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 !"# $%&'%( &)*)()+,

#$%&'()(*( +(,-.)./( 0.+(1 2343'356+ &/($'(,.1 78$8+ 76, 79'8)8 ($1. /(:

)(1*( 76, );2,6+ &/($*.,< =(>( *3?,& 76, *;$6-';@ >;, );2,6+ &/($ 76, A;

$('1./ 76, 2343'356+ &/($ 7;'6,';,< B&1( C9/ +31&C& );2,6?61 7;'6,';*6?6 -./0.1

/2321245 *6$;D;?6/< B& +;C6)*; 7&1&1 1(C.' 3'*&?&1& %9,;D;?6/< E)( >;);1

7;'6,2;'6) +6@ 7& 9/;'6?61 +(,-.2. %;1;' 3'(,(+ *3?,& *;?6'*6,F $(16 >;, 2343'356+

&/($ 76, );2,6+ &/($ 7;'6,';);+ /3,&1*( *;?6'*6,<

 !"#$ %&'('%' (X, ρ) 76, );2,6+ &/($ 3'C&1 A; 76, a ∈ X 9?;C6 6'; 76, r > 0
C($.C. A;,6'C61<

Bρ(a, r) = {x ∈ X : ρ(a, x) < r}
('2:+8);C61; a );,+;/'6 A; r $(,.0(4'.  !"# $%& ' *6$;D;?6/< ρ );2,6?6161

7(-+(C.$'( +(,.-)(C. +&-+&C& 3')(*.?. /()(1 Bρ(a, r) $;,61;@ %9C2;,6)*; 7(:

C62'6?6 C(?'()(+ 6061@ B(a, r) $(/(D(?./<

G6)*6 );2,6+ &/($*(1 76, 2343'356+ &/($.1 ;'*; ;*6'6-616 (0.+'($(D(?./<

B&1&1 6061@ 76, );2,6+ &/($*( (0.+ $&A(,'(,.1 76, 2343'356 2(7(1. 3'*&:

?&1& %9C2;,);+ $;2;D;+26,< B& 2343'356$;@ C9/ +31&C& );2,6?61 8,;226?6 );2,;'

2343'356 *6$;D;?6/<

)"*+$* %&'('%' ()' *+,')# %- $. )#)  !"# $%& '"/  ' #+0),) 123 .+4)50+6 1%

 ' #+0),+  ), 7+' /2#, $ # '3"5"#6 1% /2#, $" *+'#+- # 1%5 +.+/ &+  ' #+0),

, ' 8"/. / # 90 / /  !"# 1)' $%& ' & '."':

 !"#$% (X, ρ) 76, );2,6+ &/($ 3'C&1< H9,;D;?6/ +6 ;?;,

c ∈ B(a, r1) ∩ B(b, r2) IJK<LLM

6C;

B(c, r) ⊂ B(a, r1) ∩ B(b, r2) IJK<LNM

3'(D(+ -;+6'*; 76, r > 0 C($.C. A(,*.,< c ∈ B(a, r1) 3'*&?&1*(1 ρ(a, c) < r1
*6,@ +6 7&,(*(1 r1 − ρ(a, c) > 0 $(/(76'6,6/< B;1/;, 3'(,(+@ r2 − ρ(b, c) > 0
3'(D(?. *( (4(0.+2.,< G6)*6

r = inf{r1 − ρ(a, c), r2 − ρ(b, c)}



 !"  !"#$ %&' $()*+, -./0"/*

#$%&'$() *+ #+,+(#- -,-#./.(.0 123)!45 6-/.78.9. 9-/'-7-:-;8.,) <&,=&;8&7>

x ∈ B(c, r) $9&>

ρ(x, a) ≤ ρ(x, c) + ρ(c, a)

< r + ρ(c, a)

≤ [r1 − ρ(c, a)] + ρ(c, a)

= r1

?'-:-;8.,) *+> x ∈ B(a, r1) ?'(-9. #&(&;8$,) *&70&, %?''- x ∈ B(b, r2) ?'#+/+
#- @A98&,$'&6$'$,) *+ 9?7 $;$ $=&,(& -,-#./.(.0 ;-B9-(-%. C&,$,)

 !"#!$ %&'('%'  !" #$%"!& '()*+, -.%., )/+& *'0)"1)"+,2), 31'4), )!1$ -!"

%353136! %)-),+2+"7

 !"#$% (X, ρ) 6$, (&8,$; +0-% ?'9+7) *+ (&8,$; +0-%.7 6D8D7 -=.; %+C-,E

'-,.7#-7 ?'+F-7 -$'&%$ B $'& @A98&,&'$(G %-7$

B = {B(x, r) : x ∈ X, r > 0}
?'9+7) H$(#$ B -$'&9$7$7 6$, 8?B?'?I$ 8-6-7. ?'#+/+7+ @A98&,&:&/$0) *+ $F $=$7>

B -$'&9$7$7> 8?B?'?I$ 8-6-7. $=$7 @&,&;'$ C& %&8&,'$ ;?F+''-,. 6&'$,'&%&7  !"#$"

!)2)J 7$7 ;?F+''-,.7. 9-/'-#./.7. @A98&,(&; %&8&:&;8$,)

K&, r > 0 $=$7 x ∈ B(x, r) ?'#+/+7#-7

X = ∪{B(x, r) : x ∈ X, r > 0}
?'-:-/. -B-=.;8.,) L&(&; ;$> 9A0D7D &88$/$($0 A7&,(&7$7 6$,$7:$ ;?F+'+ 9-/E

'-7(-;8-#.,) M;$7:$ ;?F+'+7 9-/'-7#./.7. $9& A7:&;$ A7&,(&#&7 6$'$%?,+0)

N,8.;> 6$, (&8,$; +0-%#-7 6$, 8?B?'?I$; +0-%.7 7-9.' &'#& &#$'#$/$7$ 9A%E

'&%&6$'$,$0O *$, (&8,$; +0-%.7 6D8D7 -=.; %+C-,'-,.7#-7 ?'+F-7 B -$'&9$7$7

D,&88$/$ B∗
-$'&9$> %-7$ -=.; %+C-,'-,.7 P&, P-7@$ 6$, 6$'&F$($7& &F$8 ?'-7 6DE

8D7 ;D(&'&,#&7 ?'+F-7 -$'&> X ;D(&9$ D0&,$7#& 6$, 8?B?'?I$; %-B.#.,) N%,.:->

6+ 8?B?'?I$7$7 6$,8&; ?'#+/+ D,&8$'&7 -$'& 8-7.(.7#-7 6&''$#$,)

*+ 9A%'&#$;'&,$($0$ #&,'&%&,&; F+ 8&?,&($ $Q-#& &#&6$'$,$0 O

 !"#!$ %&'(')' 8$" #$%"!& -!" 0$ *)1,+( -!" %),$ #$%"$1 %353136! -$1!"1$"7

 *+,$ %&'(')' *$, (X, ρ) (&8,$; +0-%. C&,$'#$/$7#& ρ (&8,$/$7$7 X ;D(&9$

D0&,$7#& 6&'$,'&#$/$ 8?B?'?I$%& (&8,&' 8?B?'?I$ #$%&:&; C& Tρ $'& @A98&,&:&/$0)

X ;D(&9$ D0&,$7#&;$ Q-,;'. $;$ (&8,$; -%7. 6$, 8?B?'?I$%$ 6&'$,'$%?,9-> 6+ $;$

(&8,$; 6$,6$,$7& #&7;8$,G %-7$ 6$, X ;D(&9$ D0&,$7#& 8-7.('. ρ C& µ (&8,$;'&,$

$=$7 Td = Tµ ?'+%?,9- ρ $'& µ 6$,6$,$7& 2$,& !&! #$%"!&%!" #&7$'$,)



 !"#" $%&'%( &)*)()+,  !"

Tρ #$%$&$'()(*+ ,-.+ /012 234+&+.+ (X, ρ) 4+#.(2 56/71*1* /012 234+&+.(

8(7+9+:(6; Bρ(x, r) 75</.&/.1*8/* $&5=/* B /(&+)( Td #$%$&$'()(*(* >(. #/>/*1

(8(; ?$&/71)17&/@ >5 75</.&/.1* A+.>(.()( /012 >(. 234+8(.; B5 234+&+.+ /012

75</.&/. 8+*4+)(*(* *+8+*( >585.;

B(. #$%$&$'(2 56/78/2( /012 234+&+.@ #$%$&$'( #/>/*1*/ /(# 234+&+.(* >(.

>(&+=(4(*+ +=(# $&85:5*/ ,-.+@ >(. 4+#.(2 56/78/2( A+. /012 234+@ /012 75C

</.&/.1* >(. >(&+=(4(*+ +=(# $&/9/2#1.;

 !"#$" %&'(')'  !"#!$ %&'($&" )*!"+,-! .&,(/$&,&, %&$. /!."+0+, 1!$+"$!-+0+

/!."!$ .232$24+ %&$. .232$24+-+"5

 !"#$% D+. a, b ∈ R (0(*@ c = (a+ b)/2 <+ r = (b− a)/2 $&4/2 36+.+

B(c, r) = (a, b) = {x ∈ R : a < x < b}

8(.; ?+4+2 2( ,+.0+& +2)+*(* A+. /012 /./&1:1@ )/&# 4+#.(:+ ,-.+ /012 >(. 75</.

<+ )/&# #$%$&$'(7+ ,-.+ 8+ /012 >(. 234+8(.;

 !"#$" %&'('(' R
n(n ≥ 1) 6!7.8" 9*&'( )*!"+,-! .&,(/$&,&, p,m, sn /!.:

"+7$!"+ 1+"1+"$!"+,! -!,7.+"$!"5

 !"#$% Tp = Tm = Tsn $&85:5*5 ,-)#+.4+2 (0(*@ >(.()(*(* #/>/*1*/ /(#

$&/* >(. 234+*(* -#+2(*(* #/>/*1*/ /(# >(. 234+7( 2/%)/81:1*1 ,-)#+.4+2 7+C

#+9+2#(. E>26; F*+.4+ !;"; G; E"H; IG@ E"H; JG <+ E"H;KLG #/*14&/4/&/.1 25&C

&/*1&1.)/@ ()#+*+*&+. /=/:18/2( 2/%)/4/&/.8/* 012/.M

Bsn (x, r) ⊃ Bp
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Bsn (x, r) ⊃ Bm
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2
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⊃ Bsn
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4
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R
2
<+2#-. 56/71*8/@ >5*&/.1* ,+$4+#.(2 =+2(&&+.( 0(6(&(.)+@ 2/%)/4/&/. 2$&/79/

,-.3&+>(&(.;

 #!"* %&'('%' N+.0+& )/71&/. 234+)( 36+.(*8+

ν(x, y) =
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∣

∣

∣

x

1 + |x| −
y

1 + |y|

∣

∣

∣

∣

8(7+ #/*14&1 ν 4+#.(:( (&+ s(x, y) = |x− y| 8(7+ #/*14&1 s )/&# 4+#.(:( >(.>(.C

&+.(*+ 8+*2#(.&+.;
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 !"#$% ν "#" R #$%&'"(% )'& *%+&', -.(/0/"/ )'.'1-&/$2 3 45.(% Ts =
Tν -.(/0/"/ 678+%&*%, 1%+%9%,+'&2 f(x) = x/(1 + |x|) (7"#:#*#"#"; 85.+

+-<-.-='1% 67&%; R (%" (−1,+1) 5&5.>0> #$%&'"% )'& %:15<> (7"#:#*# -.(/0/"/

678+%&*':+',2 ?'*(' )'& a ∈ R "-,+58> '.% )'& ǫ > 0 851>8> @%&'.8'"2 f A-",8'1-"/

a "-,+58>"(5 8#&%,.' -.(/0/"(5"

f [Bs(a, δ)] ⊂ Bs(f(a), ǫ)

-.595, )'B'*(% )'& δ > 0 851>8> @5&(>&2 C/&5(5"

|a− x| < δ ⇒ |f(a)− f(x)| < ǫ

⇒
∣

∣

∣

∣

a

1 + |a| −
x

1 + |x|

∣

∣

∣

∣

⇒ ν(a, x) < ǫ

B>,5&; 15"' 4%& Bν(a, ǫ) 5B>, 1/@5&>"5 ,5&:>.>,

Bs(a, δ) ⊂ Bν(a, ǫ) DEF2!GH

-.595, )'B'*(% )'& Bs(a, δ) 5B>, 1/@5&> @5&(>&2

I%&8'"% -.5&5, f−1 +%&8 A-",8'1-"/ (5 8#&%,.' -.(/0/"(5"; )'& Bs(a, r)
5B>, 1/@5&> @%&'.('0'"(%

f−1[Fs(f(a), q)] ⊂ Bs(a, r)

-.595, )'B'*(% )'& Bs(f(a), q) 5B>, 1/@5&> @5&(>&2 3 45.(%

|f(x)− f(a)| < q ⇒ |x− a| < r
∣

∣

∣

∣

x

1 + |x| −
a

1 + |a|

∣

∣

∣

∣

< |x− a| < r

-./&2 C/ '8%

ν(a, x) < q ⇒ s(a, x) < r

-.*58> (%*%,+'&; ,' )/&5(5"

Bν(a, q) ⊂ Bs(a, r) DEF2!FH

B>,5&2 DEF2!GH @% DEF2!FH )50>"+>.5&> )'$%; a "-,+58>">" Ts +-<-.-='8'"% 67&%

,-*:/./, 5'.%8'"'" Tν +-<-.-='8'"% 67&% ,-*:/./,.5& 5'.%8'"% %:'+ -.(/0/"/

871.%&2 J%& a ∈ R 'B'" )/ 7$%.', @5& -.(/0/"(5" Ts = Tν -.(/0/; 15"' s

*%+&'0' '.% ν *%+&'0'"'" (%", -.(/0/ -&+515 B>,5&2



 !"#" $%&'%( &)*)()+,  !"

 !"#$" %&'(')' (X, ρ)  !" #$%"!& '()* +,-'. /$  !" a ∈ X 01$-! !,$  !"

r > 0 -)*2-2 /$"!,-!.3 4' 5'"'#5)

D(a, r) = {x : d(a, r) ≤ r}

&6#$-! &)7),252"3

 !"#$% #$%$% &'&% D(a, r) ()*+,&%&% -)*.+/+%& 0.1% D′ = {x : ρ(a, x) >
r} ()*+,&%&% 1'2( 0.3$4$%$ 56,-+7+.&*8 y ∈ D′

&,+ ρ(a, y) > r 0.19142%31%

2ǫ = ρ(a, y)− r 3+7,+( ǫ > 0 0.191(-278 #$ 3$7$*31 Bρ(y, ǫ) ⊂ D′
0.3$4$%:

31%; y 64+,& D′
()*+,&%&% <&7 &' %0(-1,2 0.191(-278 =+7 y ∈ D′

&'&% 1/%2 &>

/1?2.1<&.+9+4&%+ 567+ D′
()*+,& 1'2(-27@ 30.1/2,2/.1 D(a, r) ()*+,& (1?1.23278

#$ 6A+..&(-+% 30.1/2 D(a, r) ()*+,&%+ a *+7(+A.&; r /172'1?.2 &)7),2 *'/)"

85!-&9 3&/+9+4&A8

 #!"* %&'('+' R )A+7&%3+(& ,1.- 3+4+7 *+-7&4&%& 3)>)%+.&*8 =+7 a, b ∈ R

&'&% c = (a+ b)/2 B+ r = (b− a)/2 0.*1( )A+7+

D(c, r) = [a, b] = {x ∈ R : a ≤ x ≤ b}

0.$78 C+7'+. +(,+% )A+7&%3+(& <$ ()*+.+7+; (1?1.2 171.2( 3+%*+,&%&% %+3+%&

<$3$78

D&*3& 3+ *+-7+. -0?0.0E&.+73+ (0*>.$(.17 ,&,-+*&/.+ 1'2( /$B17.17 171,2%:

31(& &.&>(&/& &%9+.+/+.&*8

=+7 r > 0 &'&% x ∈ B(x, r) 0.3$4$ 3)>)%).)7,+; B(x, r) ()*+,&%&% Tρ -0:

?0.0E&,&%+ 567+; x %0(-1,2%2% 1'2( <&7 (0*>$.$4$ 0.3$4$ 567).)78 #$ %+3+%.+;

B(x, r), r > 0; /$B172%1 x %0(-1,2%2% r /172'1?.2 ):2& *'/)"-), &+#;','1'

3&/+9+4&A8

 !"#$" %&'(',' <$" x ∈ B(a, r) !:!. B(x, ǫ) ⊂ B(a, r) +,)=)&  !:!#5$  !"

ǫ > 0 -)*2-2 /)"52"3

 !"#$% #$ &> &'&% ǫ < r − ρ(a, x) 1.*1( /+-+9+(-&78 C+7'+(-+% z ∈ B(x, ǫ)
&,+; ρ(x, z) < ǫ 0.3$4$%31%;

d(a, z) ≤ ρ(a, x) + ρ(x, z) < ρ(a, x) + r − ρ(a, x) = r

'2(17 (& <$ z ∈ B(a, r) 0.*1,2 3+*+(-&78 #$; 1713242*2A >+/& B+7&78

 !"#$" %&'('-' T ∈ Tρ !-$> ?$" x ∈ T !:!. B(x, ǫ) ⊂ T +,)=)&  !:!#5$  !"

ǫ > 0 -)*2-2 /)"52"3



 !!  !"#$ %&' $()*+, -./0"/*

 !"#$% "#$% &'()*+)*,)- .+'/)- B )0+120 Tρ 314*1+ 4.5.+.6020 0#0- 70* 4)7)-

.+,'8'-) 9:*1; (1*0+1- x ∈ T :8120-0 0#1*1- (1 (1*0+1- T %<3120 4)*)=$-,)-

%)52)-)- 70* B(a, r) &'()*$ ()*,$*>
"*4$% 7' &'()*); :-?1%0 :-1*31&0 '&9'+)*2)%; B(x, ǫ) ⊂ B(a, r) ⊂ T

.+)?)% /1%0+,1 70* B(x, ǫ) )#$% &'()*$-$- ()*+$8$ 2:&+1-170+0*>

 !"#!$ %&'('('  !" #$%"!& '()*+)&! ,!" -.$/!/ *'0)"1)2 &3#4'2'&2)"5/+)/

32'4)/ )!2$6 3 -.$/!/ ,!" *$"$2 %),)/5+5"7

 !"#$% (X, ρ) 314*0% '@)&$-,)%0 70* x :8120-0- Td 4.5.+.6020-1 9:*1 %.3A

/'+'%+)*$ )0+120-1 B(x) ,0&1+03> V ∈ B(x) 021; %.3/'+'% 4)-$3$ '&)*$-?);

x ∈ T ⊂ V .+)?)% /1%0+,1 70* T ∈ Tρ ()*.+)?)%4$*> B'-) &'%)*$,)%0 :-1*A

31&0 '&9'+)*2)%; x ∈ B(x, ǫ) ⊂ T ⊂ V :@1+080-0 2)8+)&)- 70* B(x, ǫ) )#$%

&'()*$-$- ()*+$8$ .*4)&) #$%)*> B' :@1+0%; 41.*130- 025)4$-$ (1*0*>

)"*+, %&'('%' (X, ρ) ,!" #$%"!& '()* 321'/ 0$ ,!" A ⊂ X )2%8&9#$1! 0$"!21!/7

A &9#$1!/!/ Tρ #$%"$2 %3:323;!1!/$ <-"$ )=5& 32#)15 !=!/ <$"$&2! 0$ *$%$"2!

&34'26 >$" a ∈ A -.$1!/!/ A &9#$1! %)")?5/+)/ &):1)/)/ )=5& *'0)"1)2 ,!"

&3#4'2'.'/'/ 0)"32#)15+5"7

 !"#$%

@$"$&2!.!A  !"#$" CD>E>F ,1- #$%)*>

B$%$"2!.!A G81* H1* a ∈ A 0#0- B(a, ǫ(a)) ⊂ A .+)?)% /1%0+,1 70* B(a, ǫ(a))
)#$% &'()*$ ()*2)

A = ∪a∈AB(a, ǫ(a))

.+'* (1 ,1 )#$% %<31+1*0- 70* 70+1/030-1 1/04 .+,'8'-,)- A ∈ Tρ #$%)*>

)"*+, %&'('-' C$%"$2 %3:323;!2$"  !"!/D! E)*52),!2#$ F&1!*3#'/' 1).2)"7

 !"#$% (X,Tρ '@)&$-,) H1* H)-90 70* x :8120-0- 2)&$+)70+0* 70* %.3/'+'%+)*

4)7)-$ .+,'8'-' 9:241*31% &141?1%40*> I1* r > 0 2)&$2$-) %)*/$+$% (1/n) < r
.+)?)% 70#03,1 70* n ,.8)+ 2)&$2$ 7'+'-)70+0*> J.+)&$2$&+)

B(x, 1/n) ⊂ B(x, r)

.+)?)%4$*> B'*),)-

{B(x, 1/n) : n ∈ N}
)0+120-0- x -.%4)2$-$- 70* &1*1+ 4)7)-$ .+,'8' #$%)*>



 !"#" $%&'%( &)*)()+,  !"

 !"#$ %&'('(' #$%&$' ()*+')% ,-$%./0$1. ()'2 2343'35. 6.% 7$2%$' 2343'35. 3'8

09:9/0)/ ;.%./<. =)*+')6.'7$ >1(.*379/9 ():')%? @)A) B$/$' 3')%)1 R
n (n ≥

1) ,-$%./0$1. ()'2 2343'35. ;.%./<. =)*+')6.'7$ >1(.*379/9 ():')%?

 "#!)# %&'('&'  !"#$%&'$'" ()*")$ +,%!$%" -.'/0' 1%!#$%&'$()  .2'!3(+/+

2%4$%"$%"5

 !"#$% (X,Tρ) 7$2%$' 9-)*+ )*%+')6.'.% .($ X 1,7$(././ ()*+')6.'.% *3:9/

6.% )'2 1,7$(. C)%0+%? ;9 1,7$*$ S 0.*$'.7? =3/%) 7$%1$-'$%. S *$ ).2 6.%

D:$ C$ *)%+&)4')%+ 6.% %)(*3/$' ()*+*) $E.2 3')/ *9C)%')%+/ 3'9E29%09:9 ).'$*$

B 0.*$'.7F *)/.

B = {S(a, q) : a ∈ S, q ∈ Q}
3'(9/? ;9 ).'$/./ ()*+')6.'.% 3'09:9 )4)&+12+%? @3')*+(+*')G 69 ).'$/./ Tρ 23438

'35.(. .&./ 6.% 2)6)/ 3'09:9/9 BD(2$%$6.'.%($1G .(4)2 6.2$<$12.%? ;9/9/ .&./ A$%

A)/B. 6.% Tρ )&+1 1,7$(././ B∗
).'$(./$ ).2 3'09:9/9 BD(2$%7$1 *$2$<$12.%?

H)6)/ 2)/+7+ 9*)%+/<) A$% x ∈ T .&./ x ∈ B(a, q) ⊂ T 3')<)1 6.&.70$ 6.%

B(a, q) ∈ B )&+1 *9C)%+/+/ C)%'+:+/+ BD(2$%7$'.*.-?

 !"#$" IJ?K?L 9*)%+/<) B(x, r) ⊂ T 3')<)1 6.&.70$ 6.% B(x, r) )&+1 *9C)%+

C)%0+%? #$%$1.%($ 6.%)- 0)A) 1,&,'2$%$1G 69 *9C)%+/ r *)%+&)4+/+/ %)(*3/$'

6.% ()*+ 3'09:9/9 C)%()*)'+7? B 1,7$(. *3:9/ 3'09:9/0)/G S *$ ).2 6.% a ∈
B(x, r/3) D:$(. ($&.'$6.'.%? M.70. %)(*3/$' 6.% q ()*+(+/+ r/3 < q < 2r/3 3')<)1

6.&.70$ ($&$%($1G

x ∈ B(a, q) ⊂ B(x, r) ⊂ T

3'9% C$ .(4)2 6.2$%?

*+,!- %&'('%' ;)-+ 7$2%.1 9-)*')%0) D(a, r) 1)4)'+ *9C)%+ B(a, r) )&+1 *9C)8

%+/+ 1)4()*)/ $/ 1,&,1 1)4)'+ 1,7$0.%? ;)E1) 6.% 0$*.E'$G B(a, r) 1,7$(././

1)4')7+G 6)-+ 9-)*')%0)G D(a, r) 1,7$(./$ $E.22.%? >/<)1G 69 D-$'.1 B$/$' 3')8

%)1 03:%9 0$:.'0.%?

 !"#" $%&'()*()%

I? (X, ρ) 6.% 7$2%.1 9-)* 3'(9/? N$% (x, y) ∈ X×X .&./ δ(x, y) = inf{1, ρ(x, y)}
0.*$'.7? ;9 09%970) ρ .'$ δ 7$2%.1'$%././ 0$/1 3'09:9/9F *)/. Tρ = Tδ

3'09:9/9 BD(2$%./.-?

 ? ρ .'$ δ 6.% X 1,7$(. ,-$%./0$ 2)/+7'+ .1. 7$2%.1 3'(9/? O:$% A$% (x, y) ∈
X ×X .&./

aδ(x, y) ≤ ρ(x, y) ≤ bδ(x, y)



 !"  !"#$ %&' $()*+, -./0"/*

#$%&'%()%*)#+% ',-),.,/,* 0%1%23# 45(%&%6 a 7# b ',89),+9 7,+',: ρ %)# δ .9.

3#.* 5)3;-;.; <='&#+%.%(>

?>  !"#$ @A> >@ &#*% δ 2#&+%-%.%X 8#+%.# R
2
*58,+,* 3B$B.B.B(> C,$),.<91

2#+*#()% ,19* 7# *,4,)9 0%+%2 8;7,+),+9 0;);.;(> D19* 0%+%2 8;7,+9.

*,4),29 *,4,)9 0%+%2 8;7,+, #$%& 2%3%+E C%+%2 8;7,+9. *#.,+ *B2#'%

.#3%+E

!> (a, b) ,19* ,+,)9-9.9. *,4),29.9. F,:0G *,4,)9 ,+,)9-9 5)3;-;.; <='&#+%.%(>

H,I, <#.#) 5),+,*: R
n
8, 3, C

n
;(,8),+9.3,: J*)%3 2#&+%-%.# <=+#

B(a, r) ,19* 8;7,+),+9.9. *,4),2),+9.9. D(a, r) *,4,)9 8;7,+),+9 5)3;K

-;.; <='&#+%.%(>

L>  !"#$ @A> >@ &#*% δ 2#&+%-%.%. X *B2#'% B(#+%.3# &,.92),39-9 2#&+%*

&545)5M%'%.%. ,8+9* &545)5M% 5)3;-;.; <='&#+%.%(>

"> J./#*% 0=)B23# &,.92),.,. δ, p,m 7# sn 2#&+%*)#+%.% R
2
B(#+%.3# 3BK

$B.B.B(> N#+*#()#+% 3B()#23# 0 = (0, 0) .5*&,'9 7# 8,+91,4),+9 r = 1
5),. ,19* 8;7,+),+9: I#+0%+%'% %1%.,8+9 ,8+9 1%(%.%(>

 !"# $%&$'($) *+,-),(

 !"#$ %&'('%' (X, ρ) %)# (Y, µ) 2#&+%*%2'% %*% ;(,8 5)';. 7# 0%+ f : X → Y
0%+#K0%+K%1%.# 65.*'%85.; 7#+%)'%.> O-#+ f 65.*'%85.; ;(,*)9*),+9 *5+;85+',:

8,.% I#+ x, y ∈ X %1%.

ρ(x, y) = µ(f(x), f(y))

#$%&)%-% ',-),.985+',: f 8#  !" #$ % &'()" #$'*+ 0%+ 3=.B$B23B+ 7# f 3=.BK

$B2B (X, ρ) ;(,89.9 (Y, µ) ;(,89 %1%.# <=2B85+ 3#.%+> C=8)# 0%+ 3=.B$B2

7,+', (X, ρ) ;(,89 (Y, µ) %1%.# <=2B)#0%)%+ 7# (X, ρ) ;(,89 %)# (f(X), µ) ,)&K

;(,89 #$2#&+#) #$8,49)939+ 3#.%+> C; 3;+;23, X ;(,89.9. f ,)&9.3,*% +#'2%

5),. f(X) ,)&K;(,89., 3, <=2B 3%8#/#-%(> O-#+ f 3=.B$B2B 0%+#K0%+K=+&#.

%'# (X, ρ) %)# (Y, µ) ;(,8),+9  !" #$ %  !,-./%/ %*% 2#&+%* ;(,8 5);+>

)*"+, %&'('%' ℓ2 3%(%)#+ ;(,89 %)# L
2
65.*'%85.),+ ;(,89  !" #$ %  !,-./%/0/$>

P#+1#*&#. *),'%* Q5;+%#+ D.,)%(%.3#. 0%)%.3%-% <%0% L2
;(,89., ,%& I#+ f

65.*'%85.;.;. c = (cn) Q5;+%#+ *,&',89),+9 3%(%'% ℓ2 3%(% ;(,89., ,%&&%+> R#+'%.#

5),+,*: ℓ2 ;(,89., ,%& I#+ c = (cn) 3%(%'% L
2
;(,89.3,*% 0%+ f 65.*'%85.;.;.



 !"#" $%&$'($) *+,-),(  !"

#$%&'(& )*+,*-./*&. $/%&0 12-/(3(4 f → c 52678797 L2
5(6 ℓ2 %:*-.6* ;'&(<

;'&<2&+(6 ;'& 5267879 $/%&0 =-&.3* ;% ;'>'95( (8/(65')/(&'65(

(
∫

|f(x)|2dx
)

1

2

= ‖f‖ = ‖c‖ =
(

∑

n∈N

|cn|2
)

1

2

?*&,(@*/ (8'+/'A' ,*A/*69*)+*5.& B CD4 B ED0 1%&*5*6 ;% ')' %:*-.6 (89(+&(/

(8-*F./. $/5%A% >.)*&0

 !"#$" %&'('%'  !"#$%#& '()*!*" +,-.&/.&-%/ .0%+%1 234- '#). "#$%5.&#%

+,-.&/.&-%/ .0%+"-3-65&5%&#%1 70&-3/4/3&-8 '#). 5.5 "#$%595) #!"#$%#& 0&"-4/

:#%#."#,1

1%6%6 ',F*+.6. *8*A.5*)' 2&6()/(&/( *>.)/*-*3*A.:0

 #!") %&'('*' R
n (n ≥ 1) G)/'+ %:*-.65*6 )(65','6( +*6.9/*6*6

f : x→ x+ c, (c ∈ R
n, ,*;'+) HI"0!JK

($#&#"# '()*!*"*4 G)/'+ 9(+&'A'6( L2&( (89(+&(/ ;'& 526787957&0

M(&>()+(64 HI"0CNK %-*&.63*

sn(f(x), f(y)) = ‖f(x)− f(y)‖
= ‖(x+ c)− (y + c)‖
= ‖x− y‖
= sn(x, y)

$/%&0 O$/*-.,.-/* f 52678797 R
n
'>'65( G)/'+ %:*)/.)/*&.6. )$&%9*)+*5.&0

 #!") %&'('+' R
n (n ≥ 1) G)/'+ %:*-.65*6 )(65','6( +*6.9/*6*6

f : x→ ax, (a ∈ R, ,*;'+) HI"0!PK

;$-/*9* 526787974 a 6= 1 ',(4 G)/'+ 9(+&'A'6( L2&( (89(+&(/ ;'& 5267879

5(A'/5'&0

 !"#$%

sn(f(x), f(y)) = ‖ax− ay‖
= |a| ‖x− y‖
= asn(x, y)



 !"  !"#$ %&' $()*+, -./0"/*

#$%&' a 6= 1 #$(%)%*(+ f *,* %-+.$/.$+&/ .#&%0+(/)/ #&1+2+ 3/.+&' 415 2+*6

(+*7  !"#$%$ &'()*)%)()( 8,& 1#9#$#:,. 5;2+9/ &5<0, #$(%)%*% 8,$,2#&%-'

=505. ., 8,& +!,!#!-./ 0*"$,1 &'()*)%) 8,& 5;051&5$ 5;2+9/ (>*?;?0? #$0+.

-#&%*(+ (5),$(,&' @0+ 8%*%* 15&<, A5& -+0+* (#)&%(%&B 2+*, A5& 5;051&5$

5;2+9/ (>*?;?0? 8,& 1#9#$#:,. 5;2+9/ (>*?;?0?(?&'

 !"#" $%&'()*()%

C' p,m, sn 051&,.$5&, </&+</2$+ DCE' "F7 DCE' GF H5 DCE'IJF 8+)/*1/$+&/ ,$5 1+6

*/0$/ 051&,.$5& #$0+. ?-5&5 (Rn, p), (Rn,m), (Rn, sn) %-+2$+&/ 5;051&,.

(5),$(,&$5&7 +0+ 051&,.$5& (5*.1,&' K><15&,*,-'

 ' L#; #$0+2+* 8,& X .?05<, ?-5&,*(5

δ(x, y) =

{

1, x 6= y

0, x = y

σ(x, y) =

{

2, x 6= y

0, x = y

051&,.$5&, H5&,$<,*' x 6= y ,3,* δ(x, y) = 1 H5 σ(x, y) = 2 #$(%)%*(+*

(X, δ) %-+2/ ,$5 (X, σ) %-+2/ 5;051&,. 5;2+9/$/ (5),$(,&$5&' @0+ 1#9#$#:,.

5;2+9/$/(/&$+&' M?*.? δ H5 σ 051&,.$5&,*,* A5& ,.,<, (5 X ?-5&,*5 $"21/

+!,!#!-.". .#2+&'

 !"# $%&%'(%(%)

 !"#$ %&'('%' (X, ρ) 8,& 051&,. %-+2 H5 A 8% %-+2/* 8#; #$0+2+* 8,& +$16

.?05<, #$<%*'

ρ(A) = sup{ρ(x, y) : x, y ∈ A} DCE'NJF

<+2/</*+ A .?05<,*,* 3$,1 (5*,$,&' M+9/ <#*$% #$+* .?05$5&5 41(12#1 /)%0#027

3+9/ <#*<%- #$+* .?05$5&5 (5 41(12415 /)%0#02 (5*,$,&'

L,& .?05*,* 3+9/*/* </O/& #$0+</ ,3,* 15. >)5$, 8,& .?05 #$0+</ 2515&$,(,&'

4.$,( 051&,),*5 P>&5 P5&35$ 5.<5*,* A5& <#*$% +&+$/)/ </*/&$/ 8,& .?05(,&'

R
2
(?-$50,*(5., A5& (#)&% </*/&</- 8,& .?05(,&'



 !"#" $%&%'(%(%)  !"

 !"#$ %&'(')' A #$% B &'(%$%)# (X, ρ) (%*)#& +,-./0/0 123 2$(-.-0 #&# -$*

&'(%4# 2$4+05 A #$% B &'(%$%)# -)-4/06-&#  !"#$%#

ρ(A,B) = inf{ρ(x, y) : x ∈ A, y ∈ B} 7895:8;

4-./4/6/)5 <,%$ 2$-)-&= 1#) w >?%4#0#0 1#) A &'(%4#0% +,-&$/?/

ρ(w,A) = inf{ρ(w, x) : x ∈ A} 7895: ;

4-./4/6/)5 @+)-6-0= #&# &'(% -)-4/06-&# +,-&$/?/0

ρ(A,B) = inf{ρ(a,B) : a ∈ A} 7895:A;

2$6+?+ .-,/$-1#$#)5

a ∈ A #4% ρ(a,A) = 0 2$-B-?/ -C-D/&*/)5 E(- ρ(a,A) = 0 2$(-4/ a ∈ A
2$(-4/0/ F%)%&*#)(%,5 <)0%?#0= F%)D%$ 4-./$-) ',%)#06%&# 4-$* 6%?%) (%*)#?#0%

F>)% 0 G% 1 02&*-$-)/0/0 A = (0, 1) &'(%4#0% 2$-0 +,-&$/&$-)/ 4/H/)- %3#**#)=

-(- I%) #&#4# 6% A &'(%4#0% -#* 6%?#$6#)5

@#) 02&*-0/0 1#) &'(%.% +,-&$/?/0/0 4/H/) 2$(-4/ -3-?/6-&# >0%)(%.$% 1%J

$#)F#0$%3#)5

*"+,$+ %&'('%' ρ(a,A) = 0 &$'"(% )*)+ ,-.-#$) /- 0-1-.$) #&2 $ a ∈ Ā
&$'"(%3%.4

 !"#$% ρ(a,A) = 0 2$(-4/ I%) r > 0 #D#0 B(a, r) -D/& .+G-)/0/0 A #$%

&%4#3(%4#0%= &# 1+ 6- a ∈ Ā 2$(-4/0- 6%0&*#)5

A ∩ B 6= ∅ #4% ρ(A,B) = 0 2$-B-?/ -D/&*/)5 E(- 1+0+0 &-)3/*/ 62?)+

6%?#$6#)5 K-0# #&# &'(% -)-4/06-&# +,-&$/& 4/H/) #4% 1+ &'(%$%) &%4#3(%& ,2J

)+06- 6%?#$6#)5 <)0%?#0= F%)D%$ %&4%0 ',%)#06%&# 4-$* 6%?%) (%*)#?#0% F>)%

A = (0, 1) &'(%4# #$% B = [1, 2] &'(%4# -)-4/06-&# +,-&$/& 4/H/)- %3#**#)L -(-

A #$% B &'(%$%)# &%4#3(%,5

*"+,$+ %&'(')' 5%+%.$% )#) #6'-+)+ 7)$-2)') 3- (%+%.$%3%.4

 !"#$% x, y ∈ A∪B 2$4+05 M?%) x, y ∈ A #4% ρ(x, y) ≤ ρ(A)L %?%) x, y ∈ B
#4% ρ(x, y) ≤ ρ(B) 2$-B-&*/)5 M?%) x ∈ A G% y ∈ B #4%= 4-1#* a ∈ A G% b ∈ B
>?%$%)#0# )-4F%$% 4%D%$#(5 NDF%0 %3#*4#,$#?#06%0

ρ(x, y) ≤ ρ(x, a) + ρ(a, b) + ρ(b, y)



 !"  !"#$ %&' $()*+, -./0"/*

#$%$&'(')'%* +' &,)$-$.

ρ(A ∪ B) ≤ ρ(a, b) + ρ(A) + ρ(B)

/0+$)1 2, 34'56'%('+ 73) a ∈ A 83 73) b ∈ B '/'. 93/3)(' :(-,;,.-$.

ρ(A ∪B) ≤ ρ(A,B) + ρ(A) + ρ(B)

:(,)1

 !"#$ %&'('%'  !"!#$! %&# '()*+ )*#'*,& #-./*$* .*0&$*" %&# 123-# 4-#-5!"6-"

'-7.-"!#8

 !"#$% A 60.0)(0 &') +<=3 :(6,. 83 +3#> 63/'(3. &') x0 ∈ X .:+5$60 83)'(6'.1

2, .:+5$#0 B +<=36' #3)'.3 +:#$)6$+* ?.@3+' ?.3)=3-3.* 73) x ∈ A '/'.

ρ(x0, x) ≤ ρ(x0, A) + ρ(A)

/0+$)1 2,)$-$. x0 =3)+3%(' 83 r = ρ(x0, A) + ρ(A) #$)0/$A(0 /3=&3)'. A
+<=36'.' +$A6$-0;0 9?)<(<)1

)*"+, %&'('-' B;3) &') a ∈ A '(3 &') b ∈ B '/'. ρ(a, b) = ρ(A,B) :(,#:)6$*
a '(3 b ?;3(3)'.3 A '(3 B +<=3(3)'.'. &')&')(3)'.3 *" 1-'!" '+' .:+5$60 -3.'(')1

C+' +<=3.'. &')&')(3)'.3 3. #$+0. .:+5$($)0 :(=$#$&'(')1

./"01 %&'('%' R <%3)'.-3+' 6$(5 =35)';3 9?)3 A = {1/n : n ∈ N} $(5 +<=36'

'(3 B = {0} +<=36'.'. &')&')(3)'.3 3. #$+0. .:+5$($)0 #:+5,)1 D<.+< '+' +<=3

$)$60.-$+' ,%$+(0+ ρ(A, {0}) = 0 :(-,;, 7$(-3* 73) n '/'. ρ( 1
n
, 0) > 0 -0)1

)*"+, %&'('2' (X, ρ) &') =35)'+ ,%$# 83 A ⊂ X :(6,.1 A .0. &') ?)5<6<.3

$'5 +<=3(3)'. 73)&')'6'.'. /$A0 &') ǫ 6$#060.-$. +</<+ +$(0#:)6$* &, ?)5<#3 A
.0. &') ǫ9:#4(.(6(# -3.'(')1

B;3) 73) ǫ > 0 6$#060.$ +$)40(0+ 6:.(, &') ǫE?)5<6< 8$)6$* A +<=36'.3

4()(1$* .!"!#$!6!# -'#3@3;'%1 F<=<#(3 60.0)(0 :($. +<=3(3)'. 60.0)(0 :(-,;,

+:($#@$ 9?)<(3&'(')1 G3)/3+53. A 5<=<#(3 60.0)(0 &') +<=3 '63* 73) 7$.9' &')

ǫ > 0 6$#060.$ +$)40(0+* A .0.

{Ai : i = 1, 2, ..., n}

9'&' 6:.(, &') ǫE?)5<6< :($@$+50)1 H3) i '/'. Ai +<=36'.-3. &') ai ?;36' 63/3('=1

α = max{ρ(ai, ak) : i, k = 1, 2, . . . , n)}



 !"#" $%&%'(%(%)  !"

#$%&'( )*+ x, y ∈ A ,-,'. i ,$* k +/%0*$* %*-,$1*2 34*+*.

ρ(x, y) ≤ ρ(x, ai) + ρ(ai, ak) + ρ(ak, y) ≤ α + 2ǫ

#$&+( 5&+/6/' ρ(A) -/78'8' %8'8+$8 #$6&9& -82/+(

5& :4*$$,9,' 2/+;8<8 6#9+& 6*9,$6,+= >/', %8'8+$8 ?,+ 231* <313>$* %8'8+$8

#$1/>/?,$,+( @+'*9,' l2A&4/>8'6/. >/$'84B/ i A,'B, <*+,1, 1 C* :<*2, <*+,1$*+,

%8D8+ #$/'

ei = (0, 0, . . . , 0, 1, 0, . . .)

6,4,$*+,'6*' #$&;/' E = {ei : i = 1, 2, . . .} 231*%, %8'8+$868+( E3'23 F*+ F/'0,

,2, :9*%, /+/%8'6/2, &4/2$82

√
2 6,+( G1/ ?& 231* <313>$* %8'8+$8 6*9,$6,+(

H,+/ ǫ %/>8%8 #$/+/2

√
2 6*' 23-32 ?,+%/>8 %*-,$6,9,'6*. E 231*%,',' ?,+ ǫA

:+<3%3 >#2<&+(

 !"#" $%&'()*()%

"( R
2
34*+,'6*2, @2$,< 1*<+,9,'* 0:+* xy = 1 F,7*+?#$3 ,$* y = 0 6#9+&%&

2*%,;1*>*' 2/7/$8 ,2, /$< 231*6,+( )*+ ,2, 231* %8'8+%8468+ C* /+/$/+8'A

6/2, &4/2$82 %8D8+/ *;,<<,+( I:%<*+,',4(

 ( J/$< 1*<+,9* 0:+* R &4/>8'6/ N 6#9/$ %/>8$/+ 231*%, ,$*

{

(n+ 1

n
) : n ∈ N

}

6,4,%,',' :9*$*+,'6*' #$&;/' A 231*%, C*+,$,>#+( 5& 231*$*+ 2/7/$8 18A

68+K 5& 231*$*+ 2*%,;,+ 1,K 5& 231*$*+ %8'8+$8 1868+K 5& 231*$*+ /+/A

%8'6/2, &4/2$82 '*6,+K

L( 5,+ 1*<+,2 &4/>6/2, %#'$& F*+ 231*',' %8'8+$8 #$6&9&'& 0:%<*+,',4(

M( 5,+ 1*<+,2 &4/>8' F*+ A /$< 231*%, ,-,' ρ(A) = ρ(Ā) #$6&9&'& 0:%<*A

+,',4(


