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 # X $% Y &'(%)%*+ +)% ,+* f : X → Y -./&0+1./2 $%*+)+1.*# B 3+)%0+ Y &'(%0+

'4%*+/5% ,+* 0'46%7 83,3/9 +0% f−1(B) /+/ X '4%*+/5% ,+* 0'46%7 83,3/9

.)(309 +7+/ 6%*%&)+ $% 1%8%*)+ &.:2); <%* B ∈ B +7+/ f−1(B) 6= ∅ .)(30959*#

=>08%*+/+4#
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?@ AB f−1(B) 6= ∅ .)52C2/53/ ∅ /∈ f−1(B) $% f−1(B) 6= ∅ 5+*#

?@!AB B1, B2 ∈ B +0% B3 ⊂ B2 ∩ B1 .)3D3& ,+7+(5% ,+* B3 ∈ B $3*

.)52C2/53/

f−1(B3) ⊂ f−1(B2) ∩ f−1(B1)

.)3D3&89*#

!# E/D%&+ F*.,)%(5%&+ 6>08%*+()%* 3)89/53 f(f−1(B)) 3+)%0+/+/ Y '4%*+/5%

,+* 0'46%7 83,3/9 .)52C2/2 $% ,2/2/ 5.C2*52C2 0'46%D+/ B /+/ 5.C2*G

52C2 0'46%78%/ 53<3 &3,3 .)(359C9/9 6>08%*+/+4# HI.) 6>08%*(%B J%* B
&'(%0+ +7+/ f(f−1(B)) = B ,3C9/8909 +)%  !"#$" %&'&'( 1+ &2))3/9/94K#

 !"#$% f−1(B) 3+)%0+/+/ X &'(%0+ '4%*+/5% ,+* 0'46%7 83,3/9 .)52C2/2

>/D%&+ F*.,)%(5% 6>08%*5+&# V = f−1(B) 5+1%)+(# E/%*(%  L#L#L 213*9/D3

f(V ) = f(f−1(B)) 3+)%0+ Y '4%*+/5% ,+* 0'46%7 83,3/959*# J%* B ∈ B +7+/

f(f−1(B)) = B .)52C2/53/; +08%/%/ .*8313 79&3*#

L# f : X → Y -./&0+1./2 $%*+)0+/ $% B 3+)%0+ X &'(%0+ '4%*+/5% ,+* 0'46%7

83,3/9 .)02/# f−1(f(B)) /+/ '*%88+C+ 0'46%D+/; X '4%*+/5% B /+/ '*%88+C+

0'46%78%/ 53<3 &3,3 .)52C2/2 6>08%*+/+4# HI.) 6>08%*(%B J%* B &'(%0+

+7+/ f−1(f(B) ⊃ B ,3C9/8909 +)%  !"#$" %&'&'( 1+ &2))3/9/94K#

 !"#$% J%* B ∈ B +7+/ B 6= ∅ .)52C2/53/ f(B) 6= ∅ 5+*# M <3)5%;

E/%*(%  L#L#L 213*9/D3 B = f(B) 3+)%0+ Y '4%*+/5% ,+* 0'46%7 83,3/959*#

 #N*.,)%( 213*9/D3 f−1(B) = f−1(f(B)) 3+)%0+ X '4%*+/5% ,+* 0'46%7

83,3/959*# O1*9D3 <%* B ∈ B +7+/ f−1(f(B) ⊃ B .)52C2/53/; E/%*(%

 L#L#! 213*9/D3; f−1(f(B)) /+/ '*%88+C+ 0'46%7; X '4%*+/5% B /+/ '*%88+C+

0'46%78%/ 53<3 &3,359*#

P# I2&3*953&+ 6>08%*+()%* 3)89/53 f /+/ ,+*%G,+* >*8%/ .)(309 +7+/ 6%*%&)+ $%

1%8%*)+ &.:2); X '4%*+/5%&+ <%* B 0'46%7 83,3/9 +7+/ f−1(f(B)) /+/ B 1%

5%/& ,+* 0'46%7 83,3/9 .)(30959*# =>08%*+/+4#

 !"#$% f : X → Y ,+*%G,+*G>*8%/ H,,>K +0% <%* B ∈ B +7+/ f−1(f(B) = B
.)3D3C9/53/ 0>4&./202 0'46%7)%* 31/9 .)2*# Q%*0+/% .)3*3&; '*%8+)%/ 0'46%7)%*

31/9 +0% <%* B ∈ B +7+/ f−1(f(B) = B .)(3)959*# E4%) .)3*3& f−1(f(X) =
X .)3D3&89*# @2/2/ .)3,+)(%0+ +7+/ f ,,> .)(3)959*#

R# f : X → Y >*8%/ ,+* -./&0+1./ $% S 3+)%0+ X &'(%0+ '4%*+/5% ,+* 0'46%7

+0% f(S ) /+/ Y '4%*+/5% ,+* 0'46%7 .)3D3C9/9 6>08%*+/+4#  !"#$%&'( &.:2)2

&3)&3*03 /% .)2*S
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#$ %& '() S ∈ S *+*, S 6= ∅ -./010,/2, f(S) 6= ∅ /*)3 4-.256765.2 f(S ) 6=
∅ /*)3

#$!%& '() f(S1), f(S2) ∈ f(S ) *+*, S3 ⊂ S1 ∩ S2 7(+*.(8*.*)3 90)2/2,

f(S3) ⊂ f(S1 ∩ S2) ⊂ f(S1) ∩ f(S2) +6:2)3

#$;%& f(S) ⊂ A *7( S ⊂ f−1(f(S)) ⊂ f−1(A) -./010,/2, f−1(A) ∈ S /*)3

< =2./(> f(S) ⊂ fof−1(A) = A 8216,?676,/2, A ∈ f(S ) -./010 7-,0@0

+6:2)3

$-, -.2)2: =() S ∈ S *+*, f(S) ⊂ Y -./010,/2, Y ∈ f(S ) -.A2.6/6)3

90,0, -.A276 *+*, f ,*, B)?(, -.A276 C()(:*)3 90 /0)0A/2 X ∈ S ⇒
f(X) ∈ f(S ) -.2@2:?6)3 f D-,:7*5-,0 B)?(, /(1*.7( 80 :-E0. 721.2,A2F>

/-.256765.2 f(S ) 8*) 7GFC(+ -.2A2F3

H3 I2.,6F@2 *:* B1(7* -.2, X = {x, y} :GA(7* GF()*,/( 25)6: -.A252, ?-J-.-K*

L2) -.70,3

M2N S = {{x}, {x, y}} 2*.(7*,*, 8*) 7GFC(+ -./010,0 CB7?()*,*F3

M8N S 7GFC(@*,*, =(A x> =(A y ,-:?276,2 52:6,72/616,6 CB7?()*,*F3

M@N 90)2/2,> 8*) 7GFC(@*, .*A*?*,*, ?(: -.A2528*.(@(1* 7-,0@0,0 +6:2)6,6F3
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M2N O-.25@2 CB)G.(8*.(@(1* C*8* 8-E :GA( S 2*.(7*,( 2*? /(1*./*)> S 5(

2*? *:* :GA(,*, 2)2:(7*?* S 5( 2*??*)> S 5( 2*? 8*) :GA(5* :2J7252,

=() :GA( S 5( 2*??*)3 4-.256765.2 S 2*.(7* X GF()*,/( 8*) 7GFC(+?*)3

M8N X GF()*,/( 25)6: -.A252, ?-J-.-K* T = {∅, {x, y}} /*)3 P+6:+2 CB)G./G1G
C*8* T ⊂ S /*)3 I2:6,72A2 ?2,6A6 052)6,@2 S → x L( S → y /*)3

M@N I0:2)6/2:* 7-,0+> 8*) 7GFC(@*, .*A*?*,*, ?(: -.A2528*.(@(1*,* CB7Q

?()*5-)3

R3 $-,.0 8*) X :GA(7* GF()*,/(:* =() U 2E:6, 7GFC(@* *+*,

U = {A : A ⊂ X, x ∈ A}

-.2@2: E(:*./( 8*) x ∈ X ,-:?276 L2)/6)3 SB7?()*,*F3

 !"#$% X :GA(7* 7-,.0 -./010 *+*, U 2*.(7* /( 7-,.0/0)3 '() 7-,.0 7256/2

:GA(7*,*, 2)2:(7*?* 8-E -.A252@216,/2,

⋂
a∈U

A 6= ∅ -.2@2:?6)3 4-.256765.2

2)2:(7*?( 2*? (, 2T 8*) ?2,( x ∈ X B1(7* L2)/6)3

"3 (xλ)λ∈Λ 8*) 21 *7(

B = {(xλ) : λ, λ0 ∈ Λ , λ > λ0}

2*.(7*,*, 8*) 7GFC(+ ?282,6 -./010,0 CB7?()*,*F3 90)2/2, +6:2, 7-,0+ E0/0)&

'() 21/2, 8*) 7GFC(+ G)(?*.(8*.*)3
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#$ %& (xλ)λ∈Λ '() *+, +-.'/)() 0102 301*04 B ∋ S = (xλ)λ>λ0
56.780 *+,

/7(0-/049 :+-';)8);-'< B '0-780 *+, /7(0-/04 =7 *+, 56.7;0 0174.7>9

#$!%& S1 = (xλ)λ>λ1
=7 S2 = (xλ)λ>λ2

56.7-740 =740-8029 Λ ;?2-72.0, *04

56.7 +-/@(@2/'2 λ1 < λ0 =7 λ2 > λ0 +-'A'5 *010./7 *04 λ0 ∈ Λ ='4/)49

$@ /@4@./' S0 = (xλ)λ>λ0
/74875 S0 ⊂ S1 ∩ S2 +-@49


