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 !"# $%&'%( )%*+,-.-.,

(X, ρ) "#$ (Y, σ) "%" &$'("% )*+, -#.)/ 0$ 1"( f : X → Y 2-/%.",-/) 0$("#."/3

4+/5& ),+(5/6+7 f 2-/%.",-/)/)/ 1"( x0 /-%'+.5/8+ .9($%#" -#&+.5 ":"/7 f(x0)
;<$."/"/ =$( Bσ(f(x0), ǫ) %-&>)#)<)/+ %+(>5#5%7

f(Bρ(x0, δ)) ⊂ Bσf(x0, ǫ)

-#+6+% 1":"&8$7 x0 /-%'+.5/5/ 1"( Bρ(x0, δ) %-&>)#)<)/)/ -#&+.5 ?$($%#" 0$

,$'$(#"8"(3 @+>%+ 1"( 8$,">#$A

 !"#$ %&'('%' f : X → Y 2-/%.",-/)/)/ x0 /-%'+.5/8+ .9($%#" -#&+.5 ":"/

?$($%#" 0$ ,$'$(#" %->)#7 =$( ǫ > 0 .+,5.5/+ %+(>5#5%

ρ(x0, x) < δ ⇒ p(f(x0), f(x)) < ǫ

-#+6+% 1":"&8$7 ,+#/5* 0$("#$/ x0 /-%'+.5/+ 0$ ǫ .+,5.5/+ 1+<#5 -#+/7 1"( δ > 0
.+,5.5/5/ 0+( -#&+.585(3

B$'("% '-C-#-D"#$("/  !"!#$! %&'()&*!)+, -./!'0+1#1 .+<#+85%#+(5/5 1"#"E

,-()*3 F,#$,.$7 4$-($& GG3 3 ),+(5/6+ +>+<58+%" ;*$#"<" .;,#$,$1"#"("*3

 )*+)$ %&'('%' f : X → Y 20#./!'0#1#1# x0 #0.3&/(#4& /5",.)! 0)+&/(
!6!# 7,",.)! 8, ',3,")! .091): ;," (xn) 4!<!/! !6!#:

xn → x0 ⇒ f(xn)→ f(x0) HGI3!JK

0)+&/(4("=

@) ;*$##"<" =$( /-%'+8+ 89>9/9(.$%7 '&'7(# >7)0*&)? /5",.)!)!. ":"/ >) '$E

-($&" .;,#$,$1"#"("*3

 )*+)$ %&'(',' f : X → Y 20#./!'0#1#1# /5",.)! 0)+&/( !6!# 7,",.)! 8,

',3,")! .091): ;," xn 4!<!/! !6!#:

xn → x⇒ f(xn)→ f(x)

0)+&/(4("=

 !"#$ %&'(',' (X, ρ) "#$ (Y, σ) "%" &$'("% )*+, -#.)/ 0$ 1"( f : X → Y
2-/%.",-/) 0$("#."/3 L<$( =$( ǫ > 0 .+,5.5/+ %+(>5#5%

ρ(x, y) < δ ⇒ p(f(x), f(y)) < ǫ



 !"#" $%&'%( )%*+,-.-.,  !"

#$%&%' ()*)+,-. /%$012 3-4)$-0 ǫ 5%/1510% (%6$1. ()4 δ > 0 5%/151 3%45%. f 7#0'8

5)/#090%  !"#!$ %!&'()* *& . ,-0)$)4:

;<2=<0 5<4-'$)$)' )$- 5<4-'$)$)' >%01+$%41 ()4()4$-4)0,-0 %/41,14: ?)4)0&)

7%4' +->4)' 92%/$%4,% (-$)4-0 7%4'>14 @ A<4-'$)$)' >%01+10,%. 3-4)$-0 ǫ 5%/1510%
'%4B1$1' 3%4$161 5C/$-0-0 δ 5%/151 D-+ ǫ 5%/1510% D-+ ,- x0 0#'>%510% (%6$18

,14: ?%B'% ()4 ,-/)B$-. ǫ 5%/151 5%()> '%$5% ()$-. x0 0#'>%51 ,-6)B)0&- δ 5%/151

,% ,-6)B-()$)4: ;<2=<0 5<4-'$)$)'>- )5-. δ 5%/151 0#'>%/% (%6$1 ,-6)$,)4: E')0&)

%/41$1' )5-. ,<2=<0 5<4-'$)$)6)0 D-4 D%0=) ()4 >#F#$#G)' 92%/ <2-4)0,- >%01+8

$%0%+%+%51,14: H<0'< (94%,%') F#2)>)7 ǫ, δ 5%/1$%41 )$- 3-4)$-0 '#+B9$9'$%4

D-4 D%0=) ()4 >#F#$#G)' 92%/,% 3-4)$-+-2: I0&%'. ,<2=<0 5<4-'$)$)' '%34%+1.

+->4)' 92%/$%4,%0 ,%D% =-0-$ #$%0 +!"#!$ ,-./)-& <2-4)0- =-0-$$-B>)4)$)4:JKL

 !"#!$ %&'(')' (X, ρ) 0*& 1'2&*( 3"-4 5' ∅ 6= A ⊂ X 6)%3$7 X  '$ R 4'

2-$/1)-$-$ x→ ρ(x,A) 86$(%*46$3  !"#!$ %!&'()* *&7

 !"#$% M%5=-$- x, y ∈ X C6-$-4) 3-4)$5)0: N-4 ǫ > 0 5%/1510% '4B1$1' C/$-

()4 z ∈ A C6-5) 3%4,14 ')

ρ(y, z) ≤ ρ(y, A) + ǫ

#$94. ') (94%,%0

ρ(x, z) ≤ ρ(x, y) + ρ(y, z) ≤ ρ(x, y) + ρ(y, A) + ǫ

-B)>5)2$)6) *1'%41$%()$)4: O>- /%0,%0 ρ(x,A) ≤ ρ(x, z) #$,969 ,<B<0<$<45-

ρ(x,A) ≤ ρ(x, y) + ρ(y, A) + ǫ

#$94: ?9 -B)>5)2$)' D-4 ǫ > 0 5%/151 )*)0 3%4#$,9690,%0. ǫ→ 0 )'-0 ,- =-*-4$)8

,)4P /%0)

ρ(x,A)− ρ(y, A) ≤ ρ(x, y)

#$94: ?-02-4 -B)>5)2$)6). x )$- y 0)0 /-4$-4)0) ,-6)B>)4-4-' ,- -$,- -,-()$-&-6)8

+)2,-0

|ρ(x,A)− ρ(y, A)| ≤ ρ(x, y)

5#09&9 *1'%4: ?9. %4%,161+12 ,<2=<0 5<4-'$)$)'>)4:

?9 >-#4-+,- A '<+-5) /-4)0- >-' C6-$) {y} '<+-5)0) '#/%45%' B9 5#09&9

-$,- -,-4)2@

*"+,- %&'('%' (X, ρ) 1'2&*( 3"-4/$ -$ #'&9') %-4/)-&- 2-$/1)/ 6)-$ x →
ρ(x, y) 86$(%*46$3: ;'& %-0*2 y *9*$:  !"#!$ %!&'()* *&7



 !"  !"#$ %&' $()*+, -./0"/*

 !"#!$ %&'(')'  !" #!$"%& '()* +,"#)- .%" $,/,-,0%& '()*12"3

 !"#$% (X, ρ) #$% &'(%$) *+,- ./0*1 2' #*1*1 )'0$3&'-'14 ),5,/6 $)$ ,/(

)7&'0$ A 2' B ./0*18 9./,-:, ;<%7/=7>7 7+'%'

f(x) =
ρ(x,A)

ρ(x,A) + ρ(x,B)

?.1)0$-.1* @%-0.A1 B)0$-.&*1* 0,>/,% C#)+8 @%-0.A1 D'.%'&$ E"8F8EG8

 !"#" $%&'()*()%

E8 B3,>6=,)$ ?.1)0$-.1/,%=,1 A,1;$/'%$ (0, 1) ,%,/6>6 7+'%$1=' =7+;71 07H

%')/$=$%I

f(x) = x,

f(x) = x3

f(x) = sin x

f(x) = sin
1

x

f(x) =
1

1− x

f(x) =
1

2− x

 8 J7+;71 07%')/$ A'% ?.1)0$-.1*1 07%')/$ ./=*>*1* ;<0('%$1$+8

K8 J7+;71 07%')/$ $)$ ?.1)0$-.1*1 #$/'3)'0$1$1 =' =7+;71 07%')/$ ./=*>*1*

;<0('%$1$+8

"8 L7%')/$ ./&,-,1 #$% ?.1)0$-.1*1 #$% ,/(H*+,-, )606(/,1&636 07%')/$ ./,H

#$/$%8 M%1'>$14 R ='1 R -'

f(x) =

{

0, x %,0-.1'/

1, x $%%,0-.1'/

=$-' (,16&/,1,1 4%"%56-!$ 7,+&8%*,+' 07%')/$ ='>$/=$%8 B&, #*1*1 Q

%,0-.1'/ 0,-6/,% )7&'0$1' )606(/,&,06 07%')/$=$%8 N'='1I



 !"!" #$%$&#'( )' *+,*-. /$0$#'($  !!

 !"! #$%$&#'( )*

+,-+./ 0$1$#'($

"#$ %&'&(&)#* +,-./-*# (xn) /#,#0#1#1 .-*210-* &(3-0212 %-123(-324%2*5 "+ *67

0#3/6 36%$#* +,-.(-$/-*# /#,#(6$#1 .-*210-*(28212 #196(6.6968#,5  !"#!$ :;5<5<

+.-$219-= {Bρ(x, r), r > 0} -#(60# x 1&*%-02121 >#$ .6$6( %->-12 &(/+8+1/-1=

?>*,5  %&'$ ::5:5 = (X,Tρ) 36%$#* +,-.21/- 4+1- /61* &(-9-*%2$@

 !"#!$ %&'&'%' (X, ρ)  !"#$% &'()*+,(%$ (xn) ,$'$-$+$+ x +.%"(-*+( )(%*+/
 (-* $0$+ 1!#!%2$ 3! )!"!#2$ %.4&25 6!# ǫ > 0 -()*-*+( %(#4*2*%

n ≥ n0 ⇒ ρ(xn, x) < ǫ

.2(7(% 8$0$ ,! 8$# n0 ,.9(2 -()*-*+*+ 3(# .2 (-*,*#:

(xn) /#,#0#1#1 x 1&*%-021- .-*210-/28212= *20-9-=

xn →x

lim
n→∞

ρ(xn, x) = 0

AB0%6$#3(6$#1/61 >#$#0#.(6 >6(#$%6968#, C6 x 1&*%-021- (xn) ,$'$-$+$+ 2$ $"$ = /#7
.6968#,5 D6%$#* +,-.(-$ E-+0/&$F -.2$3- -*0#.&3+1+ 0-8(-/2821/-1=  !"#!$

:G5<5: +.-$219- H6361 4+1+ 0B.(6.6>#(#$#,@

 !"#!$ %&'&'(' (X, ρ)  !"#$% &'()*+,(%$ 8$# (xn) ,$'$-$+$+ !+0.% 8$# 2$ $"$
3(# .2(8$2$#:

D6%$#* +,-.(-$ "#$#19# I-.2(->#(36 J*0#.&3+1+ 0-8(-/2821/-1 (&!#$!

::5 5: /61 4+ K2*-$@

 !"#!$ %&'&')' ;!"#$% &'()*+ 6!# 6(+1$ 8$# (2" %< !-$ A .2-&+: a ∈ Ā
.2 (-* $0$+ 1!#!%2$ 3! )!"!#2$ %.4&2 an → a .2(7(% 8$0$ ,! 8$# (an) ⊂ A
,$'$-$+$+ 3(# .2 (-*,*#:

 *+,$ %&'&'%' (X, ρ) 36%$#* +,-.21/- >#$ (xn) /#,#0# C6$#(0#15 L86$ H6$ ǫ > 0
0-.2021- *-$42(2* m,n ≥ n0 &(/+8+1/- ρ(xn, xm) < ǫ &(-9-* >#K#3/6= C6$#(61

ǫ 0-.2021- >-8(2= >#$ n0 /&8-( 0-.202 C-$0-= (xn) /#,#0#16 >#$ =(&76) ,$'$-$,$# =

/61#(#$5

-#+!. %&'&'%' 0-(% 36%$#86 AB$6= /&8-( 0-.2(-$/-1 &(+4-1 (n) /#,#0# >#$ =(/
&76) ,$'$-$ /68#(/#$5 MN1*N n #(6 m 16 /61(# >N.N* 06K#(#$06 06K#(0#1 n 6= m
&(/+8+1/- s(n,m) = |n−m| ≥ 1 &(+$5



 !"  !"#$ %&' $()*+, -./0"/*

#$% &$'$($(  !"#$% &'(')' )*+, )*-.-./0 -12%$3 4$% ($21*$32$%5 #+(+ 67/8

21%-13 $9$(: ;+3.%0&.3$ &$'$($( 4.<3. 4$% -12%$=1 67%1 >.+?@; )*&+=+(+ 67/8

21%1*$-5

 !"#$ %&'&'(' ν -12%$=$ A%(13 BCD5EDF $*1 2.(0-*.(.( -12%$3 )*-.3 G'1%1

(n) &)=.* /.;0*.% &$'$/$ (R, ν) +'.;0 $9$(&1 4$%  !"#$% &'(')'&'*+

 !"#$% @1% @.(6$ 4$% ǫ > 0 /.;0/0 H1%$*/$(5 I1(1**$=$ 4)'-.&.( n > m
.*.4$*$%$'5 #+%.&.(

ν(n,m) =

∣

∣

∣

∣

n

1 + n
−

m

1 +m

∣

∣

∣

∣

≤
1

(1 +m)

1<$2/$'*$=$ 903.%5 J)*.;0/0;*.

(1− ǫ)

ǫ
< n0

)*.?.3 4$9$-&1 &)=.* 4$% n0 /.;0/0 /191%/13

n,m ≥ n0 ⇒ ν(n,m) < ǫ

903.%K ;.($ &)=.* /.;0*.% &$'$/$ µ -12%$=$(1 67%1 4$%  !"#$% &'(')' )*+%5

)#*!#+ %&'&',' ,'* -./*'0 "(!%&! %!012)!0 $.* &'(' 3'* >.+?@; &'(')'&'*+

 !"#$% (xn) &$'$/$ x ()32./0(. ;.30(/0;)%/.: @1% ǫ > 0 /.;0/0(. 3.%<0*03

7;*1 4$% n0 &)=.* /.;0/0 H.%&0% 3$

n ≥ n0 ⇒ (ρ(x, xn)) <
ǫ

2

;.'0*.4$*$%5 #+ $3$/$(&1( H1 LMEN &1(

n,m ≥ n0 ⇒ ρ(xn, xm) ≤ ρ(x, xn) + ρ(x, xm) < ǫ

903.% 3$ 4+ $/21(1($ H1%$%5

#+ 21)%1-$( 3.%<020: 9)=+(*+3*. 6191%/$'&$%K ;.($ 4$% -12%$3 +'.;&.3$ @1%

>.+?@; &$'$/$: ) +'.; $9$(&1 4$% *$-$21 ;.30(/.-.;.4$*$%5 #+ ($21*$3: -12%$3

+'.;*.%0( 2.-*.(-./0 B?)-,*12$)(F )*6+/+(. ;)* .9.%5

 !"#$ %&'&'-' a = 0, a1a2a3 . . . an . . . /)(/+' )(*+ B&1?$-.*F 67/21%$-$;*1

21-/$* 1&$*1( 4$% $%%./;)(1* /.;0 &G<G(1*$-5 #+ /.;0;. 3.%<0*03 .<.=0&.3$ &$'$8

/$;$ 3+%.*0-5



 !"!" #$%$&#'( )' *+,*-. /$0$#'($  !"

x1 = 0, a1

x2 = 0, a1a2

x3 = 0, a1a2a3
#

#

#

xn−1 = 0, a1a2 . . . an−1

xn = 0, a1a2 . . . an−1an

$% &'(')') *+,'-.+,' /',+, ,0123)+. 1024&4, 5+ 63.0270 89,:.+7+;' 8'/'< ,0123=

)+. 1024.0, 6:-+1' :(+,')&+6' 10.* &+;+, -+*,';')') *0)4-.0&4;4 (Q, s) -+*,'6

%(024)&0 /', >0%7?2 &'('1'&',# @*+ 20)&0) /% &'(')') a .'-'*')+ 2064)10&4;4

&0 ?+-+) 89,:.+/'.',# A-0 a 102414 ',,0123)+. 3.&%;%)&0) Q 'B')&+ &+;'.=

&',# C+-+6 6' (Q, s) -+*,'6 %(024)&06' /% (xn) >0%7?2 &'('1' Q 'B)&+6' /',

.'-'*+ 2064)10-423,< /% %(024) /', :1* %(024 3.0) (R, s) 'B')&+6' /', .'-'*+

2064)1423,# D3),06' /9.:-&+ /% 3.8%2% &0?0 8+)+. /'B'-&+ ')7+.+2+7+;'(#

 !"!" #$%&'()'($

E# F+,B+. 20 &0 60,-0G46 1024.0,&0) 3.%G0) /', (xn) &'('1')')< 10.* *3H3=

.3I'2+ 89,+< /', x .'-'*')+ 2064)10-014 'B') 8+,+6.' 5+ 2+*+,.' 63G%.< ?+,

ǫ > 0 102414)0 60,G4.46

n ≥ n0 ⇒ |xn − x| < ǫ

3.0706 /'B'-&+ 20.)4( ǫ J0 /0;.4 &3;0. /', n0 102414)4) 50, 3.-014&4,#

F91*+,')'(#

 # $', -+*,'6 %(02&0 2064)106 ?+, &'(' 14)4,.4&4,# F91*+,')'(#

K# A.* %(02&0 2064)106 &'(' :1* %(02&0 &0 2064)10,# L+&+)M $% 9)+,-+)')

*+,1' &3;,% -%&%,M

N# $', -+*,'6 %(02 'B')&+6' (xn) &'('1')') /', >0%7?2 &'('1' 3.-014 'B')

8+,+6.' 5+ 2+*+,.' 63G%. En = {xk : k ≥ n} 3.-06 :(+,+ ρ(En) → 0
3.-014&4,# O1H0*.024)4(#

!# $', >0%7?2 &'('1')') ?+, ?0)8' /', 0.* &'('1')') &+ /', >0%7?2 &'('1'

3.070;4)4 891*+,')'(#



 !"  !"#$ %&' $()*+, -./0"/*

#$ (X, ρ) %&' ()*'&+ ,-./ 0) σ(x, y) = min{1, ρ(x, y)} 123,4$ X &5&46)+& %&'

(xn) 6&-&3&4&4 ρ ()*'&7&4) 89') %&' :.,;</ 6&-&3& 12(.3= &5&4 8)')+2& 0)

/)*)'2& +1>,2 σ ()*'&7&4) 89') %&' :.,;</ 6&-&3& 12(.3=6='$ ?93*)'&4&-$

@$ A&' :.,;</ 6&-&3&4&4 6B-8B4 3B')+2& %&' C14+3&/14 .2*=46.+& ')3(&4&4 6)

%&' :.,;</ 6&-&3& 126,7,4, 893*)'&4&-$

 !"# $%&'()

 !"#$ %&'('%' (X, ρ) ()*'&+ ,-./=46.+& <)'  !"#$% &'(')' X &5&46)+& %&'

2&(&*) /.+=43.'3.D (X, ρ) ()*'&+ ,-./= *!+&,- .#/+012*23 6)4&2&'$

E,+.'=6.+& 9'4)+*) 89'B26B7B 8&%&D )!1* &242- ()*'&7&4) 89') '.3/14)2 3.F

/=2.' *.( 12(./.4 %&' ()*'&+ ,-./6='$ G/4= ()*'&7) 89') 8)'5)2 3./=2.' +BF

()3&4&4 *!+1,4,5, %&'.- 314'. 89');)7&-$

 )*+)$ %&'('%' 6 !5*/- !-!72)'8+2 9(211'4': (X, ρ) *!+ ;'- +2*-'7 "(!%

<2 (Fn) ;/8 /1+!%!5 7!0!1, 7=+212-&25 /1"8!5 !(!1!5 ;'- &'(' /1)"5> ?42-
ρ(Fn)→ 0 ')2

F =
∞
⋂

n=1

Fn

!-!72)'*'5'5 ;'-*27 942)' <!-&,->

 !"#$% H&-&4&4 5.I2.'= .-.2.'.+ 3=C='. 8&**&7&46)4 F .'.+)3&*& C.'+2= &+&

41+*. &5)'()-$ JK)6)4LM N/2)/3)D F 4&4 %1> 12(./.;.7=4= 893*)'()+ /)*)F

;)+*&'$ O)' %&' Fn +B()3&46)4 %&' xn 97)3& 3)5)2&($ ρ(Fn)→ 0 126,7,46.4 xn
%&' :.,;</ 6&-&3& 12.;.+*='$ K)6)4L X *.( 126,7,46.4D %, 6&-&4&4 %&' x ∈ X
2&(&*& 0.'6='$ A, X 41+*.3=4=4 F .'.+)3&*&4) .&* 126,7,4, 893*)'()+ /)*)F

;)+*&'$ E.4& <)' m 617.2 3./=3= &5&4 x ∈ Fm 126,7,4, 893*)'()2&/&-$ xn → x
126,7,46.4D %, 6&-&4&4 <)' .2* 6&-&3& 6) x 2&(&*&4) /.+=43./.;.+*='$ O)' m
617.2 3./=3= &5&4 {xn : n ≥ m} .2* 6&-&3& Fm +B()3&4) .&**&'$

P&(6& %, 94)'()4&4 +.'>=*=4= 39/2)/)2&($

,")+$) %&'('%' @'- +2*-'7 "(!%&! $'A ;'-')' ;/8 /1+!%!5 <2 A!01!-, ),B,-!

C'&25 'AD'A2 7!0!1, 7=+212-&25 /1"8!5 $2- &'('5'5 !-!72)'*' ;/8 &24'1)2 ;" "(!%

*!+&,->

 !"#$% (X, ρ) %&' ()*'&+ ,-./ 0) (xn) %, ,-./6. %&' :.,;</ 6&-&3& 123,4$

A, 6&-&4&4 X ,-./= &5&46)+& %&' 2&(&*) /.+=43.6=7=4= 893*)');)7&-$



 !"#" $%&'()  !"

An = {xk : k ≥ n}, n = 1, 2, 3, . . .

#$%&'&( )*+*,*-* #.(/'0%1 2. )*+*-*- 345 4'%/6/- #$%&'&()&- 4'.57.8. 9&

*:;*:& 4').8.< 6/-*

A1 ⊃ A2 ⊃ . . . ⊃ An ⊃ . . .

4').8. /=/:0#70(1 >7& 6/-)/-

lim
n→∞

ρ(Ān) = lim
n→∞

ρ(An) = 0 ?@A1!!B

)0(1 C&)&-D >6'&6,&E 9/(,/60%0%0+ .6/(0-F/ &-/+ 3*(

x ∈
∞
⋂

n=1

Ān

G8&,* 9/(4'%/'0)0(1 H8&( xn → x 4').8-. IG,7&(&3*'*(,&# *,=/7 3*7&F&#7*(1 J&(

J/-I* 3*( ǫ > 0 ,/60,0 9&(*',*-1 ?@A1!!B I&(&8*-F&E G6'& 3*( n0 )48/' ,/60,0 9/()0(

#*

ρ(Ān0
< ǫ)

4'.(1 2.(/)/-

n > n0 ⇒ xn, x ∈ Ān0

⇒ ρ(xn, x) < ǫ

:0#/(1

 !"#$" %&'(')'  !" #$%"!& '()*+) %)# ,-). /$" )-% '()* &)0)-1+1"2

 !"#$% (X, ρ) %&7(*# .+/60-0- 3*( (A, ρ) /'7 .+/60 7/% 4',.-1 Ā ⊂ A
4').8.-. IG,7&(%&# 6&7&F&#7*(1 x ∈ Ā *,&E  !"#!$ @A1A1K .6/(0-F/E xn → x
4'/F/# 3*:*%)& 3*( (xn) ⊂ A )*+*,* 9/()0(1 L/#0-,/# J&( )*+* 3*( M/.FJ6 )*+*,*

4').8.-)/- (xn) )& 3*( 3)'4/* +!(!5!+!" 1 >6'&6,&E 3. )*+*-*- '*%*7* 4'/- x
-4#7/,0 %)# 4'/- A .+/60-/ /*7 4'/F/#70(1

 !"#$" %&'('*' 6)# 7!" '()*1. &)0)-1 /$" )-% '()*1 +) %)#+1"2

 !"#$% (X, ρ) 7/% 3*( .+/6 9& A ⊂ X #/=/'0 3*( /'7 #$%& 4',.-1 (xn) ⊂ A
3*( M/.FJ6 )*+*,* *,&E 7/% X .+/60 *:*-)& 3*( x '*%*7*-& 6/#0-,/(1  !"#!$

@A1A1K .6/(0-F/ x ∈ Ā :0#/(1 N6,/ A #/=/'0 4').8.-)/- A = Ā )0(1 O&%&#

#* A *:*-)&#* J&( 3)'4/* +!(!5!.!. '*%*7*E A *:*-)&)*(1

P4- *#* G-&(%&6* 3*('&57*(*(,&# 5.-. ,G6'&6&3*'*(*+ Q



 !"  !"#$ %&' $()*+, -./0"/*

 !"#!$ %&'(')' (X, ρ)  !" #$%"!& '()* +$ A ⊂ X ,-.'/'0.) )1)/2.)&! !&!

3($-!& $1.$/$".!"4

#$% A = Ā

#$$% A &'()*+,

*+!#$! %&'(',' (X, ρ)  !" #$%"!& '()*20.) 5202"-2 +$ &)6)-2 ,-)0 7$" )-%

&8#$ %)#  !" )-% '()* ,-'*,"5) (X, ρ) '()*2 .) %)#.2"9

 !"#$% (xn) ⊂ X -$+ .'/012 )$3$4$ 564/7,

m,n ≥ p ⇒ ρ(xn, xm) ≤ 1

56'0'8 -$9$(): -$+ p )5;'6 4'2*4* 4:9:6$(, 1:+ 1'7<$ -$+ a ∈ X 4:9:6$( =:

r = sup {ρ(a, x1), ρ(a, x2), . . . , ρ(a, xp)}

)$2:6$(, >/ )/+/()' 1 ≤ j ≤ p 56)/;/7)' xj ∈ D(a, r) ⊂ B(a, r + 1) 56/+,
?2+*0' j ≥ p 56)/;/7)'

ρ(a, xj) ≤ ρ(a, xp) + ρ(xp, xj) ≤ r + 1

56'0'8&*+ 8$ -/ j ≥ p $9$7 xj ∈ D(a, r + 1) 56('4*7* <:+:8&$+$+, @26:24:

{xn : n ∈ N} ⊂ D(a, r + 1)

)$+, @&: 2'7)'7 8'A'6* D(a, r+1) 2/='+*7*7 #)$48% 4*7*+6* 56)/;/ '9*8&*+B )56'C

2*4*26' ='+4'2*(*(*3 /2'+*70' %)#  !" )-% '()*.2" =: (xn) .'/012 )$3$4$7$7 -/

8'A'6* 2/='+ $9$7): -/6/7'7 -$+ x 6$($&$ ='+)*+D 8$ -/ 6$($& X /3'2* $9$7):)$+,

X $9$7):8$ 1:+ .'/012 )$3$4$ $9$7 '27* E:2 2'A*6'-$6:0:;$7):7D $4A'& -$&:+,

 !"#" $%&'()*()%

F,  !"#$ FG, ,F &:8$ /3'2*7 &'( 56)/;/7/ <H4&:+$7$3,

 , I576/ -$+ (:&+$8 /3'2*7 &'( 56)/;/7/ <H4&:+$7$3,

J,  !"#$ #FG,KF% &: &'7*(6'7'7 B(X) /3'2*7*7 &'( 56)/;/7/ <H4&:+$7$3,



 !"#" $%&'%&%  !"

 !"# $%&'%&%

 !"#$ %&'('%' (X, ρ) #$%&'( )*+,- .'& (Y, σ) %+# #$%&'( )*+,- '/'0$ 12#34

5$.'5',6& 7$ .)  !"# $%"&%''() * ,68)0 .'& +5% )*+,+ $9'% 65),6&:+; (Y, σ)
)*+,-0+ (X, ρ) )*+,-0-0-0 +,"-,)"./.'.0; <$0'5'&=

>) ($:'#<$ ?$& #$%&'( )*+,-0 %+#5+0+.'5$@$8'0' 7$ .'& #$%&'( )*+,-0

%+#5+0#-95+&-0-0 %/"%+0%- %/1,2.-. 65<)(5+&-0- 12:%$&$@$8'*= A+%$#+%'8'0 .'&

/6( <+5-0<+ 20$# %+9-,+0 .) 651); 2*$5 65+&+(; &+:,60$5 :+,-5+&<+0 ?+&$($%5$

1$&/$5 :+,-5+&-0 %6B656C'( ,20%$#5$ ()&)5)9)0) :+85+&=

 )*+)$ %&'('%' 3%0 "%+0(4 56,1 +,"-,),&(-(07 8(0 "%+0(4 56,1.) +,"-,)9

"./-,0. &(0&(0-%0()% $9#$%&$5 $9,+B-5-<-&7

 !"#$% D:B+% .'&(+/ +<-#<+ .'%$@$(%'&= >) +<-#5+&-0 *6& 65#+,+0 )*)0@+

':B+%5+&- 28&$0@',$ +5-9%-&#+ <',$ .-&+(-5+@+(%-&= >)&+<+ ,+50-*@+ ':B+%-0 ':4

($5$%' 7$&'5$@$(%'&=

%',-#$. x = (xn) '5$ y = (yn) <'*'5$&' (X, ρ) )*+,-0<+ '(' E+)@?, <'*':' ':$

x ∼= y ⇐⇒ lim
n→∞

ρ(xn, yn) = 0

.+8-0%-:-0- %+0-#5+,+5-#=

∼= '5$ 12:%$&<'8'#'* .) .+8-0%-0-0 X )*+,-04

<+(' .3%30 E+)@?, <'*'5$&'0'0 65)9%)&<)8) (3#$ 3*$&'0<$ .'& '%)4-(4

&,:.)+.;. 65<)8) (65+,@+ 12&35$.'5'&=

/',-#$. F)(+&-<+(' <$0(5'( .+8-0%-:-0-0 ()&<)8) '%)4-(4 ;.).<,0. (3#$:'0'

X '5$ 12:%$&$5'#G ,+0' x = (xn) 28$:'0'0 <$0(5'( :-0-H-

[x] = {y = (yn) : x ∼= y}

65:)0= I'#<'

ψ([x], [y]) := lim
n→∞

ρ(xn, yn)

65#+( 3*$&$ (X, ψ) .'& #$%&'( )*+, 65)&=

0',-#$. J$& x ∈ X 28$:'0$ (+&9-5-(; %$&'#5$&' .) x 28$:'0$ $9'% 65+0 x =
(x, x, x, . . . , x, . . .) :+.'% <'*'5$&'0' <3930$5'#= >) <'*'5$&'0 .$5'&5$<'8' x

<$0(5'( :-0-K+&- X )*+,-0+ +'%%'&5$& 7$ .'& X +5% )*+,-0- 65)9%)&)&5+&=

I'#<' X (3#$:'0<$0 X (3#$:'0$ ϕ(x) = x <20393#303 %+0-#5+,+5-#=

>) <20393#;

ψ(x, y) = ψ(ϕ(x), ϕ(y)) = lim
n→∞

ρ(xn, yn) = ρ(x, y)



 !  !"#$ %&' $()*+, -./0"/*

"#$%&'($ (X, ρ) ")$#&'*$' (X, ψ) $+, ")$#&'$ -.% /01/,%/+ /0#$2& *3'45

0414*4%6

 !"#$%& X 741/8.'.' X .9.'*/ #:;"' :+*";"'" <38,/%/(/;.)6  !"#!$ =>6>6?

"#$%&'($@ X .9.'*/7. A/% p 3;/8.'/ 7$%0&+&7@ X .9.'*/ p 3;/8.'/ #$7&'8$#$'

-.% *.).'.' B$%+&;&'& <38,/%1/7 #/,/(/7,.%6 C/%9/7,/'@ p */'7+.7 8&'&D&'$

$., -.% p = (pn) *.).8. *404'/+.16 E$'&1& "#$%&'($@ -" *.). X .9.'*/ -.%

 !"#$% *.).8.*.%6 F.1*. A/% m *:;$+ 8$#&8&'$ 7$%0&+&7

ϕ(pm) = pm

*/'7+.7 8&'&D&'& *404'/+.16

lim
n→∞

ψ(pm, p) = lim
m→∞

(

lim
n→∞

ρ(pm, pn)
)

= 0

:+*";"'*$' (pm) *.).8. p 3;/8.'/ #$7&'8$%6

'!"#$%& (X, ψ) -.% ,$1 ")$#*&%6

G"'" .82$,+$17 .9.' X .9.'*/7. A/%  !"#$% &'(')'*'* -" ")$# .9.'*/

-.% +.1.,/ #$7&'8$*&;&'& <38,/%1/7 #/,/(/7,.%6 (xn) *.).8. X .9.'*/ -.%

H$"(A# *.).8. :+8"'6 X ")$#& X .9.'*/ #:;"' :+*";"'*$'@ A/% *:;$+ n
8$#&8&'$ 7$%0&+&7

ψ(an, xn) < 1/n

:+$($7 -.9.1*/ -.% an ∈ X 3;/8. B$%*&%6 G" 3;/+/%*/' :+"0$' (an) *.).8.
-.%  !"#$% &'(')'&'+6 G" *.). a = (a1, a2, . . . , an, . . .) *.).8.'.' */'7+.7

8&'&D& :+$' a 3;/8.'/ #$7&'8$%6 I%,&7@ -"%$*$' xn *.).8.'.' a +.1.,.'/

#$7&'8$#$($;& 7:+$#($ <3%4+4%6

(!"#$%& X .+/ Y 1/,%.7 ")$#&' .7. ,!-.!*-/0/ .8/ X .+/ Y ")$#+$%& /01/,%/+

/0#$2&+&*&%6

 !" # $%&'( )&*&+,%*-&'.%)&

)*+$% ,-!,.!,! X -.% ,:2:+:J.7 ")$# B/ A ⊂ X :+8"'6 K;/% A 741/8.'.'

7$2+$1&'&' .9. -:0 .8/L #$'. (Ā)o = ∅ .8/@ A 741/8.'/ $'1 2'+ %3+&3 %45"*

&35'.&'+ */'.+.%6

/0+12 ,-!,.!,! I9&7 #$ *$ 7$2$+& 741/+/%.' 7/'$%+$%& A.9 -.% #/%*/ #:;"'

*/;.+*.%6



 !" #" $%&'( )&*&+,%*-&'.%)&  !"

 !"#$ %&'%(')' #$%&$'()$* +,%-&. /-*0-) &$'()$* .0.12-3 &$)4 4565)57.'- /8*-3

9.0 :.* '-*2- '5;<1 2-;.)2.*=

 "#!*# %&'%('%' A  !" #!$ %&$'& %()*+ '&)!,-& A′ ./0&-! %()*+ #!$ 1,23

./0&'!$4

>< 81-*%-1.1 +5)$' .&6$4(1( 8;*-1?.'- :.* 6*5:)-% 5)$*$+ :(*$+('5*<@=

+,"-* %&'%(')' A;-* :.* 4565)57.+ <@$' 9.0 :.* '-*2- '5;<1 5)%$'$1 +,B

%-)-*.1 &$'()$:.).* &$'(2$&(1(1 :.)-C.%.1- -C.4&-3 :< 4565)57.+ <@$'$ -&%$&. :.*

<@$'2(* 2-1.).*= D-'*-+ <@$')$*$ #!$!+5! .12&6($!'&+ :.* <@$'E :< +$4-/5*.2-1

5)%$'$1 <@$')$*$ 2$ !.!+5! .12&6($!'&+'!$ 2.'-?-;.@=

 !"#$ %&'%('.' #-+ 8;-). :.* $)4B+,%-3 &$)4 4565)57.'- /8*-3 Q .0.12- 9.0

:.* '-*2- '5;<1 2-;.)2.*=

F5)$'(&(')$3 &$'()$:.).* :.* +,%- 5)$1 *$&'51-) &$'()$* +,%-&.3 &$)4 4565B

)57.'- /8*-3 :.*.1?. +$4-/5*.2-1 G&-'*-+H :.* <@$'2(*=

+,"-* %&'%('.' >.* 4565)57.+ <@$'2$ 9.0 :.* '-*2- '5;<1 5)%$'$1 +$6$)(

+,%-)-*.1 9-* 2.@.&.1.1 :.)-C.%. 2- 9.0 :.* '-*2- '5;<1 2-;.)&-3 :< <@$'$ :.*

71!$& <@$'(2(* 2-1.).*=

#$1(%2$1 9-%-1 C<1< &8')-'-:.).*.@=

+#/!#* %&'%('%' (X,T ) *81%9+9+ #!$ 71!$& *81%9 (,01-9 !"!+ 6&$&.,! :&

%&2&$,! .(;*,< .1=1,9 ./0&,&$'&+ (,*;1+  &$  1+6! #!$ (En) '!8!-! :&$!,'!)!+'&

(∪En)
o 6= ∅ =⇒ Eo

m 6= ∅

(,151. #!"!0'& &+18 #!$ Em ./0&-!+!+ :1$(,01-9'9$4

+#/!#* %&'%(') G>$.*- I5;<1)<+ #-5*-%.H' (X, ρ) #!$ 210 0&2$!. *81% :&

Bi, (i = 1, 2, 3, . . .) %()*+ 1,2 ./0&,&$ 1!,&-! !-& ∩∞i=1Bi 1$1.&-!2! X !"!+'&

%()*+'*$4

 !"#$% 9-* 9$1/. :.* p ∈ X 8;-&. .)- :<1<1 :.* B(p, r) '<J$*&$) +5%C<B

)<;<1< 2,C,1-).%= K8&4-*-?-;.@ +. :< '<J$* ∩∞i=1Bi '- $.4 -1$@ :.* a 8;-&.1.

.0-*.*=

B(p, r) $0(+ :.* +,%- J- B1 '5;<1 5)2<;<12$1 :.* a1 ∈ B(p, r)∩B1 8;-&.

&-0.)-:.).*= L4- '$12$1 (X,Tρ) 2,@-1). 5)2<;<12$1

B(a1, r1) ⊂ B(p, r) ∩B1



 !"  !"#$ %&' $()*+, -./0"/*

#$%&%' ()*)+,- a1 ./-0)1)1 ()2 B(a1, r1) 345%20%$ '#+64$4/4 5%2,728 90:-$)';

(4 '#+64$4/41 r1 3%27*%<7 1 ,-1 '=*=' %$71%()$)28

B(a1, r1) %*7' ()2 '=+- 5- B2 3#/41 #$,4/41,%1 ()2 a2 ∈ B(a1, r1) ∩ B2

./-0) 0-*)$-()$)28 >-1),-1; +-:2-$ :#<#$#?)1)1 ,=@-1$)$)/)

B(a2, r2) ⊂ B(a1, r1) ∩ B2

#$%&%' ()*)+,-; a2 ./-0)1)1 ()2 B(a2, r2) 3.2-0)1)1 #$+%0717 A-2-':)2)28 B%())

r2 < 1/2 #$%&%/7 %*7':728

C4 ,=6=1=6 %2,%2,% 3)1-$-1-2-'; i D1&) %,7+,% (i = 1, 2, 3, . . . , n, . . .)

ai ∈ B(ai, ri), ri < 1/i

5-

B(ai, ri) ⊂ B(ai−1, ri−1) ∩Bi

#$%&%' ()*)+,- ()2 ai ./-0) 0-*)$-()$)28
E)+,) (4 3#$$% 0-*)$-1 ./-$-2,-1 #$46%1 (ai) ,)@)0)1) ,=6=1-$)+8 F/-2 k

()2 ,#/%$ 0%37 )0- n,m > k #$,4/41,% an, am ∈ B(ak, rk) #$42G ,#$%37073$%

d(an, am) < 2/k #$&%':728

C42%,%1 (ai) ,)@)0)1)1 ()2 H%4&I3 ,)@)0) #$,4/4 A.2=$=28 (X, ρ) ()2 :%+

4@%3 #$,4/41,%1 (4 ,)@)1)1 X )*)1,- ()2 $)+):) 5%2,72G (4 $)+):- a ,)3-$)+8 J:-

3%1,%1; I-2 i ,#/%$ 0%3707 )*)1 ai, ai+1, ai+2, . . . %$: ,)@)0) ,- %317 a $)+):)1-

3%'710%28 C4 %$: ,)@)1)1 (=:=1 :-2)+$-2) B(ai, ri) '=+-0)1&- '%<0%1728 C4

'=+- '%<%$7 #$,4/41,%1 a $)+):)1) ,- )*-2-&-':)2 K('@8  !"#!$ LM8M8NO8 C4

)0-

a ∈ B(ai, ri) ⊂ B(ai−1, ri−1) ∩ Bi

#$+%07 ,-+-':)28 P-2 i ,#/%$ 0%3707 )*)1 (4 .@-$$)/)1 5%2$7/7

a ∈
∞
⋂

i=1

Bi

#$+%0717 A-2-':)2)2; ') (4 %2%,7/7+7@ 0#14*:428

 !"#!$ %&'%(') KC%)2-O'  !" #$% "&'%$( )*!+ $($,-$ (!'&./%$0&,0$%1

 !"#$% X :%+ ()2 +-:2)' 4@%3 #$0418 Q$+%3%1% -2A) 3.1:-+)1) '4$$%D

1%&%/7@8 I)* ()2 3-2,- 3#/41 #$+%3%1 %$:D'=+-$-2,-1 #$46%1 ()2 (An) ,)@)0)

5-2)$0)18 F/-2

∞
⋃

n=1

An = X KLM8R!O



 !"  " #$%&'( )* #'('+&'(  !"

#$%&'()

∞
⋂

n=1

A′n = ∅ *+,-",.

#$/0(/- 1'%& 230 n 4546 A′n '#7/6(/0 *89:-  !"#$" +,-+;-+.- <'$3'%3  !"#$

%&'()*(+ ,$&#$-" /'&0)6=& ∩A′n '#7/6 840 &$>?9@A3(40- B/ 4%3C *+,-",. 4$3 53?

$4D40- B/ 53$4D94 #$&A&'&=&7)6(&6 *+,-"!. 9&8/$@A@: '&6$)D>)0E '&64 X 9@A3%4

245 840 '30(3 '#7/6 #$A&'&6 9@A3$3046 %&')$&84$40 %&')(&%)6)6 840 84$3D4A463

3D4> #$&A&:-

 !" #" $%&'()*()%

+- F&$> >#G#$#H4'3 IJ03 I3053$ %&')$&0)6 %#6$/ 840 &$>?9@A3%4 245 840 '30(3

'#7/6 (374$(40- KJ%>30464:-

 - L45 840 '30(3 '#7/6 #$A&'&6 9@A3$3046 %#6$/ %&')(&%)6)6 84$3D4A4 (3

245 840 '30(3 '#7/6 (374$(40- KJ%>30464:-

M- L45 840 '30(3 '#7/6 #$A&'&6 840 9@A3646 >@A$3'364 '#7/6 840 &$> 9@?

A3(40- KJ%>30464:-

N- O/9&0)(&94 J:3$4746 9&0D)>) (#70/ A/(/0P B&D9& 840 (3'4D$3C ./&'() 0"#

!*12+3-$)") 13-*$/$)" 4"5 0"# /$#6$ /&'() 6$'"*6"#.C (36384$40 A4P

 !"  #$%&'( )* #'('+&'(

 !"#!$ %&'%%'%'  "# -$1#"+ (7!/8) 18+87 &*-!98 "5") :$#$+*" ;$ /$1$#*" +&<(*

"5")6$+" 4$# 6"7")") /!+8)9!+ 0"# !*1 6"7"9" &*-!9868#=

 !"#$% <6=3 9#D/$/6 I3039$47464 IJ03$4A- (X,Tρ) >)9): 840 A3>049 /:&' #$?

%/6 Q3 X 4546(3 840 (xn) (4:4%4 Q304$%46- B/ (4:4646 >304A$304646 840840$3046(36

R&09$) #$(/7/ (/0/A/ (@D@6A39 '3>3=39>40- S@69@C 3730 (4:4646 840840$3046?

(36 R&09$) >304A$304 %&')%) %#6$/ 4%3C 36&: 840 >304A %#6%/: 93: '463$364'#0

(3A39>40E 94 8/ (/0/A(&C 4%>3636 '&9)6%&9 &$> (4:4 #$&0&9 '463$3636 >304A$30?

(36 #$/D&6 840 &$> (4:4 %354$384$40- T730 (4:4646 %#6%/: 5#9$/9>& R&09$) >304A4

Q&0%&C 840840$30463 3D4> #$&6 >304A$30(36 '&$6): 840 >&63%464 %353039C >304A$304

84084046(36 R&09$) %#6%/: 840 &$> (4:4 %35384$404:- U#$&'$)7) %&7$&A&9 4546 Q304$36

(xn) (4:4%4646C 8/ (4:4 #$(/7/6/ Q&0%&'A&9>& 840 %&9)6=& '#9>/0-



 !!  !"#$ %&' $()*+, -./0"/*

(xn) "#$#%# %&'%($ )#* +,-."#*/ X 01+1$ &2"(3('"4'5 )( "#$#'#' .'4$ )#*

61312-4 '&+04%1 &274+01* 8)+$/ 9.&*.-   :; )( 61312-4 '&+04%1'4 p "#6.2#-/

<1312-4 '&+04%1 04'1-1 (64*1'745 =.* k "&342 %461%1'4 +4*>121+5 B(p, 1/k) 4?1+

6(@4*1 #?#'". "#$#6. 4#0 )#* x
(k)
n A3.%# %.?#2.)#2#*/ BA62.7. &2(>0(*(2474+ (x

(k)
n )

420 "#$#%#'#' p '&+04%1'4 64+1'%4647431 4C4?1+01*/

D&>(2(' 6.0.*2#3#'# EA%0.*-.+ #?#' (X,Td) -.0*#+ ($461'"4+# =.* "#$#'#'

64+1'%4+ )#* 420 "#$#%# &2"(3('( @4*%46421-/ F#-"# X +,-.%#'#' %&'%($ )#* A
420 +,-.%# @.*#2%#'/ A +,-.%#'".'5 0.*#-2.*# )#*)#*#'".' G4*+21 &24' )#* (xn)
"#$#%# %.?.)#2#*#$/ H4*%461-1-1$ (64*1'745 )( "#$#'#' 64+1'%4+ )#* 420 "#$#%#

&2474+01*/ B( 420 "#$#'#' 2#-#0#'. p "#6.2#-/  !"#!$ IJ/J/K (64*1'745 p ∈
Ā "1*/ L0. 64'"4'5 "#$#'#' 0.*#-2.*# )#*)#*2.*#'".' G4*+21 &2"(3( #?#'5 p '#'

=.* +&->(2(3( "#$#6. 4#0 +#-# 0.*#-2.*# #?.*.7.+0#*; 64'# p '&+04%1 A '1'

)#* 61312-4 '&+04%1"1*/ M&'%($ =.* A +,-.%# #?#' )( A$.2#+ @4*&2"(3('"4'5

%&!#$! IN/I/I (64*1'745 X -.0*#+ ($461 01+1$"1*/

!"#$"% &'(&&()(  !" #$%"!& '()*+)&! ,!" -)'./* +!(!0!1!1 *)&210)& ,!" )3%

+!(!0! 4)"0)5 +!(!1!1 &$1+!0! +$ *)&210)&%2" 4$ )*12 3!#!%$ 0)/!6%!"7

 !"#$% (xn) )#* O4(7=6 "#$#%# "#$#%# #%.5 =.* ǫ > 0 %461%1'4 +4*>121+

n,m ≥ N ⇒ ρ(xn, xm) <
ǫ

2

&2474+ )#?#-". "&342 )#* N %461%1 @4*"1*/ P3.* )( "#$#'#' 64+1'%4+ 420 "#$#%#

(x
(k)
n ) @. )( )'(' 2#-#0# p #%.

n ≥M ⇒ ρ(x(k)n , p) <
ǫ

2

&2474+ )#?#-". "&342 )#* M %461%1 @4*"1*/ N #2. M %46124*1'"4' =4'E#%# "4=4

),6,+%. &'4 n0 "#6.2#-/ n ≥ n0 &2"(3('"4

ρ(xn, p) ≤ ρ(xn, x
(k)
n ) + ρ(x(k)n , p) < ǫ

&247431'"4'5 xn → p &2"(3( EA*,2,*/

!"#$"% &'(&&(*(  !" #$%"!& '()*+) %2&2( )3% &8#$3$" %)#+2"7

 !"#$% Q.0*#+ )#* ($46"4 A 01+1$ )#* 420 +,-. @. (xn) )( +,-. #?#'". )#*

O4(7=6 "#$#%# &2%('/  93()19:;$!$"0%")00 A$.22#3#'".'5 )( "#$#'#' 64+1'%4+ )#*

420 "#$#%# @4*"1* @. )('(' 2#-#0#5 p "#6.2#-5 A +,-.%#'. 4#00#*/ R6%4 A'7.+#

0.&*.- (64*1'74 xn → p &2474+01*/ S.-.+ +# A 420 +,-.%#'".+# =.* O4(7=6

"#$#%# A #?#'".+# )#* 2#-#0. 64+1'%16&*/



 !"  " #$%&'( )* #'('+&'(  !"

 !"#$ %&'%%'%'  !" #$%"!& '()*+, -+,+".+ /$ &)0).+ 1$" ).% &2#$-! %+&+( !-$

3' '()* %)#4+"5

 !"#$% #$%&'( )&*+&,-&$. /&+(0&$ /1+2134, 10)4$-1 24$4+04 /& '15104 '6,&7

0&+($ )1, *0-898 2*$8%8 :4'1+; <8 (2& 8=134$ )1, *0,124$4 >&+&')(+(+ ?@'=;

 !"#$" A";B;CD;

(")*+) %&'%%'%'  !" #$%"!& '()*+, 32-32%2, -+,+".+ 6.#)-+ !7!, 8$"$&.! /$

*$%$".! &69'.: 3' '()*4)&! 1$" 4!(!,!, 3!" ;)'<1* ).% 4!(!-!,!, /)" 6.#)-+4+"5

 !"#$%

=$"$&.!>!? X ,&)+(' 8=134 @62@6)6$ 24$4+04 *028$ /& E&+ E1$>( @(+ (xn)
-(=(2( /&+(0,(F *028$; <8 -(=($($ @(+ G18%E3 10) -(=(2( *0-898$8 >H2)&+&%&9(=;

#$%& X '6,&2($($ 2*$08 @(+ 17H+)626$6 -6F6$&0(,; <8 H+)63& 1() '6,&0&+-&$

&$1= @(+(2( -(=($($ 2*$28= :*'08')1 H9&0&+($( (:&+&%&')(+; <8 H9&0&+

x
(1)
1 , x

(1)
2 , x

(1)
3 , . . . ?A";IBD

*028$; <8 10) -(=($($ :154 1 -&$ '6:6')6+; J*$+1 X '6,&2($($ 2*$08 @(+ 1/2
H+)626$6 -6F6$&0(,; <8 H+)63& 1() '6,&0&+-&$ &$1= @(+(2( ?A";IBD -(=(2($& 1()

)&+(,0&+($ 2*$28= 2134-124$4 (:&+&%&')(+; <8 H9&0&+

x
(2)
1 , x

(2)
2 , x

(2)
3 , . . . ?A";IKD

*028$; <8 10) -(=($($ :154 1/2 &$ '6:6')6+; <8 -6F6$6F0&. -*910 E&+ n 213424$1

'1+F404'.X '6,&2($($ 2*$08 @(+ 1/n H+)626 /1+ *01%194$-1$. @8 H+)63& 1() &$1=

@(+ '6,& (:($-& 2*$28= :*'08')1

x
(n)
1 , x

(n)
2 , x

(n)
3 , . . . ?A";!LD

H9&0&+( @808$8+; <8 H9&0&+-&$ *08F1$ 10) -(=($($ :154 1 -&$ '6:6')6+; <H30&%&

&0-& &-(0&$ (17.58), (17.59), . . . , (17.60), . . . 10) -(=(0&+($-&$ E&+ @(+(2( @(+ H$7

%&'($($ @(+ 10)7-(=(2( *0,1')1-4+; <8 -(=(0&+($ @(+($%(2($-&$ x
(1)
1 . ('($%(2($-&$

x
(2)
2 , . . . , k 74$%4-1$ x

(k)
k . . . . H9&2($( 2&:&+&'. 1-4$1 &@9$8$, 4!(!-! -(3&%&9(,(=

x
(1)
1 , x

(2)
2 , x

(3)
3 , . . . , x(n)n , . . . ?A";!AD



 !"  !"#$ %&' $()*+, -./0"/*

#$%$&$'$ ()*+,*-.)/01 2* #$%$'$' 3$- 4.*567 #$%$&$ ()#*8*

n,m > n0 ⇒ d(x(n)n , x(m)
m ) <

1

n0

9:;1! <

=+$,&$%)$8$'#=' >/?.-1

 !"!#$%&%' X 0=,-$? *%.7/'#.?$ 6=- #$%$'$' 3$- 4.*567 .), #$%$&$ @.- ()&*'1

A8=- X 3B&3B,B' &/'/-)/ ()0.&.7#/ 7=,=-$'5= ?B>B? 3$- ǫ &.7/&/ $>$'C &(')*

3$- ǫDE-,B&B @.-()0.%#/1 2* #*-*0#. 6=- 6.'F$ 3$- a1 ∈ X E8=&$ &=>=)$0 @=

ǫ/3 7.-/>.G)/ a1 0=-?=%)$ B1 .>/? 7*@.-/'/ #B+B'=)$01 H.3*)B0B% *7.-/'5.

B1 7*@.-/ X ?B0=&$'$ E-,=0=7=5=8$'#=' 3* 7*@.- #/+/'#. 3$- a2 ∈ X E8=&$

&=>$)=3$)$-1 2* E8=7$ 0=-?=% .).' ǫ/3 7.-/>.G)/ B2 7*@.-/'/ #B+B'=)$01 I='=

B1 ∪ B2 ?B0=&$ X *%.7/'/ E-,=0=7=5=8$'#=' 3* 3$)=+$0 #/+/'#. 3$- a3 ∈ X
E8=&$ &=>$)=3$)$-1 2* #B+B'5= .-#.-#. 7$'=)='=-=? 3$-

a1, a2, a3, . . . , an, . . . 9:;1!J<

#$%$&$'$ E7)= &=>=3$)$-$% ?$C 3* #$%$'$' 6=- 6.'F$ $?$ E8=&$ .-.&/'#.?$ *%.?)/?

ǫ/3 #=' 3B7B? ()*-1 K().7/&/7). 3* #$%$'$' 3$- 4.*567 .), #$%$&$ @.- ().0.%1

2* 3$- >=)$+?$#$-1

 !"#$" %&'%%'(' (%# )!"#%* +,-./0 "/*/, 1$)-2/ %3%0 4!#!*$% 5! .!"!#$% *16+$

"-) 5! 78278"80 2/0/#$/ 1$)-2/9/#:

;!#!*$%&%' X ,/?/% 3$- 0=,-$? *%.7 $&=C  !"#!$ :;1::1: *7.-/'5.C $>$'#=?$

6=- #$%$'$' 7.?/'&.? 3$- .), #$%$&$ @.-#/-1 2* .), #$%$ 3$- 4.*567 #$%$&$ ().D

5.8/'#.'C %&!#$! :;1::1: *7.-/'5. X *%.7/ 3B&3B,B' &/'/-)/#/-1 L.0)/8/ $&=

 !"#!$ :;1::1J >/?.-1

 !"!#$%&%' X 0=,-$? *%.7/ ,.0 @= 3B&3B,B' &/'/-)/ ()&*'1 %&!#$! :;1::1:

*7.-/'5.C X $>$'#=?$ 6=- #$%$'$' 3$- 4.*567 .), #$%$&$ @.-#/-1 M%.7 ,.0 ()D

#*8*'#.'C 3* .), #$%$'$' 3$- )$0$,$ ().5.?,/-1 N.'$ X $>$'#=?$ 6=- #$%$'$'

7.?/'&.? 3$- .), #$%$&$ @.-#/-1 O-,/? *%.7/' ,/?/%)/8/ %&!#$! :;1::1: #=' >/?.-1

 !"  " #$%&'()'($

:1 L/?/% 3$- 0=,-$? *%.7#.' 6=- 6.'F$ 3$- 0=,-$? *%.7. ,.'/0)/ &B-=?)$ 3$-

P('?&$7('*' #B%FB' &B-=?)$ ()#*8*'* FE&,=-$'$%1

 1 I=->=) =?&='$' ,/?/% 6=- .), ?B0=&$'$' &/'/-)/ @= ?.G.)/ ()#*8*'* FE&,=D

-$'$%1



 !" #" $%&'%( )*+,(*&,- .*/(,0,  !"

 !" # $%&'%( )*+,(*&,- .*/(,0,

#$%&$' ()*+')%+,  !"!#$%" #!&$'$ *-,.$/0*'$ ,)(+' 12%2'3242,2 -4%$,50 6,)7

'08 3$%('$%0,3$, 90'0%: ;$.%01 28)*')%3) .)/')/) 1)<%)/+ 90'0,301.$, (=,%)

>$%&$' ()*+')%+ 12%/)1 &=1 1=')*')?+%: @)(*=,$' ()*+')% 1A/$(0 A8$%0,3$ ()'.

B/2.')1C /$.%040 3A?A,$'0/: D2 28)*+, .)/'),/+?+,+ (!)*!+ ,-./+-) 1A/$(0

=')%)1 .),+/')*)90'0%08: #$%&$1.$, %)(*=,$' ()*+')% 1A/$(0,0, ()'. .=E='=F0*$

>-%$ >$%&$' ()*+')% 1A/$(0 0&0,3$ *=42, ='3242,2 90'0*=%28 B918: G:H: C: 6,5)1

(Q, | |) 28)*+,+, .)/'),/+?+,+ (R, | |) /$.%01 28)*+ ='3242,2 >-(.$%/$1 0&0,I

92%)*) 3$1  !"!#$%" 0!&$'$ *-,.$/0*'$ 12%2'3242,2 <)%()*3+4+/+8 R >$%&$'

()*+')% 1A/$(0,0, | | ()'. /$.%040,$ >-%$ .)/ 90% 28)* ='3242,2 >-(.$%/$'07

*08: D2 0?0 *)E)%1$, >$%&$' ()*+')%+, (+%)')/)(+,) 3$40, -8$''01'$%0 90'0,0*=%

<)%()*)5)4+8:

 !"#$" %&'%('%' (!)*!+ !#&!% 12!)$%"! #-3-+/ 4! $*5$*! 6+-% -)-+/#+-)"-%

6+78-% 9$) "$2$%$% -)-#!&$:$ 968 "!;$+"$)<

 !"#$% In ⊃ In+1 (n = 1, 2, 3, ...) ='/)1 A8$%$ In = [an, bn] 1)E)'+ )%)7
'+1')%+,+ 3A?A,$'0/: A = {an : n ∈ N} 1A/$(0 9=? 3$40'30% <$ A(..$, b1 0'$

(+,+%'+3+%: (!)*!+ ()*+')%3)10 (+%)')/) -8$''040,3$, BJHKI J  KCI A 1A/$(0,0, $,

1A&A1 A(. (+,+%+ <)%3+%:

x = sup(A)

30*$'0/: L)%()*+/+/+8 2*)%+,5) M$% m,n 3=4)' ()*+ &0N.0 0&0,

am ≤ am+n ≤ bm+n ≤ bm

='3242 )E)&+1.+%: O*'$*($I M$% m 0&0,

am ≤ x ≤ bm

30% P *),0

x ∈
∞
⋂

m=1

{Im : m ∈ N}

='2%:

 !"#$" %&'%('(' (!)*!+ !#&!% 12!)$%"! #-3-+/ 4! $*5$*! 6+-% -)-+/#+-)"-%

6+78-% 9$) "$2$"! -)-+/#+-)/% 727%+7;7 &/=/)- .-#+-8/.6)&-> -)-#!&$:+!)$ 9$) :!#

%6#:- $*!)$)<



 !"  !"#$ %&' $()*+, -./0"/*

 !"#$% In, (n = 1, 2, 3, ...) #$%$&' $($&'#&$(')') *+*)&*,* -'.'($ /$#&$0'/1(

2343# 5 63( x, y ∈ R 787) s(x, y) = |x− y| 1&4$# 9+3(3

lim
n→∞

s(In) = lim
n→∞

|bn − an| = 0

1&4$-' 2343#:7(; x 7&3 y <,3&3(7 $($#3-7: 787)23 1&-*)&$(;

x 6= y ⇒ |x− y| = r > 0 =>!;?@A

1&$B$#:'(; s(In)→ 0 1&2*,*)2$)

n > n0 ⇒ s(In) = bn − an <
1

2
r =>!;?CA

1&$B$# D787423 21,$& D7( n0 -$/'-' E$(2'(; x 7&3 y $($#3-7: 787)23 1&2*,*)2$)5

63( n 787) x, y ∈ In 27(; F/&3/-3 =>!;?CA 23)

n > n0 ⇒ |x− y| < bn − an <
1

2
r

1&4$&'2'(5 #7 D* =>!;?@A 7&3 83&707(; G343# #7 x = y 1&4$# +1(*)2$2'(;

 !"#!$ %&'%('%  !"#$"%&'(") *"'("+#,  !"# #$%$"$&'() *+,)- *),.)" )/0)1'1

0212,"2 3) /!%!"2 4), !,!"252 #2/2672,8

 !"#$% a, b ∈ R -" a < b ')+./ 01"(" 2#( F1 = [a, b] /.3.)4 .(.)454 #)" 26$6$

2#( U = {Uλ : λ ∈ Λ} .74/ 8(90:0 -"(#):#$; <74/ .(.)4/).( 2#( 9.2.$ ')=656$%

=.$  2/1;  !"#$ >;?;@A .74/ 8(90B" .#9 C"( 2#( Uλ /0+":# .74/ .(.)4/).(4$ 2#(

2#)"D#+# ').(./ B.14).2)#(; E').B4:4B).A U .74/ 8(90:0$="$A .74/ .(.)4/).(=.$

')6D.$ 2#(

A = {(ai, bi) : i ∈ I}

.74/ 8(90:0 ")=" "=#)#(;

F$G" A 8(90:0$="$ :'$)6 2#( .)9 8(90 :"7#)"2#)"G"5#$# H8:9"(G"5#1; A 8(%

90:0$="$ [a, b] /.3.)4 .(.)454$4 8(9"$ :'$)6 2#( .)9 8(90 :"7#)"+#B'(:.A .(.)454

9.+ '(9.:4$=.$ "D#9 #/# 3.(7.B. 28)")#+; &6 B.(4).(=.$ "$.1 2#(#:# A $4$

:'$)6 2#( .9 8(90:0B)" 8(90)"+"1I ="5#):"A C"( #/# B.(4 .(.)454$ :'$)6 2#("( .)9

8(90:0 ')6(=6; &6 =. 2090$ .(.)454$ :'$)6 2#( .)9 8(90:0 ')+.:4 ="+"/9#(;

J#+=# A $4$ :'$)6 2#( .)9 8(90:0B)" 8(90)"+"B"$ #)/ B.(4 .(.)454 F2 = [a2, b2]
#)" H8:9"(")#+; &6 .(.)454 =. 9.+ '(9.:4$=.$ #/# "D#9 3.(7.B. 28)")#+; K"$"



 !" #" $%&'%( )*+,(*&,- .*/(,0,  !"

#$ %&% '()*+ ()(,*&-(. /.(0 #%)%1% A .*. 12.,$ #%) (,- 3)-414',/ 3)-4,/+/'/5

6/&-%)7 8)-4,/+/'/. #%)%.% F3 = [a3, b3] %,/ 931-/)/,%+7 :$ 2,9$'$ ;$)+(;(.

'%./,/)1/&< &(=(,* &4+/,/);/. 2,$>(. (0(,(. #%)

F1 ⊃ F2 ⊃ F3 ⊃ . . . ⊃ Fn ⊃ . . .

&4+/,/) ;%0%1% /,;/ /;%,%)7 Fn = [an, bn] &(=(,* ()(,*?*.*. $0$.,$?$ (b− a)/2n

;%)7 @2,('*1*',(< #$ &4+/,/) ;%0%1%.%. A(=,()* 1*B*)( '(&*.1()C '(.% s(Fn)→ 0
;*)7 8',/'1/ #$ ;%0%.%. ()(&/1%-%.%. #%)-/& 3?/1% D();*) E#&07  !"#$" "!7" 7 F7

:$ 3?/'/ p ;%'/,%+7 G(#%% p ∈ [a, b] ;%)7 A #$ ()(,*?*. #%) 3)-414 2,;$?$.;(.<

A '( %- #%) (a1, b1) (A*& ()(,*?* p '% %A/)%)7 ǫ = min{b1 − p, p− a1} ;%'/,%+7

n ≥ n0 ⇒ s(Fn) < ǫ

2,(6(& #%A%+;/ #%) n0 1('*1* D();*)7 :$)(;(.

n ≥ n0 ⇒ Fn ⊂ (a1, b1)

A*&()7 :$ %1/ Fn ()(,*?*.*.< A .*. #%) 3?/1% %,/< ;2,('*1*',(< 12.,$ #%) (,-

3)-414',/ 3)-4,/#%,%'2) 2,+(1* ;/+/&-%)7 :$ #%) A/,%>&%;%)7 8',/'1/ A .*.

[a, b] '% 3)-/. 12.,$ #%) (,- 3)-414 2,+(;*?* D()1('*+*+*0 '(.,*>-*)< '(.%

[a, b] ⊂
⋃

{(ak, bk) : 1 ≤ k ≤ m}

2,(6(& #%A%+;/ A .*. 12.,$ #%) {(ak, bk) : 1 ≤ k ≤ m} (,- 3)-414 D();*)7 8-/

'(.;(.< H/) #%) (ak, bk) ()(,*?* U 3)-414./ (%- /.(0 #%) Uk &4+/1% -()(B*.;(.

&(=1(.(6(&-*)7 8',/'1/

[a, b] ⊂
⋃

{Uk : 1 ≤ k ≤ m}

2,$)7 :3',/6/ U (A*& 3)-414.;/. 12.,$ #%) {Uk : 1 ≤ k ≤ m} (,- 3)-414

1/A%,+%> 2,$)7 I)-*& [a, b] .%. -*&*0 2,;$?$ -(.*+;(. A*&() E#&07 %&!'$   F7

!"#$"% &'(&)()(  !"# $%#&'(% )*&% )%&+%" ,!-."!& /0$%,' #!$ 1'& 23!-4.&5

 !"#$% ()!*+ "!7""7" $'()*.6(< 9/)A/, /&1/.%. 1*.*),* D/ &(=(,* H/) (,-5

&4+/1%.%. -*&*0 2,;$?$.$ 931-/)+/& '/-/6/&-%)7 J/)A/, /&1/.%. 1*.*),* D/ &(5

=(,* &(=(,* #%) &4+/1% K 2,1$.7 K*.*),* 2,;$?$ %A%. K '* &(=1('(. #%) [a, b]
()(,*?* D();*) E#&07 ()!*+ "!7L7"F7 6%'7%89:&%" ;%:&%$' $'()*.6(< [a, b] -*&*05
;*) D/ -*&*0 #%) &4+/.%. &(=(,* (,- &4+/,/)% ;/ -*&*0 2,;$?$.;(. K &4+/1%

-*&*0;*)7

;!$"./ /!<&!$. -2=2,2M%& ;/?%,< +/-)%& #%) 30/,,%&-%)7 :$.$ 931-/)+/& %A%.<

('.* +/-)/, -2=2,2M%'% 4)/-/. B()&,* %&% +/-)%& $0(';(. #%)%1%.%. -(+ 2,+(1*.(

&()>*. 3-/&%.%. -(+ 2,+('(#%,/6/?%./ #%) 3)./& D/)+/& '/-/6/&-%) N



 !  !"#$ %&' $()*+, -./0"/*

 !"#$ %&'%('%' ν"  !"#$ #!$%! &' &()*+,()() +'&-./ 0,+(/ 12'-' (R, ν)
32(4* &(+ 5'6.,5.-$

(n) 506(, 7(4*,(- 5.2.7.).) (R, ν) .8.)5' 9.-  !"#$% 5.2.7. 0,5363)3 9.,.:

40-32 ;9/2$<-)'/ #!$!=$ >6'- 93 32(4 &(+ 0,7(45* (n) 5.2.7.).) Tν +'&-',

&0?0,0@.7.)' AB-' 9.- ,.+.&. 0,(C(/&*$ D47( ν .,' s 5')/E 4(). Tν = Ts .5. ;9/2$

 !"#$ #!$%$#=$ F3 53-3+5( (n) 5.2.7.).) 7(,& &0?0,0@.4' AB-' 5' (4)* ,.+.&'

4(/*)7(+(7* A'-'/'C'/&." /. 93 5( (n) 5.2.7.).) 7(,& +'&-.6' AB-'  !"#$% 0,:

+(7*)* A'-'/&.-'C'/&.E 81)/1 +'&-', &0?0,0@.5' 4(/*)7(/ G'- 5.2. 0 +'&-.6'

AB-' 9.-  !"#$% 5.2.7.5.-$ D47( (n) 506(, 7(4*,(- 5.2.7.).) (R, s) 32(4*)5( 9.-

H(3CG4 5.2.7. 0,+(5*6*)* 9.,.40-32$ F3 8',.I/. 0,+(4(C(6*)( AB-'E J(-7(4*+*:

+*2 4(),*I&*-E 4(). (R, ν) &(+ 5'6.,5.-$

<&' 4()5() (R, s) 32(4*)*) &(+ 0,5363)3 9.,.40-32 ;9/2$ %#&!#' #!$# $ =$

K'+'/ /." ν .,' s (4)* +'&-', &0?0,0@.4. 1-'&&./,'-. G(,5' A'-8', 7(4*,(- /1+'7.

9.-.7.)' AB-' &(+5*-" (+( B&'/.)' AB-' 5'6.,5.-$

 !"#$ %&'%('(' L'-8', '/7').) G'- G()A. 9.- (8*/ (-(,*6*" 7(,& &0?0,0@.4'

AB-'" R 4' &0?0,0@./ 'I4(?*,*5*-$

;9/2$  "#!'# M$%$N=$ O+( R ).) &(+ 0,+(7*)( /(-I*)" (8*/ 9.- (-(,*/ &(+

5'6.,5.-$ <-)'6.)" (0, 1) (8*/ (-(,*6*)5(/. ( 1
n
) 5.2.7. 9.- H(3CG4 5.2.7.5.-$ O):

C(/ 93 5.2.).) (0, 1) .8.)5' 9.- ,.+.&. 40/&3-$

 !" #" $%&'()*()%

#$ H()&0- O-(/'7.I+' <2',.6.P)5' ;9/2$ %#&!#' #!$M$#=" (Fn) /1+','-.).)

/(?(,*,*/ /0I3,3)3) /(,5*-*,(+(4(C(6*)* AB7&'-.).2$

&'( )*+,-./-0

An = (0,
1

n
], n = 1, 2, 3, . . .

/1+','- 5.2.7.).) (-(/'7.&.).) 90I 0,5363)3 AB-1)12$

 $ Q--(740)', 7(4*,(-*) A'-8', 7(4*,(- /1+'7. .8.)5' 4063) 0,5363)3 AB7&':

-.).2$

%$ Rn(n > 1) </,.5 32(4*)*) &(+ 0,5363)3 AB7&'-.).2$



 !" #" $%&'% ()*%+%,-./0  !"

 !" # $%&'% ()*%+%,-./0

 !"#$ %&'%('%' (X, ρ) #$% &'(%$) *+,- ./0*1 2' T : X → X 3.1)0$-.1*

2'%$/0$14 56'% 7'% x, y ∈ X $8$1

ρ(T (x), T (y)) ≤ rρ(x, y)

./,9,) #$8$&:' #$% r (0 ≤ r < 1); <'%8'/ 0,-=0= 2,%0,; T 3.1)0$-.1*1, #$%

 !"#! $%&!'!(!$!) *+,&-).+-/,&0 :'1$/$%4

>%1'6$1; Rn
>)/$: *+,-=1:,1 )'1:$ $8$1' f(x) = 1

2
x :$-' (,1=&/,1,1

:?1@A@& #$% #@+<@ :?1@A@&@:@%4

)"*+$* %&'%('%' 12)  !"#! $%&!'!(! $!"#!& 3!)245/$/)6

 !"#$% (X, ρ) #$% (,& &'(%$) *+,- 2' T : X → X 3.1)0$-.1* #$% #@+<@ :?B

1@A@&@ ./0*14 C'% p ∈ X 1.)(,0=1:, f #@+<@ :?1@A@&@1@1 :@+<@1 0@%')/$

./:*6*1* <?0('%&') $8$1; 76869.&:( D=1 0,6/,1:=6=1= <?0('%&'/$-$+4 E'%$/'1

7'% ǫ > 0 0,-=0=1, ),%A=/=); δ = ǫ ./,1 δ 0,-=0=1= 0'8'/$&4

ρ(x, p) < δ ⇒ ρ(f(x), f(p)) ≤ rρ(x, p) ≤ rδ = rǫ < ǫ

./:*6*1* :@A@1&') -'('9')($%4
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F?0('%$&:' #,0$(/$6$ 0,6/,&,) $8$1 T (x) = Tx -,+,9,6=+4 7'% 7,1<$ #$% x0 ∈
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x2 = Tx1 = T 2x0
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4
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4

4
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ρ(xm, xn) ≤ ρ(Tm
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, T n

x0
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= ρ(Tm
x0
, Tm

0 T
n−m
x0

)

≤ rmρ(x0, T
n−m
x0

)

= rmρ(x0, xn−m))

≤ rm[ρ(x0, x1) + ρ(x1, x2) + . . .+ ρ(xn−m−1, xn−m)]

≤ rmρ(x0, x1)[1 + r + r2 + . . .+ rn−m−1]
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rm

1− r
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Tp = T ( lim
n→∞
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n→∞
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G4' 40/*/-< p '$' 9)-0$6$'$ 78,9)*)0$&1 H6)* Tp = p A) Tq = q 40/3/-

#$%$&() $-$ ,/#$9 '4-9/ A/*40,/:(;
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