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 ! "#$ %&'&(&)#* +,-. /,0$#120  !"#$"% 3-451%565 3#$ 201*(#* 3-451%565 &(-$-*

2/7/1/(03#(#$! "+1- 89$0 &(+7-:-* 39(/; +,-.515 3+(+1+,!

 !"#$ % (X,T ) +,-.5 /,0$#120 β 3-451%565 xβy ⇔ x = y 3#<#;#120

%-15;(-15$6- X/β = X &(-:-4512-1 39(/; %&'&(&)#6# T .0 07#% &(+$!

=! (X,T ) +,-.5 /,0$#120 β 3-451%565 3#$ 201*(#* 3-451%565 &(6+1! "9(/; +,->

.515 (X/β,Tβ) #(0 896%0$0(#;!

?-@ ϕ : X → X/β 39(/; 291/7/;/1/1 -<5* 3#$ 291/7/; &(;-65 #<#1

80$0*(# A0 .0%0$(# *&7+(B C0$ A ⊂ X -(%>*/;06# #<#1 ϕ(A◦) = (ϕ(A))◦

&(;-6525$! D96%0$#1#,!

?3@ "01,0$ &(-$-*B 39(/; 291/7/;/1/1 *-'-(5 3#$ 291/7/; &(;-65 #<#1

80$0*(# A0 .0%0$(# *&7+( C0$ A ⊂ X -(%>*/;06# #<#1 ϕ(Ā) = (ϕ(A))
&(;-6525$! D96%0$#1#,!

 !"#$ &

?-@ ϕ : X → X/β 39(/; 291/7/;/ -<5* 3#$ 291/7/; #60 C0$ A ⊂ X
-(%>*/;06# #<#1

A ∈ T ⇒ ϕ(A) = ϕ(A◦) ∈ Tβ

⇒ ϕ(A◦) = (ϕ(A))◦

EF



 !  !"#$ %&'  !"#$ ()*+"*,-

"#$%& '(%)*+( "#,%,-. /(% A ⊂ X ,#01-23()* *4*+ ϕ(A◦) = (ϕ(A))◦ *)(

A ⊂ X ⇒ ϕ(A◦) = (ϕ(A))◦

T ∈ T ⇒ ϕ(T ◦) = ϕ(T ) = (ϕ(T ))◦

⇒ ϕ(T ) ∈ Tβ

"#,5,-06%&

789 :,;,#6 -23(#(% *4*+ <( 8(+=(% ,-6# >2%203(>* $>?$#,>,8*#*%*=& ϕ :
X → X/β 8@#23 <@+2A232 -,;,#6 8*% <@+2A23 *)( /(% A ⊂ X ,#01

-23()* *4*+

A ∈ T
′ ⇒ ϕ(A) = ϕ(Ā) ∈ T

′

β

⇒ ϕ(Ā) = (ϕ(A))

"#$%& '(%)*+( "#,%,-. /(% A ⊂ X ,#01-23()* *4*+ ϕ(Ā) = (ϕ(A)) "#$>1
"%),.

A ⊂ X ⇒ ϕ(Ā) = (ϕ(A))

A ∈ T
′ ⇒ ϕ(A) = ϕ(Ā) = (ϕ(A))

⇒ ϕ(Ā) ∈ Tβ

"#$%&

B& :,;,#6 8*%*3 ,%,#6C6 I *#( ?@)0(%(#*3D >,+* I = [0, 1] "#)$+& K = I × I
-,;,#6 8*%*3 -,%(<*%& E$+$+ 2=(%*+<(. <2=#(3*+ ),#0 0";"#"F*)*+*+ -"+<$%1

<$C$ 0";"#"F* G,%"#)$+& K +6+ <2A(> *-* -(+,%6 2=(%*+<( >2-)(-#*-#(%* (A*0

"#,+ +"-0,#,%6 8*%8*%*+( <(+- ),>,+ 8*% <(+-#*- 8,C6+06)6 0,+63#,>,#63& E$

8,C6+06>, ?@%( K +6+ 8@#23 -23()* B×I <,*%()(# )*#*+<*%*<*%& E@#23 $=,>6

*+5(#(>*+*=& 7B 4(G%( $=$+#$C$ H "#,+ 4(38(%<*%&9

 !"#$ % E-=& I- J%"8#(3#(% K&

!& L+5(-* )"%$<, K +6+ >,#+6= <2A(> -(+,%#,%6 2=(%*+<( <(+-#*- -$%3$A0$%&

M*3<* 8$+, (- "#,%,- >,0,> -(+,%#,% 2=(%*+<( <(. )"# -(+,%, "#,+ $=,1

-#6-#,%6 (A*0 "#,+ +"-0,#,%6 <(+- ),>,+ 8*% 8,C6+06 <2A2+(#*3& E$ 8,C6+1

06>, ?@%(. K +6+ 8@#23 -23()* B × B 0"%$ 7)*3*0 >2=(>*9 <$%& E$ 0"%

R
2 × R

2 = R
4
L-#*< $=,>6+6+ 8*% ,#0 $=,>6<6%& N+5(#(>*+*=&

 !"#$ & E-=& I- J%"8#(3#(% O 7P*3*0 Q2=(>* R'"%$)S9&

O& E*%*3 -,%(+*+ <2A(> -(+,%#,%6 2=(%*+<( 8*%*)* ,A,C6<,+ >$-,%6>, <"C%$.

@0(-*)* >$-,%6<,+ ,A,C6>, <"C%$ @#42#3(- 2=(%(. (A*0 $=,-#6-0,-* +"-0,#,%6

<(+- ),>,+ 8*% 8,C6+06 <2A2+(#*3& E$ 8,C+06>, ?@%( K +6+ 8@#23 -23()*

T@8*2) A(%*<*<*%& N+5(#(>*+*=&



 !"#" $%&'% (&)*+,'+,&  !

 !"#$ % "#$% &# '()*+,-+,( . /01*234 5,(2627%

8% β *9:;<=;4; X #>-,42 >$,(2<6, *2(  !"#$%# &'()"*)+) )+43<% &:,( A ⊂ X 9+=?

#>-,42 β *9:;<=;4;<9 @1(, 6)A-35 *2( #>-, 24, ϕ−1 ◦ϕ(A) = A ,52=+2:2<2<

49:+9<6;:;<;B A9<2

A 6)A-35 #>-,⇒ ϕ−1 ◦ ϕ(A) = A /CD%C7

)+63:3<3 @14=,(2<2$%

 !"#$ & E,( A 2F2< ϕ−1 ◦ϕ(A) ⊃ A 6;(% A 6)A-35 24,G *3 #9H49-9<;<

=,(42<2< I9(+;:;<; 959:;69#2 *9:;<=;69< @1(,*2+2(2$J

y ∈ ϕ−1 ◦ ϕ(A)⇒ ϕ(y) ∈ ϕ(A)

⇒ (∃x ∈ A)(ϕ(x) = ϕ(y))

⇒ xβy

⇒ y ∈ A

K% L<,(-, CD%C%! M2< 24H9=;<69 I9(+;:; 41A+,<,< ,52=+2:2 49:+9A;<;$%

 !"#$ ' (X,T ) 3$9A; >$,(2<6, β *9:;<=;4; *2( 6,<#+2# *9:;<=;4; )+43<%

"1+>- 3$9A;<; (X/β,U) 2+, @14=,(,+2-% CD%C 3A9(;<N9G T 6)A-35 24, ϕ−1 ◦
ϕ(T ) = T 62(% OA(;N9 T 9F;# 24,G *1+>- =)H)+)P242<2< =9<;-; 3A9(;<N9G

ϕ(T ) ∈ U )+3(% Q,(42<, )+9(9#G T 6)A-35 24,G @,<, CD%C 1$,+2:2<2 #3++9<9(9#G

ϕ(T ) ∈ U⇒ ϕ−1 ◦ ϕ(T ) = T ∈ T /CD%R7

A9$9*2+2(2$% "3(969<G

U = {ϕ(T ) : (T ∈ T ) ∧ (T 6)A-35)} /CD%S7

Q9*22G *3<3< ,5+,:2<2 /639+2<27 9+;(49#G X/β *1+>- 3$9A;< #9H9+; #>-,+,(2<2<G

(X,T ) 3$9A;<;< #9H9+; 6)A-35 #>-,+,(2<2< *1+>- 61<>5>-> 9+=;<69#2

(,42-+,(2<, ,52= )+63:3 )(=9A9 F;#9(J

U
′ = {ϕ(K) : (K ∈ T

′) ∧ (K 6)A-35)} /CD%.7

T% ϕ : X −→ Y *2( *1+>- 61<>5>-> 24,G ϕ <2< *2( 6)A-35 9F;# A9 69 #9H9+;

9+= #>-,A, #;4;=+9<-;5; 69 *2( *1+>- 61<>5>->6>(% U14=,(2<2$%

 !"#$ (

/97  !"# #$%& '()(%(* (X,T ) 3$9A; >$,(2<6, β *9:;<=;4; *2( 6,<#+2#

*9:;<=;4;G A ⊂ X 6)A-35 *2( #>-, )+43<% β <;< A A9 #;4;=; βA *2(

6,<#+2# *9:;<=;4;6;(% V W9+6,G ϕA : A → A/βA 61<>5>-> *2( *1+>-

61<>5>->6>(% &:,( A 9F;# 24,G L<,(-, T%S%R/97 3A9(;<N9G T ∈ TA ⇔
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T ∈ T "#$%$&'()* +,*- ./)/012%/3 U 45#67 '"8"#"91:1212 $;(& &67/#/)1

T 2<2 =">7<? $;(& &67/#/)1212 ϕ $#'(2=$&1 =526?67#/)1=1)* T ∈ T

=">7<? 41) $;(& &67/ "#:<2* T ∩ A 6= ∅ 1:/3 A =">7<? $;(& 41)

&67/ "#=<0<2=$2 T ⊂ A "#<)* @6'62 4<2#$)( A/ 52%/&1 8)"4#/71

&<##$2$)$& ϕ−1 ◦ϕA(T ) = ϕ−1 ◦ϕ(T ) = T ∈ TA >$B$41#1)1B* C D$#=/

ϕA : A→ A/βA =526?676 :6)/&#1=1)*

E4F  !"!#$ %&'( )*+*'*, (X,T ) <B$>( 6B/)12=/ β 4$0(2'(:( 41) =/2G

&#1& 4$0(2'(:(3 A ⊂ X =">7<? 41) &67/ "#:<2* β 2(2 A >$ &(:('( βA

41) =/2&#1& 4$0(2'(:(=()* C D$#=/3 ϕA : A → A/βA =526?676 41)

45#67 =526?676=6)* H0/) A &$8$#( 1:/3 I2/)7/ J*-*KE4F <>$)(2%$3

K ∈ T
′

A ⇔ K ∈ T ′
"#$%$&'()* +,*L ./)/012%/3 U 45#67 '"8"#"G

91:1212 &$8$#( &67/#/)1 T ′
262 =">7<? &$8$#( &67/#/)1212 ϕ $#'(2=$&1

=526?67#/)1=1)* K ∈ T ′
=">7<? 41) &$8$#( &67/ "#:<2* T ∩ A 6= ∅

1:/3 A =">7<? $;(& 41) &67/ "#=<0<2=$2 K ⊂ A "#<)* @6'62 4<2#$)(

A/ 52%/&1 8)"4#/71 &<##$2$)$& ϕ−1 ◦ϕA(K) = ϕ−1 ◦ϕ(K) = K ∈ T
′

A

>$B$41#1)1B* C D$#=/ ϕA : A→ A/βA =526?676 :6)/&#1=1)*

 * f : (X,T )→ (Y,S ) :6)/&#1 A/ 5)'/2 41) M"2&:1>"2 1:/ T '"8"#"91:1212 41)

'$4$2(2( S '"8"#"91:1212 41) '$4$2(2$ )/:7/=/) 71N O17./#/)#/ :5>#/):/&3

B $1#/:1 T '"8"#"91:1212 41) '$4$2( "#=<0<2=$ f(B) $1#/:1 S '"8"#"91:1212

41) '$4$2( "#<) 7<N P/=/2N

 !"#$ %

S ∈ S ⇒ f−1(S) ∈ T

⇒ (∃Bı ∈ B, ı ∈ I)
(

f−1(S) =
⋃

ı∈I

Bı

)

⇒ S = fof−1(S) = f
(

⋃

ı∈I

Bı

)

⇒ S =
(

⋃

ı∈I

f(Bı)
)

"#=<0<2=$23 :")<2<2 >$2('(  ! " "#7$#(=()*

+,* I : (X,T )→ (X,T ) 5B=/?#1& E41)17F M"2&:1>"2< D/) x ∈ X 1;12 I(x) = x
"#$2 M"2:1>"2=<)* I 5B=/?#1& =526?676262 41) '"8"#"91& /?>$8( =526?676

ED"7/"7")8D1:7F "#=<0<2< .5:'/)121B*

 !"#$ &' I2/)7/ K*+*+ Q12 D18"'/B#/)1212 :$0#$2=(0(2( &"#$>%$ .5)/41#G

1)1B* R/);/&'/2

E$F I : X → X 41)17 =526?676 445 41) =526?67=6)*

E4F S/) T ∈ T 1;12 T = I(T ) ∈ T =1)*

E%F S/) S ∈ T 1;12 S = I−1(S) ∈ T =1)*



 !"#" $%&'% (&)*+,'+,&  !

""# f : (X,T )→ (Y,S ) $%&'()*%&+ ,)-./,)-/)0)&. 1)&2.34)5.6 %7(+&# 89.- f 5.

f−1
$%&'()*%&7:-;&;& <.- )')() =. (>-.'7) )(.7.-? f $%&'()*%&+&: ,)-  !""#

$!%&'&"&$&( ? =.&)7)-# @+ =+-+A=:? <.- x ∈ X )0)& g : x → f−1of(x)
=)*. 4:&;A7:&:& g $%&'()*%&+ ,)- 4%B%7%2)' .C*:B; =D&>C>A>=>- 1<%A.%/

A%-B<)(A6# ED(4.-)&)F#

 !"#$ %% G&.-A. H#"#" I)& <)B%4.F7.-)&)& g = f−1of ,)7.C'. $%&'()*%&+

4:-:$;&=:& (:97:&=;9;&; JD(4.-A.7)*)F# E.-0.'4.&

1:6 f 5. f−1
,,D %7=+9+&=:& g = f−1of ,)7.C'. $%&'()*%&+ =: ,,D ,)-

=D&>C>A=>-#

1,6 f−1
(>-.'7) %7=+9+&=:& K.- T ∈ T )0)& f(T ) = (f−1)−1(T ) ∈ S

=)-# f (>-.'7) %7=+9+&=:& f−1of(T ) = g(T ) ∈ T %7:3:'4;-#

136 f (>-.'7) %7=+9+&=:& K.- S ∈ T )0)& f−1(S) ∈ S =)-# f−1
(>-.'7)

%7=+9+&=:& fof−1(S) = g−1(S) ∈ T %7:3:'4;-#

"H# @)- s :)7.()&) :74/4:,:& %7:-:' ':,+7 .=.& 4%B%7%2)&)&? s :)7.()&) ':B(:*:&

,>4>& 4%B%7%2)7.-)& :-:'.()4)&. .C)4 %7=+9+&+ JD(4.-)&)F 1,'F#  !"#$" %&'&'6#

 !"#$ %&  !"#$" %&'&' )(4.&.&) JD(4.-A)C4)-#

"L# )*+*,*-./ )*+,0" 12034 (Xı,Tı) +F:*7:-; 5.-)7()&# ı 6=  ⇒ Xı ∩ X = ∅
%7(+&# @+ '%C+7+ (:97:*:& +F:*7:- :)7.()&. :*-;C;' 1=)2%)&46 +F:*7:- =.&)-#

S = ∪Tı = ∪{T : (∃ı ∈ I)T ∈ Tı}

,)7.C)A) >F.-)&=. T :)7.()&) CD*7. 4:&;A7:*:7;AM

U ∈ T ⇔ U ∩Xı ∈ Tı, (ı ∈ I)

(S,T ) ,)- 4%B%7%2)' +F:*=;-# ED(4.-)&)F# 567 72030 (Xı,Tı) 7203,0(8%8%

9*+*,*-./ 9*+,0" 72038 =.&)7)-#6

 !"#$ %'

A,B ∈ T ⇒ (A ∩Xı ∈ Tı) ∧ (B ∩Xı ∈ Tı)

⇒ [(A ∩B) ∩Xı] ∈ Tı

⇒ (A ∩B) ∈ T

,:9;&4;(; T :)7.()&)& NOHP :'()*%A+&+& (:97:&=;9;&; JD(4.-)-#

A ∈ T , ( ∈ J)⇒ (∀ ∈ J)(A ∩Xı ∈ Tı), (ı ∈ I)

⇒
[

⋃

∈J

(A ∩Xı

]

∈ Tı) =
(

⋃

∈J

A

)

∩Xı ∈ Tı)

⇒
⋃

∈J

A ∈ T
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"#$%&'%(% T #)*+()&)& ,-./ #0()1234&4& (#$*#&5%$%&% 67('+8)89 ,-:/ #0()1;

234&4& "4 )0)()&5+& <%0'%$%&% ")*)1284=9 > ?#*5+ T #)*+() S @=+8)&5+ ")8

'2A2*2B)5)89

:C9 D)8 X 0@3+() @=+8)5+0) T1 E+ T2 '2A2*2B)*+8) #8#(%&5# T1 ≤ T2 "#$%&'%(%

E#8 )(+ T ′

1
≤ T ′

2
"#$%&'%(%&%& 5# 2*54$4&4 67('+8)&)=9

 !"#$ %& T1 ≤ T2 2*54$4&4 E#8(#1#8(#0F

K ∈ T
′

1
⇒ K ′ ∈ T1

⇒ K ′ ∈ T2

⇒ K ∈ T
′

2

⇒ T
′

1
⊂ T

′

2

⇒ T
′

1
≤ T

′

2

2*489

 !"# $% &'()*$+*$'

:9  !"!#$!%"&%

D)8 0#8+ 1# 5# 5)0578'6+& 0#$%' #*%&%=9 D4&4& 0#8G%*%0*% )0) 0+&#8%&% <#0%G'%8%&%=9

H*5+ +5+I+$)&)= G+0)* J(2&*4K ")8 ()*)&5)85)89 L)35) "4&4 '2A2*2B) 5)*)1*+

)M#5+ +5+*)39 I2 = [0, 1]×[0, 1] ")8)3 0#8+()&)& 0#8G%*%0*% )0) 0+&#8% <#0%G'%8%*%1289

D4 548435#F ")8)3 0#8+5+ #G#$%5#0) 5+&0*)0 "#$%&'%(% 0484*34G 2*489 D4

(2845# 0 ≤ x, y ≤ 1 2*54$4&4 E#8(#1%1284=9

(x, y) ∼ (x′, y′)⇔ [(x, y) = (x′, y′)] ∨ [(0, y)↔ (1, y)] J:N9OK

Y = I2/ ∼ 5)1+*)39 ϕ : I2 → Y "7*@3 57&@G@3@ ?+8 (x, y) &20'#(%&%

[(x, y)] 5+&0*)0 (%&%M%&# 8+(3+5)128P ϕ((x, y)) = [(x, y)]9 I2 @=+8)&5+ (#*'

'2A2*2B)&)& 02&54854$4 '2A2*2B) E#8 2*(4&9 Y "7*@3 0@3+() @=+8)&5+ ϕ
"7*@3 57&@G@3@&@ (@8+0*) 0%*#& +& )&I+ '2A2*2B)1+F "7*@3 57&@G@3@ 5)1;

284=9 D71*+I+ (2&*4 ()*)&5)8 @=+8)&5+ ")8 '2A2*2B) '#&%3*#3%G 2*41284=9

Q9 L)35) (2&(4= ()*)&5)8) +*5+ +5+I+$)=9 R@=*+3 @=+8)&5+ A = [0, 1] × R 0#;

A#*% G+8)5)&) 5@G@&+*)39 D4 [0, 1] 0#A#*% #8#*%$% @=+8)&5+ 5@G+1 52$84*'45#

#G#$%1# E+ 140#8%1# (%&%8(%= 4=#1#& G+8)'')89 D4 G+8)5)& (2*5#0) E+ (#$5#0)

5@G+1 0+&#8*#8%&% ")8")8) @=+8)&+ *+*+I+0 G+0)*5+ 1#A%G'%8#*%39 S0) 4I4 (2&;

(4=# 6)5+& ")8 ()*)&5)8 +*5+ +5+8)=9 L)35) "4&4 ")8 "7*@3 '2A2*2B)() 2*#8#0

+*5+ +5+*)39 A = [0, 1] × R G+8)5) @=+8)&5+ 5@=*+3)& 02&54854$4 '2A2*2B)

E#8 2*(4&9 A @=+8)&5+

(x, y) ∼ (x′, y′)⇔ [(x, y) = (x′, y′)] ∨ [(0, y)↔ (1, y)] J:N9TK



 !"#" $% &'()*$+*$'   

!"#$%&$ '()*#+*,*#* +(#*-%(.(%*-/ 0('&&1 '23(!( 0 ≤ x ≤ 1 4" −infty ≤
y ≤ +∞ 5%!2)2 (6*$+*3/ 72 '()*#+*1 8"3&!&# !98". &$& $"#(3*#* 9,+ 9,+"

6($*8+*3-(.( !"#$ 5%23/ Y = A/ ∼ !&."%&-/ ϕ : A → Y ':%9- !:#989-9

;"3 (x, y) #5$+(,*#* [(x, y)] !"#$%&$ ,*#*<*#( 3",-"!&.53= ϕ((x, y)) = [(x, y)]/
Y ':%9- $9-",& 9>"3&#!" ϕ ':%9- !:#989-9#9 ,93"$%& $*%(# "# &#?"

+5@5%5A&."1 ':%9- !:#989-9 !&.532>/

B/ C&-!& .2$(3*!( "%!" "++&)&-&> ,&%&#!&3& .(+(. "$,"# '.2#?( $(.-($,*>*# .2D

4(3%(.(%*-/ 0('&& &%$ ,&%&#!&3!" (0, y) #5$+(,* &%" (1, y) #5$+(,* 6($*8-*8+*3/

E&%&#!&3 .24(3%(#(3($ .(+(. "$,"#!" 2 #5$+(,*#( "3&8+&)&#!" ;"3 y ∈ R &6&#

(0, y) ∼ (1, y) ∼ (2, y) 5%(?($+*3/ 72 8"$&%!" ,&%&#!&3& @5>&+&< 4" #"F(+&< .:#D

%"3!" .24(3%(-(.( !"4(- "!"3,"$1 '9+9# !9>%"-& '&3 ,&%&#!&3" !:#98+93D

-98 5%232>/  !"#$$% &'()*+$, -").,)./. 0)+"&./. $1$,% 20,23( -*( 435"6)",",

2$)$,&$6$, 4",") 4'(*4$,$, &* -").,)./. 0)+"4"7"-8.69: C&-!& '2#2 '&3 ':%9-

+5@5%5A&,& 5%(3($ "%!" "!"%&-/ R
2 = R × R (#(%&+&$ !9>%"-& 9>"3&#!" ,(%+

+5@5%5A& 4(3 5%,2#/ R
2
9>"3&#!"

(x, y) ∼ (x′, y′)⇔ [(x, y) = (x′, y′)] ∨ [(x− x′ = n) ∧ (y = y′)] GHI/JK

!"#$%&$ '()*#+*,*#* +(#*-%(.(%*-/ 0('&&1 '23(!( −∞ < x, y < +∞ !&3/ 72

'()*#+*1 '9+9# 8"3&+%"3&# !98". $"#(3%(3*#* 9,+ 9,+" 6($*8+*3-(.( !"#$ 5%23/

Y = R
2/ ∼ !&."%&-/ ϕ : R2 → Y ':%9- !:#989-9 ;"3 (x, y) #5$+(,*#*

[(x, y)] !"#$%&$ ,*#*<*#( 3",-"!&.53= ϕ((x, y)) = [(x, y)]/ Y ':%9- $9-",&

9>"3&#!" ϕ ':%9- !:#989-9#9 ,93"$%& $*%(# "# &#?" +5@5%5A&."1 ':%9-

!:#989-9 !&.532>/ 723(!(1 ;"3 n ∈ Z +(-,(.*,* 4" ;"3 y ∈ R F"36"% ,(.*,*

&6&#

(. . . ∼ (−n, y) ∼ . . . (0, y) ∼ . . . ∼ (n, y) ∼

!"#$%&$%"3& 4(3!*3L .(#& ':%9- 2>(.*#!( '2 #5$+(%(3 6($*8*3%(3/

M/  !"#$% &'(#)#

I2 = [0, 1]×[0, 1] '&3&- $(3",&#&# $(38*%*$%* &$& $"#(3*#* +"3, .:#!" 6($*8+*3(%*-/

N%!" "!&%"# 8"$&% '&3 O5'&2, 8"3&!&!&3/ 72 8"3&!&# '&3 +"$ .9>".& 4(3!*3/ P"3D

;(#F& '&3 ."3!"# '(8%(.(3($1 $(%"-& $(%!*3-(!(# '9+9# .9>". 9>"3&#!" '&3

6&>F& 6&>"'&%&3,&#&>/ C&-!& '2 .9>". 9>"3&#" '&3 +5@5%5A& $23(%*-/ I2 9>"3&#!"
!9>%"-&# ,(%+ +5@5%5A&,&#&# $5#!23!2)2 +5@5%5A& 4(3 5%,2#/ I2 '&3&- $(3",&

9>"3&#!" 82 !"#$%&$ '()*#+*,*#* +(#*-%(.(%*-=

(x, y) ∼ (x′, y′)⇔ [(x, y) = (x′, y′)] ∨ [(x = 0) ∧ y′ = 1− y)] GHI/QK

72 '()*#+*1 I2 '&3&- $(3",&#&# !98". $"#(3%(3*#* +"3, .:#!" 9,+ 9,+" 6($*8+*3D

-(.( !"#$ 5%23/ Y = I
2/ ∼ !&."%&-/ ϕ : I2 → Y ':%9- !:#989-9 ;"3 (x, y)

#5$+(,*#* [(x, y)] !"#$%&$ ,*#*<*#( 3",-"!&.53= ϕ((x, y)) = [(x, y)]/ Y ':%9-

$9-",& GO5'&2, .9>".&K 9>"3&#!" ϕ ':%9- !:#989-9#9 ,93"$%& $*%(# "#

&#?" +5@5%5A&."1 ':%9- !:#989-9 !&.532>/

R/ *#+#, -./'0# 12!($%3



 !!  !"#$ %&'  !"#$ ()*+"*,-

I2 = [0, 1]× [0, 1] "#$#% &'$()#*#* +,$- &(*'$.*.* &'$/.0.&0. 10'*0'$.*. #&#/($

#&#/($ 2'&./-.$'0.%3 40+( (+(5(6#%#7 /(&#0 "#$ )#%#- 897(8#+#$3 I2 "#$#% &'$()#

97($#*+( +970(%#* )'0- -1:101;#)#*#* &1*+<$+<6< -1:101;# ='$ 10)<*3 >#%#-

897(8#*# &'$(*#* "#$ ",09% <7'8. 10'$'& (0+( (+("#0#$#73 ?<*<* #2#* I2 "#$#%
&'$()# 97($#*+( /< +(*&0#& "'6.*-.).*. &<$'0.%@

(x, y) ∼ (x′, y′)⇔

{

(x, y) = (x′, y′)∨

(0, y)↔ (1, y) ∧ (x, 0) = (x, 1)
A !3BC

?< "'6.*-.D "#$#% &'$(*#* 8'-'8 =( +9/(8 &(*'$0'$.*.* &'$/.0.&0. 10'$'&

2'&./-.$.0%').*' +(*&-#$3 Y = I
2/ ∼ +#8(0#%3 ϕ : I2 → Y ",09% +,*9/9%9

E($ (x, y) *1&-').*. [(x, y)] +(*&0#& ).*.F.*' $()%(+#81$@ ϕ((x, y)) = [(x, y)]3
Y ",09% &9%()# 97($#*+( ϕ ",09% +,*9/9%9*9 )9$(&0# &.0'* (* #*5(

-1:101;#8(D ",09% +,*9/9%9 +#81$<73 ?< #/0(% )#%#- 897(8# 97($#*+( "#$

-1:101;# &<$%'&-'+.$3

G3  !"# $!%#&'

I2 = [0, 1] × [0, 1] "#$#% &'$()#*#* +,$- &(*'$.*. "#$ *1&-'+' 2'&./-.$'0.%3

H$*(6#* +,$- &(*'$.* 97($#*+(&# "9-9* *1&-'0'$. (0, 0) *1&-').*' (/0(8(0#%3

?< +<$<%+' "#$ &9$( 897(8# (0+( (+($#73 I2 "#$#% &'$()# 97($#*+( +970(%#*

)'0- -1:101;#)#*#* &1*+<$+<6< -1:101;# ='$ 10)<*3 I9$( 897(8#*# &'$(*#* "#$

",09% <7'8. 10'$'& (0+( (+("#0#$#73 ?<*<* #2#* I2 "#$#% &'$()# 97($#*+( /<

+(*&0#& "'6.*-.).*. &<$'0.%@

(x, y) ∼ (x′, y′)⇔































(x, y) = (x′, y′)∨

(0, y)↔ (0, 0)∨

(x, 0)↔ (0, 0)∨

(1, y)↔ (0, 0)∨

(x, 1)↔ (0, 0)

A !3 !C

?< "'6.*-.D "#$#% &'$(*#* 8'-'8 =( +9/(8 &(*'$0'$. 97($#*+(&# "9-9* *1&-'J

0'$. (0, 0) *1&-').*' (/0($3 Y = I
2/ ∼ +#8(0#%3 ϕ : I2 → Y ",09% +,*9/9%9

E($ (x, y) *1&-').*. [(x, y)] +(*&0#& ).*.F.*' $()%(+#81$@ ϕ((x, y)) = [(x, y)]3
Y ",09% &9%()# A&9$( 897(8#C 97($#*+( ϕ ",09% +,*9/9%9*9 )9$(&0#

&.0'* (* #*5( -1:101;#8(D ",09% +,*9/9%9 +#81$<73 ?< #/0(% &9$( 897(8#

97($#*+( "#$ -1:101;# &<$%'&-'+.$3

K3 (#)*#"

I':'0. "#$ '$'0.&-'* "#$ 2(%"($ (0+( (-%(& #2#* "< '$'0.6.* #&# <5<*< "#$J

0(/-#$($(& "#$ 2(%"($( "(*7(-("#0#$#73 ?< L,$9/-(* E'$(&(-0(D 2(%"($# &':'0.

"#$ '$'0.6.* ",09% <7'8. 10'$'& 10</-<$'"#0#$#73 Y = {(x, y)|x2 + y2 = 1}
+#8(0#%3 [0, 2π] '$'0.6. 97($#*+( )'0- -1:101;# ='$ 10)<*3 f : [0, 2π] → Y
F1*&)#81*<*< f(t) = (cost, sint) ∈ R

2
+#8( -'*.%0'8'0.%3 ?< F1*&)#81*

)9$(&0# =( &':'0.+.$3 A = [0, 2π] '$'0.6. 97($#*+( <2 *1&-'0'$. (/0(8(* '/'6.J



 !"#" $% &'()*$+*$'  ! 

"#$% &#'()*( &%+ ",)$-%$ &#'()*(.("(+/

x ∼ x′ ⇔

{

x = x′∨

x = 0 ∧ y = 2π∧
0 !1  2

34)# 56+, f 78)$.%98)4)4 .:+,$-% $(-#) ,) %);, *8<8-8=% Y &%+%> ?,>&,+%

:@,+%)",$% &6-:> *8<8-8=%.%"%+1


