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 !"#$ %&'%('%' (X,T ) #$%&'('( )*+ ,-* ./01/ 2/+ &34 /4* 2/+2/+/(* 2%-4%(%2/4/&5

3+6%7 X #$%&'(%  !" #"$ %&'"&()*"* &% 8%7 9'6%:%7  !" #$%"$&'("( 2/+ #$%&8'+7

8*(/4/+;

 !"#$ %&'%('(' (X,T ) #$%&'(8% p, q ∈ X ,-*4*+/ <*+/46/(; =3(4# 6%&'8% A1, A2, . . . , Am

%4159>?*4*+/ /./( %@%-'8%9/ 93@#44%+ 6%-4%('&3+6% 63(4# {A1, A2, . . . , Am} %/4*6/(*
p (391%6'(' q (391%6'(% 2/+4*@1/+*( 23456 257 859:57 8*(/4/+;

Ai ∩Aj = ∅ ⇔ |i− j| > 1 A B; CD

p ∈ A1 ∧ (i > 1⇒ p /∈ Ai A B;  D

q ∈ Am ∧ (i < m⇒ q /∈ Ai A B; ED

 )*+)$ %&'%('%' +!" %&'"&()*"* ,$- ./& %&'"&()*"* %#- ./& 0*-1

 !"#$% (X,T ) #$%&' &34 2%-4%(1'4' 346#(; F4?%&%(% G+H/ I,(1*?/(/ 9#45

4%(%4'?; X 2%-4%(1'6'$ 346%&8'7 X = A ∪ B7 A ∩ B = ∅ 34%:%9 2/./?8* %.'9 A
<* B 9>?*4*+/ <%+ 34#+8# A29$; J*3+*?  B;E; D; a ∈ A <* b ∈ B (391%4%+'('

+%6H*4* 6*.*4/?; X &34 2%-4%(1'4' 348#-#(8%( γ(0) = a <* γ(1) = b 34%:%9 @*95

/48* 2/+ γ : [0, 1] → X 2/+ ℓ(a, b) &34# <%+8'+; γ 6>+*94/ 348#-#(8%( γ−1(A) <*

γ−1(B) 9>?*4*+/ [0, 1] /./(8* %.'9 9>?*4*+8/+; K&+':% [0, 1] = γ−1(A) ∪ γ−1(A)
<* γ−1(A)∩γ−1(A) = ∅ 8/+; [0, 1] 9>?*6/ 2%-4%(1'4' 348#-#(8%(7 %.'9 <* %&+'9 /9/

9>?*(/( 2/4*@/?/ 34%?%$; L# .*4/@9/ X #$%&'('( 2%-4%(1'4' 34?%8'-' <%+6%&'?'(5

8%( H*4?/@1/+; F )%48* X 2%-4%(1'4'8'+;

 )*+)$ %&'%('(' (X,T ) %&'"&()*"* %#- ./& 2$ U &#"$3# X #( &4*5 %#- 6-)737

!"3.(1 8$- x, y ∈ X 6'$ 4#9)#(# %#-"$:)#-$( %#- %&3#) /#(;#- 0&#<& U 6-)737(0$(

3$4#"$%#"#-1

 !"#$% L/+ x ∈ X ,-*6/ <*+/46/(; H 9>?*6/ x (391%6' /4* U ,+1>6>(8*( 6*./4*(

2%6/1 2/+ ,+1> /4* 2/+4*@*2/4*( 2>1>( ,-*4*+8*( 34#@6#(; x ∈ H 348#-#(8%( H 6= ∅
8/+; H 9>?*6/(/( )*? %.'9 )*? 9%M%4' 348#-#(# H,61*+/+6*9 H = X 348#-#

63(#:# .'9%:%91'+ A29$; 1*3+*?  B;E; <* N(*+?*  B;O;"D;

N(:* H 9>?*6/(/( %.'9 348#-#(# H,61*+*4/?; L/+ h ∈ H ,-*6/ %4%4'?; H ('(

9#+#4#@# H*+*-/(:*7 U ,+1>6>(8*( h /4* x (391%4%+'(' 2/+4*@1/+*( 2%6/1 2/+ $/(:/+

6*./4*2/4/+; L# $/(:/+/ {G1, G2, . . . , Gm} ⊂ U /4* H,61*+*4/?;

u ∈ G1 −G2 ⇒ G1, G2, . . . , Gm 2%6/1 $/(:/+/ u /4* x (391%4%+'(' 2/+4*@1/+/+

v ∈ G1 ∩G2 ⇒ G2, G3, . . . , Gm 2%6/1 $/(:/+/ v /4* x (391%4%+'(' 2/+4*@1/+/+

⇒ h ∈ G1 ⊂ H

34#+; F )%48*7 H 9>?*6/ h (391%6'('( 2/+ 93?@#4#-#8#+; P*+ h ∈ H /./( 2#

6,&4*(*2/4/+; N&4*&6*7 H 9>?*6/ 9*(8/6/(* %/1 )*+ (391%&% 93?@#4#9 *8/&3+;

Q34%&'6'&4% %.'9 2/+ 9>?*8/+ A29$; N(*+?* "; ; D;

R/?8/ H 9>?*6/(/( 9%M%4' 348#-#(# H,61*+*4/?; L/+ u ∈ H ′
(391%6' 6*.*4/?;

U %/4*6/ X 9>?*6/(/( %.'9 2/+ ,+1>6> 348#-#(8%( u ∈ G 34%( 2/+ G ∈ U
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#$%&'%( G∩H 6= ∅ )*+ h ∈ G∩H ,-$. /)% h 01+*) #$% ,-2$-'&'%( 34 &4%42&$5U

)6).&+ h )-+ x .,78$-$%'.' /)%-+98)%+. /$*)8 /)% G1, G2, . . . , Gm :).;)%) #$% ,-$;$78'%(

34 )*+ <$ G,G1, G2, . . . , Gm :).;)%).). <$ &$ G1, G2, . . . , Gm :).;)%).). u )-+ x
.,78$-$%'.' /)%-+98)%&)1) *,.4;4.4 &,14%4%( 34 &4%42&$ u ∈ H ,-4%5 7) /4 /)%

6+-)97)&)%( 34 6+-)97) G ∩ H 6= ∅ ,-&414 #$%*$<'2'2':&$. &,124984%( =<-+<*+

G ∩ H = ∅ ,-2$-'&'%( >,-$<'*'<-$5 u ∈ G ⊂ H ′
6'7$% 7) /4 H ′

7?2+*).). $6'7

,-&414 $.-$24.$ @+-)%( >,-$<'*'<-$ (H ′)′ = H 7$A$-' ,-4%(

 !" # $%&'()*()%

 ( U 7?2+*) R2
)6).&+ $6'7 #+ /$1-$.8'-' /)% 7?2+ )*+5 U .4. <,- )-+ /$1-$.8'-'

,-&414.4 @0*8+%).):(

 !"#$% 3)% a ∈ U .,78$*'.' *+6+-)2( U )6).&+ /)% <,- )-+ a .,78$*'.$

/$1-$.$/)-+. /?8?. x .,78$-$%'.&$. ,-49$. 7?2+<+ A &)<+-)2B <$.) C+%

x ∈ A )6). /)% ℓ(a, x) <,-4 #$% ,-*4.( 34 &4%42&$ A 7?2+*) <,- )-+ /$1-$.D

8'-'&'%( E*A$8' <$A2$7 )6). A = U ,-&414.4 @0*8+%2+7 <+8+;+78)%(

=.;+ A .'. $6'7 ,-&414.4 @0*8+%+;+1):( U $6'7 ,-&414.&$.5 C+% x ∈ A
)6). B(x, ǫ) ⊂ U ,-$;$7 9+7)-&+ /)% ǫ 7,294-414 #$%&'%( F+% y ∈ B(x, ǫ)
.,78$*'.' x 2+%7+:).+ /)% &,1%4 A$%6$*' )-+ /$1-$<$/)-)%): G/4.4 @0%2+7

)6). y .,78$*'.&$. @+6+. <$%'6$A' &?9?.?.?:H( 34.$ ℓ(x, y) &)<+-)2( 34

&4%42&$ ℓ(a, x) ∪ ℓ(x, y) /)-+9)2) a .,78$*'.' y .,78$*'.$ /)%-+98)%+. /)%

<,- ,-4%( 34 )9 C+% y ∈ B(x, ǫ) )6). <$A'-$/)-+;+1).+ @0%+5 B(x, ǫ) ⊂ A
,-2$-'&'%( =<-+<*+5 A 7?2+*) 7+.&)*).+ $)8 C+% .,78$.'. /)% 7,294-414&4%(

>,-$<'*'<-$ A $6'78'%(

I)2&) &+ A .'. 7$A$-' ,-&414.4 @0*8+%+-)2( 3)% x ∈ Ā #+%)-*).( U $6'7 #+

x ∈ U ,-&414.&$. B(x, ǫ) ⊂ U ,-$;$7 /)6)2&+ /)% ǫ 7,294-414 #$%&'%(

J$A-$2$ .,78$*' 8$.'2' 4<$%'.;$5 y ∈ B(x, ǫ) ∩ A ,-$;$7 9+7)-&+ /)% y
.,78$*' *+6)-+/)-)%( K47$%'&$7) *,.46 4<$%'.;$5 y .,78$*'.' a .,78$*'.$ /)%D

-+98)%+. /)% <,- #$%&'%( 34.$ ℓ(a, y) &)<+-)2( L+.+ <47$%'&$7) &?9?.?9-+5

y .,78$*' x 2+%7+:).+ /)% &,1%4 A$%6$*' )-+ /$1-'&'%( 34.$ ℓ(y, x) &)<+-)2(

34 &4%42&$ ℓ(a, y) ∪ ℓ(y, x) /)-+9)2) a .,78$*'.' x .,78$*'.$ /)%-+98)%+.

/)% <,- ,-4%( M C$-&+ x ∈ A ,-$;$78'%( C+% x ∈ Ā )6). /4 <$A'-$/)-+;+1).+

@0%+ Ā ⊂ A &'%B <$.) A 7$A$-'&'%(

>+2+7 7) A 7?2+*) C+2 $6'7 C+2 7$A$-'&'%( U /$1-$.8'-' #+ A 6= ∅
,-&414.&$. A = U ,-2$-'&'%(

N( X /$1-$.8'-' /)% 4:$< #+ C /$1-$.8'-' /)% $-8 4:$<' ,-*4.( A ⊂ X 7?2+*)

)6). A ∩ C 6= ∅ #+ A′ ∩ C 6= ∅ )*+5 ∂A ∩ C 6= ∅ ,-&414.4 @0*8+%).):(

 !"#$% M-2$<$.$ O%@) K0.8+2).) 74--$.$;$1':( ∂A ∩ C = ∅ ,-&414.4

#$%*$<$-'2( ∂A = ∂A′ ,-&414.&$.5 ∂A′ ∩ C = ∅ ,-$;$78'%( P9$1'&$7)
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"#$%&'%(#)%& *#)(%$% +,(#-.# /0)1(1)2

X = C ∩ (A ∪A′) 3 42 56

X = C ∩ (Ā ∪ Ā′) 3 42 76

Ā = A ∪ ∂A 3 42 86

∂A = Ā ∩ Ā′ 3 42 46

C ∩ Ā = C ∩ (A ∪ ∂A) 3 42 !6

= (C ∩A) ∪ (C ∩ ∂A) 3 42 96

= (C ∩A) 3 42 :6

C ∩ Ā′ = C ∩ (A′ ∪ ∂A′) 3 42;<6

= (C ∩A′) ∪ (C ∩ ∂A′) 3 42; 6

= C ∩A′ 3 42;;6

(C ∩ Ā) ∩ (C ∩ Ā′) = ∅ 3 42;56

3 42 86 *= 3 42;56 >-#)%&.# (C ∩ Ā) *= (C ∩ Ā′) +1?=(=)@ X >A#-%&%& #-)%+

@+@ "@(=B=&@C@)2X "#$(#&'%(% "@) >A#- ,(C>$>&C#& "> "@) D=(@B+@C@)2 E> D=(@B+@

∂A ∩ C = ∅ +#">(1?1AC=& /=(?@B'@)2 F G#(C=H ∂A ∩ C 6= ∅ ,(?#(%C%)2

52 f : X → Y "@) "0(1? C0&1B1?1 ,(I>&2 Y >A#-% "#$(#&'%(% ,(C>$>&C#H G=)

y ∈ Y @D@& f−1({y}) ⊂ X "#$(#&'%(% @I= X >A#-%&%& C# "#$(#&'%(% ,(C>$>&>

/0I'=)@&@A2

 !"#$% F(?#-#&# J)/@ K0&'=?@&@ +>((#&#.#$%A2 X >A#-%&%& "#$(#&'%(%

,(?#C%$%&% *#)I#-#)I#+H G=? #D%+ G=? +#L#(% "@) A ⊂ X #(' +1?=I@ *#)

,(?#(%C%)2 M=) y ∈ Y @D@& f−1({y}) ∩ A +1?=I@ f−1({y}) @D@&C= G=? #D%+

G=? +#L#(%C%)2 F G#(C= -# f−1({y}) ⊂ A -# C# f−1({y}) ⊂ A′ ,(?#(%C%)2

f(A) ∩ f(A′) = ∅ ⇒ f−1(f(A)) ∩ f−1(f(A′)) = ∅

⇒
(

A = f−1(f(A))
)

∧
(

A′ = f−1(f(A′))
)

⇒ f(A) ⊂ Y G=? #D%+ G=? +#L#(%C%)N

D1&+1 f "0(1? C0&1B1?1C1)

⇒ (A = ∅) ∨ (A = Y ) D1&+1 K "#$(#&'%(%C%)

72 R @D@&C= I#-%(#"@(@) G@D "@) #(' +1?= I#(' ',L,(,O@-= /0)= "#$(#&'%(% C=$@(C@)2

P0I'=)@&@A2

 !"#$% R @D@&C= I#-%(#"@(@) "@) +1?=-@

x0 < x1 < x2 < . . . < xn−1 < xn < . . .

"@D@?@&C= I%)#(#-#"@(@)@A2 M=) n @D@& xn−1 < αn−1 < xn < αn < xn+1 ,(#Q

.#+ B=+@(C= "@) (αn−1, αn) #)#(%$% *#)C%)2 R,(#-%I%-(# xn 0$=I@&@& "@(=B=&@

-#(&%A.# {x} C@)2 F G#(C= {xn : n = 0, 1, 2, . . .} +1?=I@ '#?#?=& "#$(#&Q

'%I%AC%)2
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#$ Y ⊂ R2
%&'()&*+)+, *+, &)- ./01 +%1 R2 \ Y *&2)&3-()(4(,$ 56%-1,+3+7$

 !"#$% Y = {xn : n = 0, 1, 2, . . .} 4+'1)+0$ 81, n +9+3 -1. 621)+ {xn}
./01%+ R2

+9+341 -(.(74(,$ :,;*)10  <$  $ =" >'&,(3?& R2 \ {xn} '1,1)

*&2)&3-()(4(,$ @1,1) *&2)&3-()( &)- ./01)1,+3 A1, &,&.1%+-+ '1,1) *&2)&3-()(

;)4>2>34&3B

(

R2 \ Y
)

=
(

R2 \ {xn : n = 0, 1, 2, . . .}
)

=

∞
⋂

n=0

(

R2 \ {xn}
)

'1,1) *&2)&3-()(4(,$

<$ R +9+341 a < b < c ;)0&. /71,1 [a, b)∪ (b, c] ./01%+ '1,1) *&2)&3-()( ;)4>2>

A&)41 *&2)&3-()( 412+)4+,$ C1413D

 !"#$% R +9+341 *+, ./013+3 *&2)&3-()( ;)0&%( +9+3 E1,1.)+ F1 '1-1,)+

.;G>) *+, &,&)(. ;)0&%(4(,$ [a, b) ∪ (b, c] ./01%+ *+, &,&)(. ;)0&4(2(34&3

*&2)&3-()( ;)&0&7$ H-1 '&34&3B A1, x ∈ [a, b) +9+3 [a, b) &,&)(2( x 3;.-&%(3(3

*&2)&3-()( *+, .;0G>)>2>4>,$ I1371, ;)&,&.B A1, y ∈ (b, c] +9+3 (b, c] &,&)(2(
y 3;.-&%(3(3 *&2)&3-()( *+, .;0G>)>2>4>,$ J101. .+ [a, b)∪ (b, c] ./01%+31

&+- A1, 3;.-&3(3 *&2)&3-()( *+, .;0G>)>2> F&,4(,$ J;)&'(%(')& [a, b) ∪ (b, c]
./01%+ '1,1) *&2)&3-()(4(,$

!$ K&0&013 *&2)&3-(%(7 >7&'(3 %/,1.)+ *+, 463/G/0 &)-(34&.+ ,1%0+ -&0&013

*&2)&3-(%(7 ;)0&'&*+)+,$ I+, 6,31.)1 E6%-1,+3+7$

 !"#$% L&*+- *+, M;3.%+';3 4/G/301. '1-1?1.-+,$ H,312+3 f : R → R

M;3.%+';3> A1, x ∈ R +9+3 f(x) = 0 4+'1 -&3(0)&30(G ;)%>3$ I> M;3.%+';3

%/,1.)+4+, F1 -&0&0&3 *&2)&3-(%(7 Q ./01%+3+ *&2)&3-()( {0} ./01%+ /71,=

+31 ,1%0141,$


