





N1 C$; A *4)$%5 585"1 A *4)$%5"5" "5$,5* %-0/%/ -#/"/ ?$;$$.5)5' ?$ A *4)$9%5"$ $6748,4 +,-" 25; a *4)$%5 ?-;#/;@
N2 A *4)$%5"5" "5$,5* %-0/%/ a1 B *4)$%5"5" "5$,5* %-0/%/ b 5%$

A ≈ B ⇔ a = b DEF@EGB3 A *4)$%5"5" "5$,5* %-0/%/ a1 ¯̄A1 ♮(A)1 n(A) %5)7$,$;5"#$" 25;5%50,$ 7&%($;5,5;@ !"# $%&'(%) *+,-(+.-$-$ +.%/0'/%1% !"2" $%'(%) *+,-(+.-/-/ 345(+6-H@E@ IJKLAMAN a, b 5*5 "5$,5* %-0/%/ +,%3"@ ♮A = a1 ♮B = b +,--* 6$*5,#$25;25;,$;5"#$" -0;/* A ?$ B *4)$,$;5"5 #464"$,5)@ a 5,$ b "5$,5* %-0/,-;/"/"
a + b 6$*,5"#$ 7&%($;$$.5)5' (+O,-)/"/ A ∪ B *4)$%5"5" "5$,5* %-0/%/ +,-;-*P0-"5

a+ b = ♮(A ∪B) DEF@ G+,-;-* (-"/),-0--./'@ !"2"# 345(+6+/-/ 7,% 3+/-6(-(-1-Q5$,5* %-0/,-;/"/" (+O,-)- 56,$)5 505 (-"/),/#/;@ B3;-#- 505 (-"/),/,/* 63 -",-)-7$,5;N ♮A = a = ♮A11 ♮B = b = ♮B1 +,--* 6$*5,#$ A,A1, B,B1 *4)$,$;5 ?-;%-
♮(A ∪B) = a+ b = ♮(A1 ∪B1) DEF@HG+,3;@ B3 &'$,5* R+"38 E!@H@E (-" 8/*-;@+,-.&- '()/)') a, b '&#$& (./0$.%0 &?&'@ /4 .%07. & 89#$& $#%# (.:&; A 1# B !"#$#%& 1.%70%<



 !"#" $%&'(%) *+,-(+.-$-$ +.%/0'/%1%   ! !"#$% "#$%&% '()&(*(+ ,-./&/01 #&%$2%0.(, 1'3(2 141+ */2/0&15106 70+/)1+89/01&/+ a, b +1/&1, '(*;&(0;+( ,(0$;&;,
a ≈ a× {0} = A

b ≈ b× {1} = B,-./&/01+1 2(+;.&(*(&;.6 A ,-./'1+1+ <)/&/01 (x, 0)8 B ,-./'1+1+ <)/&/01 (y, 1)';0(&; 41=2&/01 $/,&1+5/ #&(();+( ><0/8 x = y #&'( ?1&/8 ?% ';0(&; 41=2&/0 5(1.(?10?10&/01+5/+ =(0,&; #&((,2;06 @#&(*;';*&(8 A 1&/ B ,-./&/01 (*0;,2;06 !"#$" %&'(')'  !#$!% &'()$'*) %+,#&! +-#*!./# 012$',' !3$#,!.!. 4!*$#3,#5'&1&('0!6!%7 8-#$!9! :'*/)*; ('.! a, b, d <#*<'.=! +> .!#$!% &'()&) !&#
(a+ b) + d = a+ (b + d) AB!6CD1$?* !"#$% a = ♮A8 b = ♮B8 d = ♮D #&((, >/,1&5/ ?10?10&/01+5/+ (*0;, A8 B8 D,-./&/01+1 5-)-+/&1.6

(A ∪B) ∪D = A ∪ (B ∪D) AB!6ED#&5%)%+% ?1&1*#0%F6 G$12 ,-./&/08 <F/& #&(0(,8 /$>-4&- #&((,&(0;+5(+8 N2. (,H'1*#.% >/0/)1+/8 AB!6ED ?();+2;';+;+ 1,1 *(+;+;+ +1/&1, '(*;&(0; /$12 #&((,&(05;0I*(+1
♮[(A ∪B) ∪D] = ♮[A ∪ (B ∪D)] AB!6JD5106 K%+%+ L/0 1,1 *(+;+( AB!6 D 2#3&(.( 2(+;.;+; %*>%&(0'(,
♮(A ∪B) + ♮D = ♮A+ ♮(B ∪D)]

♮A+ ♮B + ♮D = ♮A+ ♮B♮D

[♮A+ ♮B] + ♮D = ♮A+ [♮B♮D]

(a+ b) + d = a+ (b + d)4;,(06 !"#$" %&'('('  !#$!% &'()$'*) 012$',' !3$#,!.# =8*# (#* /#9!30!*,# 5%1,?@0'0!A7 8-#$!9!.# &'<!20!*; ('.! a !$# b <#*<'.=! !%! .!#$!% &'()&) !&#
a+ b = b+ a AB!6MD/)*B !"#$% K%+% ><0./, 141+8 <+/,1 <+/0./*/ ?/+F/0 5-$-+-$&/8
A ∪B = B ∪A#&5%)%+% (+;.'(.(, */2//,2106



 !"  !"#$ %&' ()*+"), -./0".10 !"#"# $%'(%) *+,-(+.-/-/ 0+.1-2- !"#$ %&'('%' a #$% b &%'&()*# #+# )#%$#+ -(./-/ 0$-1)2 a = ♮A2 b = ♮B 0$((+3%+#$4% A2 B +56%$%'#)# -%7%$#62 a #$% b )#) ab 3%+$#)4% *8-9%'%%:#6#; 7('</6/)/
A×B +56%-#)#) )#%$#+ -(./-/ 0$('(+= .()#

ab = ♮(A ×B) >?@ABC0$('(+ 9()/6$/.0'1;A !"#"3 0+.12+/-/ 4,% 5+/-2(-(-6-)"*+$* %&'(','  !#$!% &'()$'*)+)+ ,'*-.' !/$#.! !(!01'+).$)2)*3 !"#$% D)%'6% ?BA!A 4%) 7/+('A)"*+$* %&'('-' a, b, d +!#$!% &'()&) !,!+ '/'4)2'%! 56#$!%$#* &'4$'+)*7>#C ab = ba >.%' 4%:#3%E#$#'C>##C a(bd) = (ab)d >E#'$%3%E#$#'C>###C a(b + d) = ab+ ad >4(:/$(E#$#'C !"#$% a = ♮A2 b = ♮B2 d = ♮D 0$((+ 3%+#$4% A2 B2 D +56%$%'#)# -%7%$#6A >###C#7#) B ∩D = ∅ F('-(.((:/;AC G3(:/4(+# E(:/)9/$('/ *8-9%'6%+ .%9%'$#4#'H>#C A×B ≈ B ×A>##C A× (B ×D) ≈ (A×B)×D>###C A× (B ∪D) = (A×B) ∪ (A×D)I1)$('/) #$+ #+#-#2 -/'(-/.$(2
A×B → B ×A : (x, y) 7−→ (y, x) >?@A@C

A× (B ×D)→ (A×B)×D : (x, (y, z)) 7−→ ((x, y), z) >?@A?"CJ0)+-#.0)$('/)4() 7/+('A K%'7%+9%) E1)$('/) EE8 0$41+$('/ +0$(.( *8-9%'#$#'A !"#"7 $%'(%) *+,-(+.-/8+ 9: ;(2+
a, b &%'&()*# #+# )#%$#+ -(./-/ 0$-1)2 a = ♮A2 b = ♮B 0$((+ 3%+#$4% A2 B+56%$%'#)# -%7%$#62 a #$% b )#) ab -#6*%-#.$% *8-9%'%%:#6#; ' 8&&8 9 -(./-/)/2
AB +56%-#)#) )#%$#+ -(./-/ 0$('(+= .()#

ab = ♮(AB) >?@A??C0$('(+ 9()/6$/.0'1;A



 !"#" $%&'() %)*&()+ ,-./(-0/  !" !"#"$ %& '()*+,+ -./ 0*+,)(,(,1, !"#$" %&'(')'  !#$!% &'()$'*) +,#*!-.# +& '$/' !0$#/! !(! 1'-)/$).)*2 !"#$%  !"#$" "#$!$! %&' ()*+,$ !"#$" %&'('*' a, b, d 3#*3'-4! +5 -!#$!% &'()&) !&#6 '0'7).'%! 8,#$!%$#* &'7$'-)*2-./ abad = ab+d-../ adbd = (ab)d-.../ (ab)d = abd !"#$% a = ♮A0 b = ♮B0 d = ♮D 12++* 4&*.2%& A0 B0 D *56&2&,.'. 7&(&2.6$ -./.(.' B ∩D = ∅ 8+,7+9++:);$/ <4+:)%+*. =+:)'>)2+,) ?@7>&,6&* 9&>&,2.%.,A"$ AB ×AD ≈ AB∪D $ AD ×BD ≈ (A×B)D!$ (AB)D ≈ AB×n ∈ ω .(.'
♮(n) = {0, 1, 2, 3, ..., n− 1} = n -"L$" /%.9&2.6$ M4?5(2525:5' =., %&'*2.* =+:)'>)7) 12%C:C ?@;@'5'& +2)'),7+0 =C *+=CN2565;5' =., 7+*)'+ 9+,+>6+9++:) +'2+4)2),$ B@92&&0 G&,G+'?. =., %1:+2 7+9)9+&4?5(25 12+' 71'2C =., *56&'.' '.&2.* 7+9)7)0 1 %1:+2 7+9)')' *&'%.7. 12++*>),$BC,+%+ 4@92& =., >+')6 9+O+=.2.,.;AH1:+2 7+9)2+,0 71'2C *56&2&,.' '.&2.* 7+9)2+,%),$



 !  !"#$ %&' ()*+"), -./0".10"#$%&'('&$%) *+,$%-%  !"#$ "%'#%(  )*+#),+ .% ./,0$0-1 2#,$+ #$3%&%, ,0/$05(%&'$%-',% .%  !" $- "%'#%(  )*+#),+ .0&//6071 "#6%$ (%&'$%- 583/(0,0 ω 0$/9:(;/-30<;051 =83/$/-$/ 0$90$0 0<$/3$/-./ &0,/ *+ 9:(;/-030 5#-+&%%6'71 >,%5)(%&'(%$ :7/$05$/-$/ 0$90$/,0&#-(%5) *+ %&-'3' */$0-;3/5 %3%'&$% ω &/-0,/ N 9:(?;/-030,0 5+$$%,%%6'71 !"#"$ %&'( )*(*+2#,$+ ,0/$05 (%&'$%-.%, (#,-% 5%-<'$%<;'6'3'7 :,/3$0 *0- ,0/$05 (%&'(') ω .#6%$(%&'$%- 583/(0,0, ℵ0 @A*-%,0/B,0, 0$5 C%-D.0-) )#'. .0&/ #5+,+-E (039/(0&$/ 9:(?;/-0$/, ,0/$05 (%&'('.'-F &%,0
ℵ0 = ♮(ω) = ♮(N) @GH1G!E.0-1 2%&'$%*0$0- (#,(+7 *8;8, 583/$/- ω .#6%$ (%&'$%- 583/(0,/ /<98I$8 #$.+6+,?.%,) N2. %5(0&#3+ 9/-/60,/) (%&'$%*0$0- (#,(+7 *8;8, 583/$/-0, ,0/$05 (%&'$%-'

ℵ0 .'-1 !"#", %&'( -.+ /)0+'12 !"#$ %&'()*(++,- !"#$ %&'('%' 2%&'$%*0$0- (#,(+7 583/$/-./, (#,-% (%&'$%3%7 (#,(+7 *0- 583/#$%-%5 R 9/-I/$ (%&'$%- 583/(0,0 %$3'<;'51 J+ 583/,0, ,0/$05 (%&'(',' c 0$/ &%.% ℵ1 0$/ 9:(;/-//607F &%,0
ℵ1 = c = ♮(R) @GH1GKE.0-1 J+,% (8-/& @#,;0,++3E ./,0$0-1

N2. %5(0&#3+ 9/-/60,/ R &/ /<98I$8 #$%, *8;8, (#,(+7 583/$/-0, ,0/$05(%&'(' c .0-1 !"# $%&'(%) *+,-(+.-$-$ *-.+(+$/+*- !"#$ %&')'%' a 0$/ b C/-C%,90 050 ,0/$05 (%&'(' #$(+,) a = ♮A L/ b = ♮B #$%%5</50$./ A L/ B 583/$/-0,0 %$%$'31 J+ .+-+3.% a 0$/ b %-%(',.%
a 4 b⇔ A 4 B

a ≺ b⇔ A ≺ B @GH1GME*%6',;'$%-' ;%,'3$%,'&#-1*"+,$+ %&')'%' /%, "%'#%(  )*+#),+ (01' % 0-',%"2' 3456478 %#' 9)"+1#)")" 4:);+"9+ + :%, %*%  +,)#)1) :);+"9+ +2+,6



 !"#" $%&'(%) *+,-(+.-$-$ *-.+(+$/+*-  !! !"#$% N "#%&#' ()*+&),+"-)" .&/0)" 1%,1)"2# 3#, '45% .&(/"6
A = {A | a = ¯̄A, a ∈ N}'45%&%, )#&%(#"# -404"%&#56  !"#!$ 78676! 2%,%9#"% (A ,4)  ! "#$%&%'(#) 3#,(#(:%5-#,6 ;:% *)"-)"

f : A → N

f : A 7−→ ¯̄A-<"40454 3#, %0*)=+ -<"40454-4,6 <*&%*(%> (N,4) -% #*# (+,)&)"5+0 3#, (#(:%5.&))':+,6 !"#$" %&'(')' a  &* b  + ' *& + "%!#"# -&".'/ a ≤ b -&(%"#  0 ' 1*$*+& 2*!*3*$& +-).& b = a+ d -&%%+ )*+ &4* 5 $ d ' *& + "%!#"#'#' 2%$ -&(%"#4#$6 !"#$% a ≤ b .&(/"6 a = ♮A ?% b = ♮B .&))' 0%'#&-% 3#,3#,&%,#"-%" )*,+'#'# A> B '45%(# -404"%&#56 @),()*+5+5+A 2%,%9#"%> A -)" B *% 33# .&)" 3#,
f B."'(#*."/ ?),-+, ?% A ≈ f(A)> a = ♮f(A) .&/,6 D = B − f(A) ?% d = ♮D-#*%&#5> b = a+ d .&))9+ )=)C+':+,6D%,(#"% .&),)' b = a+ d .&))' 0%'#&-% 3#, d "#%&#' ()*+(+ ?), .&(/"6

a = ♮A, b = ♮B, d = ♮D, A ∩D = ∅.&))' 0%'#&-% A> B> D '45%&%,#"# (%C%&#56 @),()*+5+5+A 2%,%9#"% 33< 3#,
g : A ∪D → BB."'(#*."/ ?),-+,6 E/ 1)&-% g "#" A *) '+(+:&)5)(+ .&)" g|A > A -)" B *% 3#,%F3#,F#C#"% G33#H 3#, B."'(#*."-/,> '# 3/
A ≈ g(A) ⊂ B.&5)(+ -%5%':#,6 I/,)-)"

♮A ≤ ♮B

a ≤ bC+'),6 !"#$" %&'('*' a, b, d, e ' *& + "%!#&%$# -&".'&%$6 78*$ a ≤ d 2* b ≤ e  "*%)%8#4%+ 5%8#'3#&%$ "%8&%'#$9: ; a+ b ≤ d+ e:  ; ab ≤ de:   ; ab ≤ de !"#$% ;"%'# <"%,5% 2%,%9#"% d = a+ r ?% e = b+ s .&))' 0%'#&-% r ?% s"#%&#' ()*+&),+ ?),-+,6



 !"  !"#$ %&' ()*+"), -./0".10#$%
d+ e = a+ r + b+ s = (a+ b) + (r + s)&'()*'+$*$,- .$ +/,'0'1- 214.$ 214,54 64,47$14 (i) 8).',9#$$%
de = (a+ r)(b + s) = ab+ as+ rb + rs

= ab+ (as+ rb + rs)041 $:;4141 8).',9#$$$% <14 r =4,='16$ +$, 1$4*$. :'&):) >*5'. ?(4,4
ab ≤ (a+ b)b #@A9@B%>*0/7/1/ 62:;4,4*$59

a = ♮A - b = ♮B- d = ♮D C4 r = ♮R $:4 AB 041 (A∪R)B &4 +$,4D+$,D$8$14 +$,E>1.:$&>1 >*0/7/1/ 62:;4,447$(9 F4,84.;41 =4, f : B → A E>1.:$&>1/1/ '&1)('5'10' +$, f : B → A ∪R E>1.:$&>1/ >*','. 0?G?14+$*$,$(9 H ='$04 +$,
σ : AB → (A ∪R)BE>1.:$&>1/1/

∀f ∈ AB $8$1 σ(f) = f0$&4 ;'1)5*'&'+$*$,$(9 σ 1)1 ++$ >*0/7/ 'I'8).;),9 H ='*04 #@A9@B% 4G$;:$(*$7$C',0),9 J- 9 <14,54 64,47$14 +/ +'7)1;)&)
ab ≤ dbG4.*$104 &'('+$*$,$(9 H&:' (ii) 041

ab = ab.1 ≤ dbds = db+s = de&'()*'+$*$,- .$ +/ (iii) +'7)1;):)1)1 C',*)7)1) 62:;4,$,9 !"# $%&$'( )%*+,-+,. /0$%&$'( 1,.*2-+,.K.$ .?541$1 +$*4G$5$1041 =',4.4;*4- :>1*/ :'&)0'.$ .?54*4,$1 +$*4G$5$1$ C4 :>1,'0' .4&EL 8>.*/.;'.$ +$, .?54*4, '$*4:$1$1 +$*4G$5$1$ 0'=' 214 ;'1)5*'0).9 M'5'D541 +/1' +41(4, >*','.- $.$ .?541$1 .',;4(&41 8',I)5)1)- :>1*/ :'&)0'.$ .?54*4,$1.',;4(&41 8',I)5)1) C4 41 :>1/10' 0' .4&EL 8>.*/.;'.$ +$, .?54*4, '$*4:$1$1.',;4(&41 8',I)5)1) ;'1)5*'0).9 N$50$ +/ $.$ .'C,'5' 0'&'1','.- :>1*/ &' 0':>1:/( :'&)0' 1$4*$. :'&)*',)1)1 ;>I*'5)1) C4 8',I)5)1) ;'1)5*'&''7)(9



 !"#" $%&$'( )%*+,-+,. /0 $%&$'( 1,.*2-+,.  !" !"#$ %&'('%' #$%&'()* +*% {ai | i ∈ I} (*$-*. /'01-'%1 .23$/* 4$%*-/*(5 67/'01-'%1(∑i∈I ai *-$ )8/9$%$$:*3*; 9<=-'31> &$% i ∈ I *?*( ai = ♮Ai <-3'. 2;$%$.7%7-''. '0%1. +*% {Ai | i ∈ I} .23$-$% '*-$/*(*( +*-$@*3*(*( (*$-*. /'01/1 <-'%'.9'(13-'(1%A 0'(* i 6= j 4$ i, j ∈ I *?*( Ai ∩ Aj = ∅ <-3'. 2;$%$
∑

i∈I

ai = ♮

(

⋃

i∈I

Ai

) BCD5CEFG*%5 !"#$ %&'(')' #$%&'()* +*% {ai | i ∈ I} (*$-*. /'01-'%1 .23$/* 4$%*-/*(5 67/'01-'%1( Πi∈Iai *-$ )8/9$%$$:*3*; ?'%=131> &$% i ∈ I *?*( ai = ♮Ai <-3'.2;$%$ .7%7-''. {Ai | i ∈ I} .23$-$% '*-$/*(*( .'%9$;0$( ?'%=131(1( (*$-*. /'01/1<-'%'. 9'(13-'(1%A 0'(*
∏

i∈I

ai = ♮

(

∏

i∈I

Ai

) BCD5CHFG*%5I*3G* /<(/7; 9<=-'3 4$ /<(/7; ?'%=13 *-$ *-)*-* +'@-1' 8;$-*.-$%* ?1.'%'-13>
m *-$ n *.* G<:'- /'01 */$ mn ?'%=131(1( m .$; n (*( 9<=-'31 0' G' n .$; m(*( 9<=-'31 <-G7:7(7 +*-*0<%7;5 6$(;$% <-'%'.> mn 2//2> n .$; m (*( .$(G*/*0-$?'%=131 <-'%'. 9'(13-'(1%5 I*3G* +7 8;$-*.-$%*( /<(/7; (*$-*. /'01-'%1 *?*( G$4'%-1:1(1 )8/9$%$$:*;5*"+,$+ %&'('%' a  !" b #"$#%&'  ( & "! ( *%+,*, -!*.&/ b = ♮B -!%%( 0"( !1"2 $ B (34"* *"5"! 46 78"$ #"$ β ∈ B  5 & a = aβ  *" %0%8,1%( "0 9! (!"$ :%$1,$;B*F ab =

∑

b∈B aβB**F ab =
∏

β∈B aβ !"#$%< = #$% β ∈ B *?*( a = aβ = ♮Aβ <-''. @$.*-G$ '0%1. +*% {Aβ |β ∈ B}.23$-$% '*-$/* .7%'-13 4$ a = ♮A <-''. )$.*-G$ +*% A .23$/* /$?$-*35 67(')8%$> &$% β ∈ B *?*( A ≈ Aβ <-'':1(G'( &$% +*% 8:$/* A G'( Aβ 0' ++8 +*%$%J<(./*0<( <-'( +*% {fβ |β ∈ B} J<(./*0<(-'% .23$/* 4'%G1%5 I*3G* +*%
f : A×B →

⋃

β∈B

AβJ<(./*0<(7(7
f(x, β) = fβ(x)



 !"  !"#$ %&' ()*+"), -./0".10#$%& '()*+,(%(,*+- ./0(#()
A×B ≈

⋃

β∈B

Aβ

ab =
∑

β∈B

aβ1*2(03 !!" 4$)& a = ♮A 5,((2 7&2$,#& 8$0 A 29+&:$ :&1&,$+- (+( %/2(0*#(2$ (%0*2($,& %&0$)&- ;&0 β ∈ B $1$) A = Aβ 5,+(2 9<&0& {Aβ |β ∈ B} ($,&:$)$ 2/0(,*+3=>&0
AB ≈

∏

β∈B

Aβ5,#/>/)/ ?@:'&0&8$,$0:&2 $:'&)&) 7&% 1*2((2'*03 A%:( 8@%,& 5,#/>/ (B(1*2'*0-19)29 ;&0 $2$ %() B #&) A %( 5,() 89'9) C5)2:$%5),(0*) 29+&:$#$03 !"# $%&'()'* +,-.(/)(/, !"#$ %&'('%' a $,& b ;&0;()?$ $2$ )$&,$2 :(%*:* 5,:/) D& a = ♮A D& b = ♮B5,((2 7&2$,#& A $,& B 29+&,&0$ D&0$,:$)3 ./ #/0/+#(
a+ b = ♮(A ∪B) + ♮(A ∩B)5,#/>/)/ ?@:'&0$)$<3 !"#$% E7(>*#(2$ &7$',$2,&0 (0# (0#( 8$0 8$0$)$ ?&0&2'$0$0F
B = (B − A) ∪ (A ∩B)

b == ♮(BA) + ♮(A ∩B)

a+ b == ♮A+ ♮(BA) + ♮(A ∩B)

= ♮(A ∪B) + ♮(A ∩B)

⊡ !"#$ %&'(')' a D& {bi | i ∈ I} )$&,$2 :(%*,(0* $:&,&0
a

(

∑

i∈I

bi

)

=
∑

i∈I

abi5,#/>/)/ ?@:'&0$)$<3 !"#$%
a = ♮A D& bi = ♮Bi, (i ∈ I) 5,((2 7&2$,#& A D& GBi | i ∈ I} 29+&,&0$)$:&1&,$+3

A×

(

⋃

i∈I

Bi

)

=
⋃

i∈I

(A×Bi) GHI3HIJ5,#/>/)/ 8$,$%50/<- $2$ %()*) )$&,$2 :(%*:* (,*)*0:( $:'&)&) &7$',$2 1*2(03



 !"#" $%&'()'* +,-.(/)(/,  !" !"#$ %&'(')' #$% i ∈ I &'&( ai ≤ bi )*++- .$-&*/$ {ai | i ∈ I} 0$ {bi | i ∈ I}(&$*&- 1+23*+%3 -45$*$%& 0$%&*5&.1$
∑

i∈I

ai ≤
∑

i∈I

bi 6789 :;
∏

i∈I

ai ≤
∏

i∈I

bi 6789 7;)*/<=<(< >?1@$%&(&A9 !"#$% !" #$% i ∈ I &'&( ai = ♮Ai 0$ bi = ♮Bi )*++- .$-&*/$ +2%3- {Ai | i ∈ I}0$ {Bi | i ∈ I} +&*$*$%&(& /4.4($*&59 #$% i ∈ I &'&( ai < bi )*/<=<(+ >?%$ B&%
fi : Ai → Bi BB& C)(-1&2)(< 0+%/3%9 D&5/& B&%

f = ⊎i∈Ifi :
⋃

i∈I

Ai →
⋃

i∈I

Bi

x ∈ Ai ⇒ f(x) = fi(x)C)(-1&2)(<(< @+(35*+2+*359 E< C)(-1&2)(<( BB& )*/<=<(< >?%5$- -)*+2/3%9 !!" F<-+%3/+-& @+(35*+% +*@3(/+ B&%
∏

i∈I

Ai →
∏

i∈I

Bi 6789  ;C)(-1&2)(<(< .?2*$ @+(35*+2+*35G x = (xi) ∈ ΠAi 0$ y = (yi) ∈ ΠBi )*5+-4A$%$
g(x) = y ⇔ (∀i(i ∈ I)fi(xi) = yi)*1<(9 D&5/& g (&( BB& B&% C)(-1&2)( )*/<=<(< >?1@$%5$*&2&A9 H$%'$-@$(

g(u) = g(v)⇒ ∀i(i ∈ I)fi(ui) = fi(vi)

⇒ ∀i(i ∈ I)ui = vi

⇒ (ui) = u = v = (vi)'3-+%9 !"#$ %&'('*' a = ♮A &1$ 2a = ♮(P(A)) /3%9 !"#$%  !"#$" 7I9!9" /$( J$5$( >?%4*4%9 !"#$ %&'('+' a J$%J+(>& B&% (&$*&- 1+2313 &1$ a < 2a /3%9 !"#$% 7I979K L+(@)% M$)%$5&(/$( '3-+%9 !"#$ %&'(',' 2ℵ0 = c /&%9



 !"  !"#$ %&' ()*+"), -./0".10 !"#$% Q #$%&'()* %$&+*$# ,-.)%/(/ 0-1-()*/.2 ♮Q = ℵ03 '*0454(0$(2 !"#$ 67898: ;)#)5/()2 ♮(P(Q)) = 2ℵ0 0+#8 =/.0/ >/# f : R → P(Q)) ?'(,%/&@'(4(4 1A&*) B$(+.*$&$*+.C
f(a) = {x |x ∈ Q, x < a}=/.0/ f (/( >>/ >/# ?'(,%/&'( '*0454(4 ;A%B)#))5/D8 a, b ∈ R E) a 6= b /%) Fa < b0/&)*/.G A&*) >/# r ∈ Q E$#0+# ,/ a < r < b '*4#8 H$(+.0$( r ∈ f(b) E) r /∈ f(a)I+,$#8 J42 f (/( >>/ '*.$%+ 0).),B/#8 K&*)&%)

c ≤ 2ℵ0'*4#8 J4 )1/B%/D*/5/( B)#%/(/ ;A%B)#.), /I/(2 ω 0'5$* %$&+*$# ,-.)%/(/( >-B-(>)*/#B;)( F,$#$,B)#/%B/,G ?'(,%/&'(*$#+ ,-.)%/() B 0/&)*/.3 &$(/
B = {χA |A ⊂ ω}'*%4(8 =/.0/ >/# h ?'(,%/&'(4(4

h : B→ [0, 1]

h(χA) = 0, χA(1)χA(2)χA(3) . . . χA(n) . . .0/&) B$(+.*$&$*+.8 L)# n ∈ ω /I/( χA(n) &$ 0 0+# &$ 0$ 1 0/#8 M'*$&+%+&*$2&4,$#+0$,/ /?$0) >/# #$%&'()* %$&+(+(2 2 B$>$(+($ ;A#)2 %'(%4D $I+*+.+0+#8 A 6= B/%) χA 6= χB E) 0'*$&+%+&*$ h(χA) 6= h(χB) '*$$5+ $N$I+,B+#3 &$(/ h ?'(,%/&'(4>>/ >/# ?'(,%/&'(04#8 K&*)&%)2 2ℵ0 < c '*$$,B+#8 O#B+, >4 /,/ )1/B%/D*/,B)( /%B)()(1)& I+,$#8 !"#$ %&'('(' c = ℵ0.ℵ0.ℵ0. . . . = ℵℵ0

0 '*0454(4 ;A%B)#/(/D2 !"#$% J4(4( /%N$B+(+ >/#,$I $0+.0$ &$N$$5+DC68O0+.C A %$&+*$>/*/# >/# ,-.) /%)
P(A) ≈P(A×A)0+#8 P-(,- A ≈ A×A '*0454(4 %#&!#' 698!8: 0)( >/*/&'#4D8 Q1;-I*- /,/,-.)(/( ,4EE)B ,-.)*)#/ 0) )1;-I*- '*$$,B+#8 8O0+.C AA 4 P(A × A) 0+#8 J4(4 ;A#.), /I/( R)# R$(;/ >/# f ∈ AA $*$*+.8 f/*) '(4( Gf ;#$S5/ >/#>/#*)#/(/ B), '*$#$, >)*/#*/&'#048 M'*$&+%+&*$ f &)#/()

Gf ;#$S5/(/ ,4**$($>/*/#/D8
f ↔ Gf = {(ai, f(ai)) | ai ∈ A, i ∈ ω} ⊂ A×A0+#8 L)# f /I/( >4 &$N+*$>/*0/5/() ;A#) /%B)()( I+,$#8!8O0+.C AA 4 P(A) 0+#8 � >$5+(B+%+(+( ;)I/1.) AD)*/5/ ,4**(+*+#%$ /%B)()( 1)&A(),/ /,/ $0+.0$( I+,$#8



 !"#" $%&'()*()%  !"#$%&'() P(A) 4 AA &'*$ +,-, ./012*(23 454-
Φ : AA →P(A), f ∈ AA ⇒ Φ(f) = f(A)67-30487-,-,- /*12- 79&,:,-, ./012*(23 82122314*$ <80= >, /?2943 =@=5'3A1'*$ !$ B2 #$ %&'(9=*&=-

AA 4P(A)⇔ (♮A)♮A

⇔ ℵℵ0

0 = 2ℵ0

⇔ ℵℵ0

0 = c5'3=*$ ⊡CDE℄ !"# $%&'()*()%D$ a G2*G=-.4 >4* -42943 0=8'0' 402H4I a+ 0 = a, a0 = 0, a0 = 1H44I H44I 1a = a, a1 = a, 1a = 179&,:,-, ./012*4-4?$ $ a 492 b G2*G=-.4 434 -42943 0=8'0' 402
ab = 0⇔ (a = 0 ∨ b = 0)

ab = 1⇔ (a = 1 ∧ b = 1)=>J K LJM H=J K N >J KI =>JD LJM H=J 9 A >J DI 79&,:,-, ./0A12*4-4?$!$ a 07-0,? >4* -42943 0=8'0' B2 n 07-9, >4* -42943 0=8'0' 402 a+n = a 79&,:,-,./012*4-4?$#$ a 07-0,? >4* -42943 0=8'0' 402 a+ ℵ0 = a 79&,:,-, ./012*4-4?$O$ n 07-9, >4* -42943 0=8'0' 402
n.ℵ0 = ℵ0 + ℵ0 + ℵ0 + . . .ℵ0 = ℵ0

(ℵ0)
n = ℵ0.ℵ0.ℵ0. . . .ℵ0 = ℵ0

nc = c+ c+ c+ . . .+ c = c

cn = c.c.c. . . . .c = c79&,:,-, ./012*4-4?$ +),-./-0-1 23041536- .78/393 :; <3=893/3=53 n >0;:3="?



 !"  !"#$ %&' ()*+"), -./0".10#$ %&'()*'+, -&,./,+/-0, 1'(/'2)3)45
ℵ0 = 1 + 2 + 3 + . . . n+ . . .

= 1 + 22 + 23 + . . . 2n + . . .

= ℵ0 + ℵ0 + ℵ0 + . . . = ℵ0.ℵ0

c = 1.2.3. . . .

c = c.c.c. . . . = cℵ06$ R *-3 R 2- 2c .'3- 783+1,283 8/*9(939 :;1.-0,3,4$<$ R *-3 R 2- c .'3- 1=0-+/, 783+1,283 8/*9(939 :;1.-0,3,4$>$ ?-@,01-/ 8/A'2'3 :-0B-/ 1'2)/'0'  !"#$"#%"# $"&'("! *-3,/,0$ C9 1'2)/'0)33,-/,(,3,3 c 8/*9(939 :;1.-0,3,4$E"$ a ≤ b ,1- F-0 d 3,-/,+ 1'2)1) ,B,3
a+ d ≤ b+ d G- ad ≤ bd8/*9(939 :;1.-0,3,4$EE$ a, b, d F-0F'3:, =B 3,-/,+ 1'2)1) ,1-

a ≤ b⇒ ad ≤ bd

b ≤ d⇒ ab ≤ ad8/*9(939 :;1.-0,3,4$E $ C,0 +=A-/-0 ',/-1, =4-0,3*-3,-/,+ 1'2)/'0)3)3 -&,. 8/A'1) @'()3.)1)3)3 @,0*-3+/,+ @'()3.)1) 8/*9(939 :;1.-0,3,4$EH$ ωω 3)3 1'2)/'A'4 8/*9(939 :;1.-0,3,4$E!$ A = {0}I B = { 1

n
|n = 1, 2, 3, . . .} 8/A'+ =4-0-
f(x) =











1

2
, x ∈ A
x

1+2x
, x ∈ B

x x ∈ [0, 1]−A ∪B783+1,2839 .'3)A/'3)280$ f 3,3 [0, 1] +'J'/) '0'/)()3*'3 (0, 1) 'B)+ '0K'/)()3' ;0.-3 @,0 783+1,283 8/*9(939 'A' @,0-K@,0 8/A'*)()3) :;1.-0,3,4$C90'*'3 [0, 1] ,/- (0, 1) '0'/)+/'0)3)3 3,-/,+ 1'2)/'0)3)3 '23) 8/*9(9 1839K939 B)+'0)3)4$


