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 !" #$%$&$'!(! )*&!"&*+*, -*+*, $./. 012, ,3+*&*"!.! 4(0 -0 ,0%0&2 ,3+*&*"!.!5

)*&!"&*+*, -*+*,#!"6 7!+-!(* ,0-0" #$%$&$'!(! )*&!"&*+*, !1!. ,/&&0.-282+29 (:.;

#*+&*" </.&0"-2"=

 !"# $%&'(') (X,T ) #$%$&$'!, /90(2.2. 012, ,3+*&*"!.!. >0.?!&*"! $&-/82
)*&!"&*.!" 4 ,96 @6  :&3+56

$*+*(" $%&'(') (X,T ) #$%$&$'!, /90(2.2. ,0%0&2 ,3+*&*"!.!. >0.?!&*"! $&-/82
)*&!"&*.!" 4 ,96 @6  :&3+56

$*+(*&* ,-('&. (X,T ) #$%$&$'!, /90(2.-0 >*" ,3+*.!. ,0%&0+2 )*&!"&*+*,
!1!. A → Ā -:.3<3+3 #0.2+&0.2"6 4 ,96 A6 :&3+B C/"0#$DE,! F:.#*+!5

,!('& ,-('&. (X,T ) #$%$&$'!, /90(2.-0 >*" ,3+*.!. !1&*+! )*&!"&*+*, !1!.
A → Ao

-:.3<3+3 #0.2+&0.2" 4 ,96 A6  :&3+56

$/&-0(0#(*) (X,T ) #$%$&$'!, /90(2.-0 >*" x .$,#0E2.2. B(x) ,$+</&/,&0"
0!&*E! )*&!"&*.!" 4 ,96 G6  :&3+56

1*2*3(*) H12, ,3+*&*"!.B ,0%0&2 ,3+*&*"!. I* ,$+</&/,&0"2. #0)0.2 #0.2+;

&0.2"6

 !"# $%&'(') ,!.3 1*2*3 (X,T ) #$%$&$'!, /90(2.-0 012, ,3+*&*" !1!.
#0)0. )*&!"&*.!"6

$*+*(" $%&'(') ,!.3 1*2*3 (X,T ) #$%$&$'!, /90(2.-0 ,0%0&2 ,3+*&*"
!1!. #0)0. )*&!"&*.!"6

$/&-0(0#(*) 1*2*3" (X,T ) #$%$&$'!, /90(2.-0 >*" x .$,#0E2.2. S(x)
,$+</&/,&0" #0)0.2 )*&!"&*.!"6
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  !  !"#$ %&' (#)*+,"+-

 !"#$%& '()$*&+()%,"%, -#%&"%#)#) .(/(%(0&%#" "#$%&' '()(*(+,- &./0*/12

3/4 0/1/1*/45*/1/- 6/7-/ -89#*#1 8.#1,4# '()(*(+, -(43&19/ 0:4'#9*#1,3,1;

<.387#* =()(*(+,> =89#* =()(*(+,> ?*' @./0 =()(*(+,A,> B/1)59 =()(*(+,A,>

C:*89 =()(*(+,A, 6& 0:4'#9*# '/459*/435;

1,$2)*,3, 4,5",32+%, .(/(%(0& -#%&"%#3# D,.,*#1,4> /E*/154 $# A8.F#G2

*#1,4 0/-54A/9/A5 -/$1/9543/4 H/1#-#'*# 6,1 '()(*(+,4,4 6#*,1*#49#A, 9892

-84381I

6&7&%#" 1,"8232+%, .(/(%(0& -#%&"%#3# (X,T ) C,1,4%, J/05*/6,*9# ?-2

A,0(9&4& A/E*/0/4 6,1 &./0 (*9/- 8.#1# A -89#A, 8.#1,43#-, H#1

0/-54A/- 3,.,4,4 *,9,', ? -89#A,4# /,'A# ? -89#A, -/)/*5 6,1 -89#3,1;

9:%," 1,"8232+%, .(/(%(0& -#%&"%#3# A -89#A, 8.#1,43#-, H#1 0/-542

A/- /E54 *,9,', ? -89#A,4# /,'A# ? -89#A, -/)/*5 6,1 -89#3,1;

 !7;#<%#" 1,"8232+%, .(/(%(0& -#%&"%#3# A -89#A, 8.#1,43#-, H#1

0/-54A/- A8.F#%,4 *,9,', ? -89#A,4# /,'A# ? -89#A, -/)/*5 6,1 -89#3,1;

 !" "# $% &'()'(*+

C& 6:*893#-, 6/.5 )1(6*#9*#1,4 -(*/0 G:.89*#1,4, #*3# #3#6,*9#- ,G,4> /7/E53/-,

6,*F,*#1# 6/7$&1/%/E5.;

.,)23 =>?=?=? X -89#A,4,4 /*'2-89#*#1,43#4 (*&7/4 6,1 F /,*#A, $#1,*A,4; KE#1

F /,*#A,4,4 H#1 A(4*& A/053/-, -89#*#1,4,4 /1/-#A,', 6(7 3#E,*A#L 0/4,

({S1, S2, . . . , Sn ∈ F}) ⇒ S1 ∩ S2 ∩ . . . ∩ Sn 6= ∅

,A#> F /,*#A,  !"#$ %&'()*+, -.)#+/+") 0 %1 23+"+,) 4",)&*)5,+!" 6&!78

)&,9: A/H,)',1> 3#4,*,1;

.,)23 =>?=?@? X 8.#1,43#  !"#$ %&'()*+, -.)#+/+") 0 %1 :.#*,E,4# A/H,)

6,1 F /,*#A, 6,1 A8.F#%,4 /*'2'/6/45351;

A+,"2 =>?=?=? M#1 A8.F#G J(4*& ?1/-#A,' N.#*,E,4# A/H,)',1;

.,)23 =>?=?>? X -89#A, 8.#1,43# 6,1 F A8.F#%, $#1,*A,4; KE#1 F /,*#A, ⊂
-/)A/9/ 6/E54'5A54/ F:1#> 9/O,9/* P-#43,A,43#4 ,4%# 6,1 A8.F#G 0(-Q ,A# F

A8.F#%,4# X 8.#1,43# 6,1 /7-54 A8.F#G',1 P&*'1/R*'#1Q> 3#4,*,1;

C&4/ F:1#> /7-54 A8.F#%, 6#*,1*#0#4 ,-, /-A,0(9& 7:0*# ,S/3# #3#6,*,1,.I

.,)23 =>?=?B? ?7/E53/-, ,-, /-A,0(9& A/E*/0/4 F /,*#A, X 8.#1,43# 6,1 /7-54

A8.F#G',1I

• T@ UI F /,*#A,X 8.#1,43# 6,1 A8.F#G',1 P3(*/05A50*/ J(4*& ?1/-#A,' N.#*,E,4#

A/H,)',1Q;

• T@VUI F ⊂ G $# G J(4*& ?1/-#A,' N.#*,E,4# A/H,)A# F = G 3,1;



 !" " #$ %&'(&')*   !

"#$ X %&'()# &*($#+,(%# -&.&+ )&*/(01($#+ 2#1()#+# F #1( /3).($(1#'4 "5 2#1(

%26)2'2 -278+.8)8+2 /3$( .#%(1 )8$218 -#$ )#).(',#$9 :2+# (F,⊂) .#%(1 )8$218 -#$

)#).(',#$4 "5 )#).(' #0#+,( '2;#'21 37(1($ <)&*/(01($= 2>%8+ <51.$2= )&*/(01($,#$4

 !"#$" %&'%'%' X  !"#$% !&#'%()# *%' F $!&+#,% %-%( ./.01). %2#' *%'*%'2#'%(#

)#( 3%'2#'4

54 F ./ 1( 6723'.8 $!&+#-3%'4

94 A,B ⊂ X :# A ∪B ∈ F %$# ;. A ∈ F ;. ). B ∈ F )%'4

<4 =#' A ⊂ X %-%( ;. A ∈ F ;. ). A′ ∈ F )%'4 >". % %$% *%')#( ?2".&4

 !"#$%

• (a) ⇒ (b) : ?1'2:2+2 @$/# A3+.('#+# %5112+218'4 A /∈ F B( B /∈ F

C1,575+5 B2$)2:218'4

G = {C | ∅ 6= C ⊂ X, A ∪ C ∈ F}

2#1()#+# .2+8'12:218'4 "5 2#1(+#+ X %&'()# &*($#+,( -#$ )&*/(0 C1,575 %CD

12:E2 /3$&1&$4 F:$8E2 F ⊂ G B( B ∈ G ,#$4 ?:)2 F 2>%8+ <51.$2= )&*/(0.#$4

G:1(:)( F = G C1'218,8$4 ? H21,( B ∈ F ,#$4 "5 #)( %2-51&'&*&+ 0(1#>%#

:2$2..878+8 /3).($#$4 I('(% %#J A ∪ B ∈ F C1,575+,2 :2 A ∈ F :2 ,2

B ∈ F C1'218,8$4

• (b) ⇒ (c) : A ∪ A′ = X ∈ F ,#$4 A′ = B %C+5'5:12 <-= 3*(1#7#+,(+ :2

A ∈ F :2 ,2 A′ ∈ F 08%2$4

• (c) ⇒ (a) : F )&*/(E#+,(+ ,2H2 #+E( -#$ G )&*/(E#+#+ B2$ C1,575+5 %2-51

(,(1#'4 K($H2+/# -#$ A ∈ G %&'()#+# ,&>&+(1#'4 K($ F ∈ F #0#+ A∩F 6= ∅
C1,575+,2+J A′ /∈ F ,#$4 ? H21,( A /∈ F ,#$4 IC12:8)8:12 G = F C12E2%.8$9

:2+# F ,(+ ,2H2 #+E( )&*/(0 :C%.5$ <F '2;#'21,#$=4

A5%2$8,2%# 3+($'(:( :(+# 3*(1#%1($ %2.2$2% ,2H2 *(+/#+ -#$ )C+50 (1,( (,(-#1#$#*4

 !"#$" %&'%'(' >/.01). % @&#2% 2#' *%'*%'2#'%(# )#( 3%'A

54 BCDA U .%2#$% X  !"#$% !&#'%()# ./ 1( 6723'.8 *%' $!&+#-3%'4

94 BC5A S ∈ U :# S ⊂ T %$# T ∈ U 4

<4 BC9A S1, S2, . . . , Sn ∈ U %$# S1 ∩ S2 ∩ . . . ∩ Sn ∈ U )%'4

E4 BC<A =#' S ⊂ X %-%( ;. S ∈ U ;. ). S′ ∈ U )%'4 >". F#' % %$% .;(1

.(). ?2".&4

G4 BCEA T ⊂ X :# F#' S ∈ U %-%( T ∩ S 6= ∅ %$# T ∈ U )%'4

H4 BCGA S1 ∪ S2 ∪ . . . ∪ Sn ∈ U %$# S1, S2, . . . , Sn  !"#2#'%()#( #( .& *%'%$%

U $!&+#,%(# .%33%'4



 !"  !"#$ %&' (#)*+,"+-

 ! "#$% X ∈ U &'(!

 !"#$%

• UP0 ⇒ UP1 : #$%& '()*+, -.'/012345-4 ,6.-78

9-:.- ;/7 0<4=+2 1>-7-.? U '()*+@/4+ -/= ;/7 .(2+0/ .-A'-0-4 ;(=(4

.(2+>+7/4 1>3:=3753B3 -/>+4/4 U '()*+@/4+ +:/= 1>53B343 *<'=+7+;/>/7/)8

G = {T : T ⊂ X, (∃S ∈ U )(S ⊂ T )}

-/>+'/4/ =-462>-0->628 G -/>+'/ '14>3 -7-.+'/= <)+>/B/4+ '-C/A=/7D 0-4/ C+7

'14>3 '-065- .(2+'/4/4 -7-.+'/=/ ;1: 5+B/>5/78 E(4.( Tk ∈ G /'+ Tk ⊃ Sk

1>-@-. :+./>5+ Sk ∈ U ? (= 1, 2, . . . , n)? .(2+>+7/ F-75678 G1>-06'60>-?

T1 ∩ T2 ∩ . . . ∩ Tn ⊃ S1 ∩ S2 ∩ . . . ∩ Sn 6= ∅

1>378 H076@- G 4/4 ;/7 '()*+, 1>53B3 F+ G ⊃ U 1>53B3 .1>-0@- *<7(>+;/>/78

U -:.64 1>53B345-4 G = U 1>2->65678

• UP1 ⇒ UP2 :

G = {S1 ∩ S2 ∩ . . . ∩ Sn : n ∈ N, Sk ∈ U }

-/>+'/4/ =-462>-0->628 93 -/>+ '14>3 -7-.+'/= <)+>/B/4+ '-C/A=/7D 0-4/ C+7

'14>3 '-065- .(2+'/4/4 -7-.+'/=/ ;1: 5+B/>5/78 H076@- G 4/4 ;/7 '()*+,

1>53B3 F+ G ⊃ U 1>53B3 .1>-0@- *<7(>+;/>/78 U -:.64 1>53B345-4 G = U 8

93 /'=+4+4/ F+7/78

• UP2 ⇒ UP3 : 9/7 S ⊂ X /,/4 S /∈ U /'+ S′ ∈ U 1>53B343 *<'=+7+@+B/)8

G = {S1} ∪ U 1>'348 G 6= U F+ G ⊃ U 5378 U '()*+@/ '14>3 -7-.+'/=

<)+>/B/4+ '-C/A 2-I/2-> -/>+5/7 J-:.64 '()*+,K8 G1>-06'60>- G 4/4 '14>3

-7-.+'/= <)+>/B/ 1>-2-)8 93 5+2+.=/7 ./ T1 ∩ T2 ∩ . . . ∩ Tn = ∅ 1>-@-.

:+./>5+ T1, T2, . . . , Tn ∈ G .(2+>+7/ F-75678

#LM!& 30-764@- T = T1 ∩ T2 ∩ . . . ∩ Tn ∈ U 5378 T ∩ S = ∅ 1>2-'6 T ⊂ S′

1>2-'646 *+7+.=/7/78 #LM%& 30-764@- S′ ∈ U 5378

$14 1>-7-. S ∈ U F+ S′ ∈ U /,+72+>+7/4/4 -046 -45- 1>-2-0-@-B646

*<'=+7+>/28 N+7,+.=+4 S ∩ S′ = ∅ 1>53B345-4? /./'/ -046 -45- '()*+@+ -/=

1>-2-)D ,(4.( '()*+, '14>3 -7-.+'/= <)+>/B/4+ '-C/A=/78

• UP3 ⇒ UP4 : #LM!& 30-764@- G = {T} ∪ U '14>3 -7-.+'/= <)+>/B/4+

'-C/A=/78 G1>-06'60>- ;/7 '()*+, 1>53B3 F+ G ⊃ U 1>53B3 .1>-0@- *<7(>(78

U 2-I/2-> 1>53B345-4 G = U ,6.-78 O C->5+ T ∈ U 5378

• UP4 ⇒ UP5 :

S =

n
⋃

k=1

Sk ∈ U ⇒ S′ =

n
⋂

k=1

S
′

k /∈ U

1>378 937-5-4 +4-) ;/7 k /,/4 S
′

k
/∈ U 1>53B3 *<7(>(78 O C->5+? #LM%&

30-764@- Sk ∈ U 1>-@-.=678



 !" " #$ %&'(&')*  ! 

• UP5 ⇒ UP6 : "#$ S ∈ U %&%' S ∩X 6= ∅ ()*+,+'*-' ./012 *#' %34#'#'

5#6 &78-$9

• UP3 ⇒ UP0 : :%34#)#*%,%;%< =<#)%8)#$*#' >#$>-'?% @%$%3%'%' ./0A2 =<#)%,%'%

?#$#84%$*%,%'% %3B-4)-;-8 6#4#C#84%$9 D+'+ ?=34#$;#8 %&%' *->- ?#'#) ()-'

-5-,7*-8% 4#($#;% %3B-4 #*#C#,%<9

 !"#$" %&'%'&' X  !"#$% !&#'%()# $*(+, -'- #$%. /&#+%0%(# $-1%2 3%' U -%+#$%(%(

-4 5( $!&6#7 *+"-$5 %7%( 6#'# +% 8# 9#.#'+%  *4,+ 1#' S ⊂ X %7%( 9- S ∈ U 9- )-

S′ ∈ U *+"-$5)5': ;<-3%% 1#' % %$% -9(5 -()- *+-"-&:=

 !"!#$%&%' E+8-$7*-8% B$(@)#;*# U -587' @%$ 3F<?#& %3# ./0G2 =<#)%,%'%'

H-$)7,7'7 ?=$*F89

(!)!"$%&%' U -%)#3% 3(')+ -$-8#3%4 =<#)%,%'# 3->%B ()3+' H# @%$ S ⊂ X %&%'

(S ∈ U ) ∨ (S′ ∈ U ) ()*+,+'+ H-$3-6-)7;9 I,#$ U -587' @%$ 3F<?#& *#,%)3#J

3(')+ -$-8#3%4 =<#)%,%'# 3->%B @%$ G ⊃ U -%)#3% H-$*7$9 D%$ S ∈ G 8F;#3% -)-)7;9

S′ ∈ U ⊂ G ()3-6*7J S ∈ G '%' 3(')+ -$-8#3%4 =<#)%,%'# 3->%B ();- 8-@+)F;F<

%)# &#)%5%$*%9 KF'8F S ∩ S′ = ∅ ()+$9 L >-)*# S ∈ U *+$9 "#$ S ∈ G %&%' @+

=<#)%8 H-$ ()*+,+'- ?=$# U = G 3('+C+ &78-$9

 !"#$" %&'%'(' U -%+#$%(%( X  !"#$% !&#'%()# -4 5( 3%' $!&6#7 *+"-$5 %7%(

6#'# +% 8# 9#.#'+%  *4,+> 1#' U ∈ U %+#  #$%4#( 1#' A ⊂ X %7%(  !"#$%(%( U 9#

-%. *+"-$5)5'? 9-(%

(A ⊂ X) ∧ (∀U ∈ U )(A ∩ U 6= ∅) ⇒ A ∈ U

*+"-$5)5':

*+,-)' MD8<9 N#(C($  G9 9!M1OO

 !"#$" %&'%')' U -%+#$% X  !"#$% !&#'%()# -4 5( 3%' $!&6#7 8# f : X → Y
%$# f(U ) 6/'!(.!$! Y !&#'%()# -4 5( 3%' $!&6#7.%':

*+,-)' N#($#;  G9 9!MPO +6-$7'C-J

A /∈ f(U ) ⇒ f−1(A) /∈ U

⇒ (f−1(A))′ ∈ U

⇒ A′ ∈ f(U )

()+$9

."/!#$!"'

 9 Mx = {A : x ∈ A ⊂ X} -%)#3%Q 6-'% 3-@%4 @%$ x ∈ X '(8437'7 %&#$#'

8F;#)#$ -%)#3% X F<#$%'*# @%$ 3F<?#&4%$ MD8<9  G919P90$(@)#;O9

!9 E-)'7R x '(84-37'*-' ()+5-' 8F;#'%' ()+54+$*+,+ 4#8 =,#)% -%)#Q 6-'% X =
{{x}} -%)#3% 6+8-$7*- 4-'7;)-'-' Mx 3F<?#C% %&%' @%$ 4-@-'*7$9



 !!  !"#$ %&' (#)*+,"+-

"# SA = {S : A ⊂ S ⊂ X} $%&'(%) *$+% ,%- A ./0'(%+% .$1($*$+ ,/2/+

./0'&'-%+ 3&4524-6474 $%&' X /8'-%+6' ,%- (/89':2%-#

;# <4.$-=6$.% >-+'.2' A = X $&=+=-($ X = {X} $%&'(% X /8'-%+6' ,%- (/89':

3&4-# ?4 (/89': X /8'-%+6'.% '+ .$,$ (/89':2%-#

@# X ./0'(% %:%+6' ,%- (xn)n∈N 6%8%(% A'-%&(%+# An = {xk : 1 ≤ n ≤ k}
6%*'&%0# B'-C$+9% ,%- An ./0'(%+% .$1($*$+ ,/2/+ ./0'&'- $%&'(%) *$+%

D = {D : (∃n ≥ 1)(An ⊂ D} $%&'(% ,%- (/89':2%-# ?4+$ (xn) 6%8%(%+%+ ./01/
21/131456789 (/89'D% 6'+%&%-#

E# C = {A : A ⊂ X,A′ (3+&4} $%&'(%) *$+% X ./0'(% %:%+6' 2/0&'*'+&'-%

(3+&4 3&$+ ,/2/+ ./0'&'-%+ 3&4524-6474 $%&' ,%- (/89':2%-#  !"# $%"&!

'()&*+*"&*, $(-.*/0 1/%2"03* 2&3*,4 6'+%&%-#

F# <4.$-=6$.% X ./0'(% *'-%+' N 637$& ($*=&$- ./0'(% $&=+=-($ G-HDC'2 (/89'D%

'&6' '6%&%-# G-HDC'2 (/89'D% I37$& J$*=&$- ./0'(% /8'-%+6'.% J3+&4 K/0&'*'+L

&'- MD3N+%2'O (/89'D%6%-#

P# X ./0'(% %:%+6' ,%- (xn)n∈N 6%8%(% A'-%&(%+# (xn) ./0'(% /8'-%+6'.% J3+&4

K/0&'*'+&'- J/89'D%+' (xn) 6%8%(%+%+ ,%&'5'+ (/89'D% 6'+%&%-#

Q# X ./0'(% %:%+6' ,%- (xn)n∈N 6%8%(% A'-%&(%+# Bn = {xk : n ≤ k} 6%*'&%0#

Bn ./0'(%+' (xn) 6%8%(%+%+ nL%+D% .4*-474 6'+%&%-# R4*-4.&$- $%&'(% (xn)
6%8%(%+%+ ,%&'5'+ (/89'D% %:%+ ,%- 2$,$+6=-) *$+% B = {Bn : n ∈ N} ./0'&'-

$%&'(%S *4.$-=6$ 2$+=0&$+$+ ,%&'5'+ (/89'D%+ ,%- 2$,$+=6=-#

 T# N 637$& ($*=&$- ./0'(%+6' ,%- (n)n∈N 6%8%(%+% 6/5/+'&%0# Bn = {k : n ≤
k} 6%*'&%0# Bn ./0'(%+' (n) 6%8%(%+%+ nL%+D% .4*-474 6'+%&%-# R4*-4.&$-

$%&'(% (n) 6%8%(%+%+ G-HDC'2 (/89'D% %:%+ ,%- 2$,$+6=-) *$+% B = {Bn : n ∈
N} ./0'&'- $%&'(%S *4.$-=6$ 2$+=0&$+$+ G-HDC'2 (/89'D%+%+ ,%- 2$,$+=6=-#

(X,T ) ,%- 2313&3U%. 48$* A' B(x) $%&'(% x +3.2$(=+=+ .3054&4.&$- $%&'(%

3&(4+# ?4 $%&' ,%- (/89':2%-# ?4+$ x +3.2$(=+=+ .3054&4.&$- (/89'D% 6'+%&%-#

  # (X,T ) ,%- 2313&3U%. 48$* A' S(x) $%&'(% x +3.2$(=+=+ ,%- .3054&4.&$-

2$,$+= 3&(4+# ?4 $%&' x +3.2$(=+=+ .3054&4.&$- (/89'D%+%+ ,%- 2$,$+=6=-#

 !#  !" #$%&'()'" *!)'#!+!+ '+ ,$-$. *)/ #0+0"0 M%+VOS (>8.3+4(4 $%&'+%+

$-$.'(%6%- M?.8# W+'-0'  "#!# OX

S =
⋂

ı∈I

Sı = {S : (∀ı ∈ I)(S ∈ Sı)} M "# O

 "# M "# O (/89'D% $5$7=6$.% 9%,% 6' *$8=&$,%&%-X

S =
⋂

ı∈I

Sı = {A : (∃Sı ∈ Sı)(A =
⋃

ı∈I

Sı)} M "#!O



 !" " #$ %&'(&')*  !"

 !"#$%

B ∈
⋂

ı∈I

Sı ⇒ (∀ı ∈ I)(B ∈ Sı)

⇒

[

(B = Sı) ⇒ (A =
⋃

ı∈I

Sı)

]

#$%&' ()&*+,) #$-&-./

B ∈ {A : (∃Sı ∈ Sı)(A =
⋃

ı∈I

Sı) ⇒ (∃Sı ∈ Sı)(B =
⋃

ı∈I

Sı)

⇒ (∀ı ∈ I)(B ∈ Sı)

⇒ B ∈
⋂

ı∈I

Sı

 0' &'( !)*+,-.,( #'.,!'/'/ ,/ 0)-)0 )!$ !1/1(1 1*%23 14.5' 6,)&7)

 "'!'83'


