5',%$ 6&)'&-(%@ F4'&7(6(7'& (B[a, b] 5*0,6$ R D$60$ *+,%$-., ;$% <,5/?%

8+&7(.(%@

f → δ(f)

.?-*9*0*-*-> G&-(0  "@ @ $', <,%$',- H <, HI -4%0 ;,'$/',%$-$ 6&)'&%@

A0& f 6= 0 4'0&6( δ(f) = 0 4'0&6(-( 1,%,5/$%0,+@ J E&'., δ ;$% -4%0

.,)$'> 7&%(K-4%0.8%@


