
{x ∈ R | 0 < x ≤ 1} $3"543650 3"31575(/30* ('0)313"0!,# *  3$513,3$3(  '( +8 9*" 0!,#/*": !"#$% 9+ -./0*&* ()*(+, )$1+5+*+ 64'/0- -)$!"1#'8 K'*05&*2 ω 1)5!$(!"#$!' -./0(&*10* %+ -./0 &7&*0 n 7−→ 1

n
14*.>./. %&'0B%&'B&7&*0 L%%&M %&'N)*-(&")*1+'8 A/! 4'30* %&' N)*-(&")* 105&$1&'8 94"$0 )$1+5+*+ %&' -!'>#3 4'*0-$064'0%&$&'&,8 K'*0-(02 (4, -)*+(+ 14*.>./ !$3#*1! 1

π
(!"#(# .,0'&*0 60$0* %&' n3!/(!"#(# ")-3+'8 K"$0"(02 ω 1)5!$ (!"#$!' -./0(& (0, 1] -./0(&*10* 1!=! 6.7$.105&$1&'8F&/1& (0, 1] -./0(&*&* (!"#$!/!, )$1+5+*+ 64(30'0$&/8D0' 60'70$ (!"#*#* %&' ;0 "!$*#,! %&' 3!*0 ()*(+, )*1!$#- !7#$#/# ;!'1#'8K'*05&*2

4 = 3, 999 . . . , 2, 78 = 2, 77999 . . ."!,!%&$&'&,8 OPQ



 !"  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12
a0 = 0, a00 a01 a02 a03 . . . a0n . . .
a1 = 0, a10 a11 a12 a13 . . . a1n . . .
a2 = 0, a20 a21 a22 a23 . . . a2n . . .###
am = 0, am0 am1 am2 am3 . . . amn . . .### $%&'( !)#!* +,-%'./ 01.'.2'%3456%7 818, +'2%9%,% :3;8 9<,7:28,8 /=''%,%%?.@# (0, 1] %3%'.?.,-%/8 &A7A,;:31:' 5%9.'%3., 5%9.'%&8'83 &83 /A2: ('-=?=,= /%&=' :-:'82# B= /%&='A2A@: ;<3:

(0, 1] = {a0, a1, a2, a3, . . .}C:/'8,-: ('2%'.-.3# B=3%-%/8 amD (m = 0, 1, 2, 3, . . .ED 5%9.'%3. 0 8': 1 %3%5.,-%&='=,%, &83 ;:31:' 5%9. ('-=?=,% ;<3:D &= 5%9.'%3., F:3 &83858,8,D %C%?.-%/8 ;8&85(,5=@ (,-%'./ %1.'.2'%3.,. 9%@%&8'838@#
am = 0, am0am1am2am3 . . . amn . . .B=3%-% ami 5%9.'%3. (,-%'./ %1.'.2-% 9:3 %'%, {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 3%/%2G'%3.,-%, &83858-83# H82-8 &= 5%9.'%3., 5(,5=@ (,-%'./ %1.'.2'%3.,.  !"#$ !)#!-:/8 ;8&8 %3- %3-% -8@:'82# $%&'(,=, /('%9 (/=,=3'=?=,= 5%?'%2%/ 818,D (,-%'./%1.'.2'%3-%/8 3%/%2'%3. &83&83':38,-:, &83%@ =@%/'%C7.3%3%/ 9%@.9(3=@#I%&='A2A@ -(?3= 85:D (0, 1] %3%'.?.,-%/8 &A7A, ;:31:' 5%9.'%3 &= 7%&'(-%9:3 %'2.C ('2%'.-.3# +95%D /%F3%2%,.2.@  !"#$%#& J8, 9<,7:289':D &= 7%&'(-%/85%9.'%3-%, F81 &83858,: :C87 ('2%-.?. F%'-: (0, 1] %3%'.?.,% %87 ('%, &83 5%9. &='%G&8'838@# B=,=, 818,D F:3 i = 0, 1, 2, 3, . . . -(?%' 5%9.5.,% /%3C.'./D

bi =

{

1, aii 6= 1

2, aii = 1
K!)#!E('2%/ A@:3:

b = 0, b0b1b2b3 . . . bm . . .;:31:' 5%9.5.,. 7%,.2'%9%'.2# B= 5%9. (0, 1] %3%'.?.,-% ('-=?=,% ;<3:D  !"#$ !)#!-:/8 5%9.'%3-%, &83858,: :C87 ('2%'.-.3# +95% b ,8, 7%,.2. ;:3:?8,:D a00 6= b0 -.3#+ F%'-: b 5%9.5. 7%&'(-%/8 a0 5%9.5.,% :C87 ('%2%@# L8,:D a11 6= b1 -83# +F%'-:D b5%9.5. 7%&'(-%/8 a1 5%9.5.,% -% :C87 ('%2%@# B<9':: -:M%2 :-:35:/D
b0 6= a00, b1 6= a11, b2 6= a22, b3 6= a33, . . . , bm 6= amm, . . .('-=?=,= ;<3:&8'838@# N:2:/ /8D b 5%9.5.  !"#$ !)#! -:/8 {ai}D i = 0, 1, 2, 3, . . .5%9.'%3.,-%, F81 &83858,: :C87 ('%2%@# O9':95:D &= 7%&'(-% 9:3 %'%2%2.C ('-=?=F%'-: (0, 1] %3%'.?.,% %87 &83 b 5%9.5. &='2=C ('=9(3=@# B= 85:D /%&='A2A@': 1:'8C83#O9':95: /%&='A2A@ 9%,'.C7.3# N:2:/ /8D (0, 1] %3%'.?.,-%/8 5%9.'%3 5%9.'%2%@# ⊡




[AB] &0;$# <%$7%/41% %)* 10,*%+%$41 /%-4/4141> )/*'&);).)= ,%&%$ ?2-2, ?)$ [CD]&0;$#/#1% %)* 10,*%+%$41 /%-4/4 ,%&%$ 0+&#;#1# 6F/*'$.', )7)1 ?# &0;$# <%$7%G+%$414 %-14 &#;$#+*#&% 0+.%.%, 2='$' ?)$ &2=+'. 2='$)1' 7)='+).8 D01$% [CA] )+'
[DB] &0;$#+%$4141 ,'/)(). 10,*%/414 O )+' 6F/*'$'+).8 [AB] 2='$)1&' %+41%%, :'$
E 10,*%/4 )7)1 [OE] &0;$#/# [CD] -) ?)$ *', F 10,*%/41&% ,'/'$8 "# '-+'. [AB]1)1 :'$ E 10,*%/41% [CD] 1)1 ?)$ *', F 10,*%/414 '(+'$I -%1) '(+'(.' ?)$'G?)$0+#$8 J'$/)1' 0+%$%,> [CD] 2='$)1&' %+41%%, :'$ F 10,*%/4 )7)1 [OF ] &0;$#/#
[AB] -) ?)$ *', E 10,*%/41&% ,'/'$8 "# '-+'. [CD] 1)1 :'$ F 10,*%/41% [AB]1)1 ?)$ *', E 10,*%/414 '(+'$I -%1) '(+'(.' ?)$'G?)$ 0+#$8 K,) '-+'.) ?)$ %$%&%&2(212$/', [AB] )+' [CD] 1)1 ?)$'G?)$ '(+'(*);) 0$*%-% 74,%$8L-+'-/' [AB] ≈ [CD] &)$8M;'$ -#,%$4&%,) )/<%**%> 6'0.'*$)-' &%-%+4 0+.%,*%1 /%,41.%, )/*'$/',> (F-+'?)$ -0+ )=+'-'?)+)$)=N (0, 1] -%$4G%74, %$%+4;41% ?)$ *', 0 10,*%/414 ',+'$/',>  !"#!$!O8P8P 6'$';)1'> (0, 1] ≈ [0, 1] 0+%%,*4$8 "#$%&% [0, 1] = {x ∈ R | 0 ≤ x ≤ 1} ,%G<%+4 %$%+4;4&4$8 Q).&)> #=#1+#;#1 &';)(.'/)1)1> '(627+2+2;' '*,).'&);)1) 6F/*'$'G';)=8 "#1#1 )7)1 (0, 1] %$%+4;414 :'$:%16) ?)$ (0, k]> @k > 0) /%?)*B %$%+4;41%

f : x 7−→ kx @!R8 B/21.' &F12(2.2-+' ??F 0+%$%, $'/.'*.', .2.,21&2$8 S'.', ,)
(0, 1] ≈ (0, k] @!R8PB&4$8E-14 &F12(2.+'
(0, 1) ≈ (0, k) @!R8TB'(627+2+2;212 &' /F-+'-'?)+)$)=8"#1&%1 /01$%,) *'0$'.&' -%$%$+%1.%, 2='$'> (0, 1) %$%+4;4141 (−1, 1) %$G%+4;41% '(627+2 0+&#;#1# 6F/*'$'+).8 "#1#1 )7)1 (0, 1) %$%+4;41&%1 (−1, 1) %$G%+4;41% *%14.+%1%1 f : x 7−→ 2x− 1 301,/)-01#1#1 ??F 0+&#;#1# 6F$.', -'*'G',*)$8 !"#!$ %&'%'(' 6,"),/ *(2+/(" 1$4,*! *(2+/(4(50



 !  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12 !"#$% "#% (−1, 1) &'&()*)#+&# R = (−∞,+∞) ,-.%/0#%
g(x) =











x
1−x

, x > 0

0, x = 0
x

1+x
, x < 0

1!234567#,/087#9#9 :&#).(&8&().3 ;9#9# <<= 7(+9*9 ,7(&8& >='-(%<0(0'3 ?%.%, ,0
(−1, 1) ≈ R +0'3 @8/&A (0, 1) ≈ (−1, 1) 0+03 BC>-D(-(-,  !"#$%# 7(+9*9#+&#A &':),AE%' k > 0 0D0#

(0, k) ≈ (0, 1) ≈ (−1, 1) ≈ ((−∞,+∞) 1!23F57(+9*9 >='-(-'3 G8')&A (0, 1) ≈ (0, 1] %C>-D(-(-*- +-C-#-(-'/%A E%'E&#>0 <0'&D),A 8&')H&D), 8& +& ,&I&() &'&()*)# R >%'D%( /&8)(&' ,-.%/0#% %C>-D(- 7(+9*9#9/=8(%8%<0(0'0J3 ;9 /7#9DA (0, 1] &'&()*)#)# /&8)(&.&J()*) 0(% <0'(%C:0'0(0#%A R >%'D%(/&8)(&' ,-.%/0#0# /&8)(&.&J 7(+9*9#9 >=/:%'0'3 ⊡x%,/%#08(% D&,)C)' <0D0.+% ,7#9C(&#+)'().3 (0, 1] &'&()*)#+&,0 E%' x /&8)/)#)# <0'M% 8&(#)J <0' :&#% /7#/9J 7.+&(), &D)().) M&'+)'U
x = 0, x1x2x3x4 . . . 1!23P5V0.+0 <9 7#+&(),(&' +0J0/0#0 &C&*)+&,0 >0<0 <(7,(&'& &8)'&().U 0 +&# 6&',() M%=#-#+% /)6)' <9(9#.&8&# E%' 7#+&(), ,%#+0 <&C)#& <0' <(7, 7(/9#3 0 8& +& &'+)C),

0 (&' 0(% <9#(&'+&# /7#'& >%(%# 0(, /)6)'+&# 6&',() 7#+&(), <&C,& <0' <(7, 7(/9#3"'#%*0#A
x = 0, 1702100637 . . . , y = 0, 2360470085 . . .



 !" " #$%&'$($) *+(,',-  !"#$%#&' $%()*+, )-+*+.*)/+%+% 0*$,*)/) )1/+*+2+ 231*4(5/6
x = 0, |1|7|02|1|006|3|7| . . . 7!898:
y = 0, |2|3|6|04|7|008|5| . . . 7!89;:<=4/ (x, y) #+/)*+ -5>?5 (0, 1] × (0, 1] ,)/?4'14% -)/@+.+%) )5? 5#4A 1)%5 05/5.,)/414 )5? 05/ %$,?) 5#4B x 5*4 y #)1+*)/+%+ 1&,)/+(),5 C505 0*$,*)/) )1+/(+,?)%#$%/)B 05/ z #)1+#+%+ 231*4 $*&2?&/)*+.9 D+/)1*) 05/ 0*$, x (4% #$%/) 05/ 0*$, y (4%)*)/), z %5% #$%#&' $%()*+, )-+*+.+%+ $*&2?&/)05*5/5'9 E&%& ()F) )-+, #31*4/#4,B

x 5% 05/5%5 0*$,&%) z1B y %5% 05/5%5 0*$,&%) z2B x 5% 5,5%5 0*$,&%) z3B y %5%5,5%5 0*$,&%) z4B. . . (514*5.9 E31*44 05/ 0*$, x 5%,5%(4%B 05/ 0*$, y %5%,5%(4%)*)/),
z = 0, z1z2z3 . . .#)1+#+%+ $*&2?&/)*+.9 E& #)1+%+% (0, 1] )/)*+=+%() $*))=+ )@)-+,?+/9 H/%4=5%B 1&,)/+I(),5 (x, y) #+/)*+ -5>?5%4 ,)/2+*+, 0&*&%)), #)1+

z = 0, 12730261040067300875 . . .#)1+#+(+/9 J&,)/+() )-+,*)%)% 41*4.5 1)@)%
(x, y) 7−→ z(3%K2K.KB (0, 1] × (0, 1] ,)/?4'14% -)/@+.+%()% (0, 1] ,K.4#5%4 003 (5/ 70&%&#)=*)1+%+':9 E31*44B 5#?4(5=5.5' #$%&- -+,.+2 $*&/9⊡ !" "# $%&'( )*+,-'.*L4/ #$%*& ,K.4(4% ()F) CK-*K $*)% ω ($=)* #)1+*)/ ,K.4#5%5 5%4*4(5,9 D$%/)0&%&% #)1+*)05*5/ #$%#&' 05/ ,K.4 $*(&=&%& #31*4(5,9 M)F) #$%/)B R C4/-4*#)1+*)/ ,K.4#5%5% ω ()% ()F) CK-*K N4 #)1+*).)' $*(&=&%& C3/(K,9 O5.(5 $/?)1)05/ #$/& -+,+1$/9P)0) ω



 !"  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12#$%&'()* +&,%)-) ./ 01*/23 456&456)-& .5789848:8 &05065* %&-)96),%); </,5%5 .),570)=1456)7 0)06&4)* 6/65,'8 >2&')94&:? 1'4508*8* *& %&4&=& @&'%)-)*) 5287'5457=5,5,'8 1'55768,; <), 570)=1456)7 0)06&4 )2)*%& 65*84'8 .), p $*&,4&0)*) %B9B*&C')4; D-&, E&4 p +& E&4 %& ¬pp+5,05=848*%5* E5,&7&6'& ¬p %&-)') 2875,8'5.)')=1,053 0)06&4%& E&4 p E&4 ¬p 5=*85*%5 +5, 1'/,; F&')97)0): 0)06&4%& ./ 1'545=55-8*%5*3 p +5,05=848*8* 1'545=C55-8 01*//*5 +5,8'8,;</ 5287'545=5 @$,&3 #$%&'()* +&,%)-) 01*/2 9/%/,I p $*&,4&0) 1'5,57 0B,&=E)H16&:)*) 5'5'84; </,5%5* E5,&7&6'& ¬pω %5* %5E5 @B2'B +& R %&* %5E5 5:@B2'B .), 7B4&*)* 1'45%8-8 +5,05=848*8 75./' &%&* .), OB4&'&, O/,5487/,/'5.)'),; </ 0)06&4 7&*%) )2)*%& 2&')97)0):%),; ; NB,&= E)H16&:)*) 75./' &64&=&*P =5*) ω



 !" " #$%&'$($) *+(,',-  !"#$%&'($)&*&* +,'-#,.-*, $/01#21 32(4)4*4 56+2$+$7&2&'&89 :1;1* 74 %1<$2$'&* 6)$5,+-2,'- R *&*%& %,(,'(-'9 =+2$+5$> (3),2 32,',% /4 53'4 ,%2-<-8, 0$2$7&2&'9?,7, 0$'#$2 5,+-2,'(,* (,A, 01#21 %1<$2$' +3% <4(4'BC3'4+,  !"#$%# (&+$ $D,. D$'$$)&89 E,;;F> +,2*-8 0$'#$2 5,+-2,' %1<$5&*G($* ($)&2> A$' %1<$($* (,A, 01#21 %1<$2$' D,'(-'9 :4*4* 76+2$ 32(4)4*4 +&*$&"'()# 065;$'&+3'9 !"#!$ %&'%'(' *&"'()#℄ ,-. /-# 0123 03'$- 04!!3( 01235-'3 3671.81 )8"2"9: !"#$% H2<,+,*, $'0& +6*;$<&*& 4+042,+,,)-89 A A$'A,*0& 7&' %1<$ 3254*9:&' f : A→P(A) 776 I3*%5&+3*4*4* D,'32(4)4*4 %,742 $($2&<9 :4 (4'4<(,>A$' x ∈ A &#&* f(x) ∈ P(A) 32,,%;-'J +,*& f(x)> A *-* 7&' ,2; %1<$5& 32,,%;-'9
A *-* f(x) ,2; %1<$5& x 6)$5&*& +, %,.5,'> +, %,.5,<,89 :4*, 06'$>

X = {x |x ∈ A, x /∈ f(x)} K!L9!MN%1<$5&*& ;,*-<2,+,7&2&'&89 O,7&& X ⊂ A> D$ (32,+-5-+2, X ∈ P(A) 32,,%;-'9H+5, %,7421<18$ 06'$>X = f(y) 32,,% /$%&2($ 7&' y ∈ A D,' 32<,2-(-'9 =+2$+5$>
y ∈ X ⇒ y /∈ f(y)⇒ y /∈ X K!L9!!N
y /∈ X ⇒ y ∈ f(y)⇒ y ∈ X K!L9! N32,,%;-'9 :4 #$2&/%& %,7421<18($* 0$2<&/;&'9 P$<$% %& A &2$ P(A) $001#2132,<,82,'9 ⊡ !"#!$ %&'%')' ;3# 0123 03'$- 04!!3( 01235-'$3' $"," "9 71.81$1#: !"#$% A A$'A,*0& 7&' %1<$ 3254*9 :&'

f : A→P(A)I3*%5&+3*4*4> A$' a ∈ A &#&*
f(a) = {a}(&+$ ;,*-<2,+,2-<9 :4 (6*1/1<1* 77& 32(4)4 ,.,#-%;-'9 =+2$+5$>
A 4P(A)32,,%;-'9 =;$ +,*(,*> &"'()# <3)#32- 0$'$)&*$
¬(A ≈ P(A))(-'9 :4 53* &%& 7,)-*;-(,*
A ≺P(A)



 !"  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12 !"# $%&'()*()%!# $%&'()&*+ ,%-./0.0.*0,1+ -234,1+5+678&9 :+1 *.; <+1 &=1(4(5& ,--./0.).1#8<9 :+1 *.; <+1 =.6.5, ,%-./0.).1#89 ?6&=@ *,5)+ +/+5),*+ <+1 )A'1B=& ,%-./0.).1#8)9 C,1 n ∈ ω +/+5 R
n ≈ R )+1#8,9 :+1 )A'1B <+1 =&1(D /,D<,1, ,--./0.).1#8E9 :+1 /A*-,5+5 *,5&10&1(@ <B /A*-,5+5 +/+5, /+6+0,5 <+1 /,D<,1, ,%-./F0.).1# # G,<+13,0 A0D&=&5 -,1/,0 3&=(0&1&  !"#$"#%"# $"&'("! ),5+0+1# H234,1+5+6 *+<.4.5 41&53&5)&54 3&=(0&1 *.D,3+ R =, ,%-./0.).1# IA0&=(3(=0& $"&'(")"*$+#$,* <+1 *.D,)+1#J# :+1 A *.D,3+5+5 3&=(0&<+0+1 3A53B6 A0D&3( +/+5 -,1,*0+ K, =,4,10+ *A%B0@3A53B6 <+1 B ⊂ A &04 *.D,3+ +/+5 B ≈ A A0D&3()(1# H234,1+5+6# !"+ ,)*)( -.)(/0()%:B *,3+D),@ 5+,0+* 3&=(0&1( .6,1+5), =&;(0&5 &1+4D,4+', 4,D,0 A0&5 *.D,3,0<&'(54(0&1( /(*&1&&'(6# !"#" $%&'()%* +,-./%0,-

f : A→ X +0, g : B → Y EA5*3+=A50&1( K,1+0D+% A03B5# :B EA5*3+=A50&1(5 4&5(D<20-,0,1+ <+1<+10,1+5),5 &=1(* +3,0,1@ =&5+ A∩B = ∅ +3, A∪B <+0,%+D *.D,3+5),5
X ∪ Y <+0,%+D *.D,3+5, <+1 f ⊎ g EA5*3+=A5B5B %2=0, 4&5(D0&=&<+0+1+67

f ⊎ g(x) =

{

f(x), x ∈ A

g(x), x ∈ B
8!L#!J9

f ⊎ g EA5*3+=A5B5& f +0, g -+#.$/&+#("!'#'# 0/!(12/)/ 3,#/+#4 ),5+1# !"#$ %&'('%' f ⊎ g 0/(12/) -+#.$/&+#,@ )&M& 25, 4&5(D0&)('(D(6 f ◦ g 0/(12.1-+#.$/&+#,#%"# 4&D&D,5 E&1*0()(1# N*+3+ <+1<+1+5, *&1(%4(1(0D&D&0()(1#)*+#*, %&'('%' f : A ∪C → B /$1 f = f|A ⊎ f|C %/!5 !"#$% O(3(40( EA5*3+=A5 4&5(D(5)&5 /(*&1#:B 4,A1,D+5 *&1%(4(5( %2=0, +E&), ,),<+0+1+6#)*+#*, %&'('-' f : A → B6 g : C → B 71 A ∩ C = ∅ /$1 h = f ⊎ g 0/(12/)/"2"8'%"./ 9*1(/.(1!1 $":/; /!5



 !"#" $%&%' ()%'*+'%,  !"#$% h : A ∪ C → B &'()*$+'(,-./#$$% h|A = f 01 h|C = g ,$./#$$$%
h(x) =

{

f(x), x ∈ A

g(x), x ∈ C
#!2/!3% !"#$% A ∩ C = ∅ '4,-5-(,6(

x ∈ A ∪ C ⇒

{

x ∈ A ∧ x /∈ C ⇒ h(x) = f(x) ∈ B

x /∈ A ∧ x ∈ C ⇒ h(x) = g(x) ∈ B'4-./ 7 864,1 x ∈ A ∪ C ⇒ h(x) ∈ B ,$. 01  !!!" *6546(9./ :;1 +6(,6( x = x′$*1<
x ∈ A⇒ h(x) = f(x) = f(x′) = h(x′)

x ∈ B ⇒ h(x) = g(x) = g(x′) = h(x′)'466);9./ >- ,1?1);$. )$ x = x′ ⇒ h(x) = h(x′) @A14$5$ *6546(9+'./ 7 864,1
h : A ∪ C ↔ BB$. &'()*$+'(,-.C +6($  !" *6546(9./ D9*9;49 &'()*$+'( ;6(9?9(9 )-446(9.*6)<

h|A = f ⇔ h(x) = f(x)

h|C = g ⇔ h(x) = f(x)'4-./ >- ,6  !!" ($( *6546(,959 6(46?9(6 E14$./ !"#$ %&'('%' A $41 B 81.86(E$ $)$ )F?1 '4*-(/ A )F?1*$(,1( B )F?1*$(1;6(9?49 '46( BF;F( &'()*$+'(46.9( )F?1*$ BA *$?E1*$+41 E@*;1.$4$.G
BA = {f | f : A→ B} #!2/!H%)"*+$* %&'('%' f : A → B #$ g : C → D %&'()!*&'+,-. //0 &+)1'2 34$-

A ∩ C = ∅ #$ B ∩D = ∅ !)$ f ⊎ g : A ∪ C → B ∪D /!-+$5!6! //0 7!-2 !"#$% f : A→ B∪D 01 g : C → B∪D B$.1. &'()*$+'(,-./ :+41+*1<  !"#!$!2/I/ -+6.9(6< f ⊎ g B$.41J$?$($( A ∪ C ,1( B ∪D +1 B$. &'()*$+'( '4,-5-(-*@+41+1B$4$.$A/ KF()FC,-.
x ∈ A⇒

{

(x, y1) ∈ graf(f ⊎ g) ⇒ y1 = (f ⊎ g)(x) = f(x)

(x, y2) ∈ graf(f ⊎ g) ⇒ y2 = (f ⊎ g)(x) = f(x)
#!2/!L%'46659(,6( y1 = y2 M9)6./



 !"  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12 !!"
x ∈ C ⇒

{

(x, y1) ∈ graf(f ⊎ g) ⇒ y1 = (f ⊎ g)(x) = g(x)

(x, y2) ∈ graf(f ⊎ g) ⇒ y2 = (f ⊎ g)(x) = g(x)
#!"$!%&'())+,-.)- y1 = y2 /,0)1$#2& 34 #22& .4-

x = x′ ⇒ f ⊎ g(x) = f ⊎ g(x′) #!"$!"&/,0)1$ 5 6)(.4 f ⊎ g : A ∪ C → D ∪B 7)+,-8,9, 721 :'-092;'-.<1$=2>.2 f ⊎ g 721(4?2>2- 77 '(.<+<-< @A9841>40 2/2-
(f ⊎ g)(x) = (f ⊎ g)(x′)⇒ x = x′'(.<+<-< @A9841>4(2;2B$ C41/4084- !!!"
x, x′ ∈ A⇒

{

(f ⊎ g)(x) = f(x)

(f ⊎ g)(x′) = f(x′)'(.<+<-.)-D 9'( ;)-()1,- 4?28(2+2D f(x) = f(x′) 4?28(2+2-2 @414082121$ f :'-0E92;'-< 77 '(.<+<-.)-D x = x′ '(>)9, @414021$ !#"
x, x′ ∈ C ⇒

{

(f ⊎ g)(x) = g(x)

(f ⊎ g)(x′) = g(x′)'(.<+<-.)-D 9'( ;)-()1,- 4?28(2+2D g(x) = g(x′) 4?28(2+2-2 @414082121$ g :'-0E92;'-< 77 '(.<+<-.)-D x = x′ '(>)9, @414021$ #"
(x ∈ A ∧ x′ ∈ C)⇒

{

(f ⊎ g)(x) 6= (f ⊎ g)(x′)'(>)0 B'1<-.).,1D /F-0F .4+41 7A(@4(412 );1,08,1$ !!!" # !$" 34  $" 721 )1);) @48212(2-4D )1).,+,>,B #!"$!"& AB4(2+2 '18);)/,0)1G ;)-2 f ⊎ g :'-092;'-< 7214E721.21$H'- '()1)0D 721(4?2> :'-092;'-<-<- A184- '(.<+<-< @A98414(2>$ I416)-@2721 y ∈ B ∪ D 3412(92-$ B ∩ D = ∅ '(.<+<-.)- ;) y ∈ B ;) .) y ∈ D'())08,1$
y ∈ B 294D f :'-092;'-< A .)- B ;4 A184- '(.<+< 2/2- y = f(x) '())0?402(.4 721 x ∈ A 3)1.,1$ J;(4;94 y = (f ⊎ g)(x) ;)B,()72(21$
y ∈ D 294D g -2- C .4- D ;4 A184- 721 :'-092;'- '(.<+< .F9F-F(4140D;<0)1,.)02 9'-<) 3)1,()72(21$KA;(44 (f ⊎ g) 721(4?2>2-2- 77A '(.<+< @A98412(>2? '(.<$⊡



 !"#" $%&%' ()%'*+'%,  !" !"#$ %&'('%' A ∩ C = ∅  ! B ∩ D = ∅ "#$%& '(!)!* !+!) A ≈ B  ! C ≈ D,-! A ∪C ≈ B ∪D "#.)/)"*+,* %&'('-' A ≈ B  ! C ≈ D ,-! A× C ≈ B ×D 0,)/ !"#$% #$%&$'() *+%+,-.+0 f : A → B 1+ g : C → D 223 45.6&-'5.7$%(1$%8(%9 :-% h : A× C → B ×D 2$,(.;(&(.( <3'7+ ;$.()7$'$7()=>+% (x, y) ∈ A×C -?-. h(x, y) = (f(x), g(x)) 45.6&-'5.@.@. 223 2-% 45.6&-'5.578@,@.@ *3&;+%++,-A9
((a, c), (b, d)) ∈ graf(h)⇒ (b, d) = h(a, c) = (f(a), g(c)) B!C9!"D

((a, c), (b′, d′)) ∈ graf(h)⇒ (b′, d′) = h(a, c) = (f(a), g(c)) B!C9 ED8-%9 f 1+ g 2-%+% 45.6&-'5. 578@67$%(.8$.0 2@0 (b, d) = (b′, d′) 57)$&(.( *+%+6;-%-%9F'7+'&+0 h0 GH ℄ 65<@7@.@ &$,7('5%9 GH!℄ 65<@7@.@ &$,7$8(,( $J$?(6;(%9 K+)+6 6-
h 2-% 45.6&-'5.8@%9L-)8- h 45.6&-'5.@.@. 22 578@,@.@ *3&;+%+7-)9 M,+% N+% (a, c), (a′, c′) ∈
A× C -?-.

h(a, c) = h(a′, c′)⇒ (a, c) = (a′, c′)578@,@.@ *3&;+%-%&+60 -&;+8-,-)-A *+' 57$$6;(%9 O+%?+6;+. &57 '$.8$6- +<-;7-6;+.
(f(a), g(c)) = (f(a′), g(c′))'$A(7$2-7-%9 f -7+ g0 22 578@67$%(.8$.0
f(a) = f(a′)⇒ a = a′

g(c) = g(c′)⇒ c = c′57)$&( *+%+6-%9P5. 57$%$6 h 45.6&-'5.@.@. 3%;+. 578@,@.@ *3&;+%+7-)9 >+%N$.*- 2-% (b, d) ∈
B × D $7$7()9 f .-. A 8$. B '+0 g .-. C 8+. D '+ 3%;+. 2-%+% 45.6&-'5.578@67$%(.( 8Q*Q.Q%&+60

(b = f(a)) ∧ (d = g(c))57$$6 *+6-78+ 2-% a ∈ A -7+ 2-% c ∈ C 1$%8(%9 F'7+'&+0 (a, c) ∈ A × C 8-% 1+
h(a, c) = (b, d) 8-%9 ⊡ !"#$ %&'('-' 1,) 0'(#!$ '(!),20!&, 2"&3%#%)42 -%54-4* 6. 0'(#!$ ,7,20!&, 6,)0"+). '(!),20!&, 2"&3%#%)42 -%54-4 &%0%)04)/ !"#$%

R
2 ≈ R B!C9 !D578@,@.@ *3&;+%)+7-'-A9 (0, 1] $%$7(,(.(. R '+ +<*Q?7Q 578@,@ 6@77$.(7(%&$0  !"#!$!C9!9R -7+ %&!#$! !C9R9 8+. N+)+. ?(6$%9 ⊡)"*+,* %&'('(' A ≈ B  ! C ≈ D ,-! AC ≈ BD 04)/



  !  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12 !"#$% "#$%#&'()#*+ f : A→ B ,- g : D → C ../ 01*2%3&1*4#$'*'* 14)565*5%/&4-&-.343$378 93()3 AC )-* BD &- .3$ h .#6'*:'%'*' ;/&4- :#*'(4#&#4'(< C )-*
A &# =-$ α 01*2%3&1*5 3>3*? &#*3 =-$ α ∈ AC 3>3*

h(α) = f ◦ α ◦ g)3&-43(8 h(α)) ∈ BD 14)565 #@#>'2:'$8 A&4-&%-+ h 01*2%3&1*5*5* ../ 14)565*5B/%:-$(-(37 &-:--2:3$8 D5*5 E> #)'()# B/%:-$--6378 !"#$%& h+ AC )-* BD &- .3$ 01*2%3&1*)5$8 D5*5* 3>3*
(α, y), (α, y′) ∈ graf(h)⇒ y = y14)565*5 B/%:-$(-43&378 F-$>-2:-*

(α, y) ∈ graf(h)⇒ y = h(α) = f ◦ α ◦ g GHI8  J
(α, y′) ∈ graf(h)⇒ y′ = h(α) = f ◦ α ◦ g GHI8 KJ)3$? &#*3 y = y′ )E$8 L-(-2 23 h+ 01*2%3&1* 14(# 21;544#$'*' %#64#$8'!"#$%& h .. )3$8 D5*5* 3>3*

h(α) = h(α′)⇒ α = α′14)565*5 B/%:-$(-43&378 F-$>-2:-* %14 &#*)#23 -;3:432
f ◦ α ◦ g = f ◦ α′ ◦ g)-(-2:3$8 M;3:4363* =-$ 323 &#*'*'* %14)#* f−1 34-+ %#6)#* g−1 34- .34-;2-%3#4'*'$%#+ 3%:-*-* ;-& >'2#$8(!"#$%& h /$:-* .3$ 01*2%3&1*)5$8 M6-$ =-$ β ∈ BD 3>3*

h(α) = β14##2 ;-234)- .3$ α ∈ AC *3* ,#$4'6'*' B/%:-$-.343$%-2+ 3%:-*-* ;-& >'2(';14##2:'$8 F-$>-2:-*
α = f−1 ◦ β ◦ β−1*3* 3%:-*-*3 %#64#)'6' =-(-* B/$E4E$8 ⊡)*+,%+  -!(!.! A,B,D  !"#$#%& '#%&$(&)* +,#% B ∩D = ∅ &(#

AB ×AD ≈ AB∪D GHI8 NJ-&%* !"#$% O-$=#*B3 .3$ f ∈ AB 34- =-$=#*B3 .3$ g ∈ AD #4#4'(8 D5 )5$5()#
(f, g) ∈ AB×AD 14##2:'$8 D5 ;-234)-23 =-$ %'$#4' >30:3 AB∪D &- #3: f⊎g .3$4-;3(01*2%3&1*5*# -;43&-* .3$ σ .#6'*:'%' )E;E*-43(? &#*3 AB ×AD )-* AB∪D &-

σ : (f, g)→ f ⊎ g.#6'*:'%'*' :#*'(4#&#4'(8 A*-$(-&3 3%@#:4#(#2 3>3*+ .5 .#6'*:'*'* ../ .3$ 01*2P%3&1* 14)565*5 B/%:-$(-2 &-:--2:3$8 D5 3;3 E> #)'()# &#@##6'78



 !"#" $%&%' ()%'*+'%,   ! !"#$%& σ" AB ×AD #$% AB∪D &$ '() *+%,-(&+%#.)/
((f, g), y) ∈ graf(σ)⇒ y = σ(f, g) = f ⊎ g 0!1/ 23
((f, g), y′) ∈ graf(σ)⇒ y′ = σ(f, g) = f ⊎ g 0!1/ 43#()" ,( '.)5#5% y = y′ 67,5)/ 8 95:#$ σ *+%,-(&+% +:;5 ,+<.::5)7%7 -5=:5)/'!"#$%& σ '' #()/

((f, g), (f, g′)) ∈ AB ×AD+:;5, >?$)$ σ(f, g) = σ(f ′, g′) +:-.%/ @.)5#5%
f ⊎ g = f ′ ⊎ g′67,5)/ A&:$&-$B

b ∈ B ⇒ f(b) = (f ⊎ g)(b) = (f ′ ⊎ g′)(b) = f ′(b)

d ∈ D ⇒ g(d) = (f ⊎ g)(d) = (f ′ ⊎ g′)(d) = g′(d)+:55,D7)" ,( '.
f = f ′ E$ g = g′+:;5-7%7 F$)$,D()()/ G$;$, ,(

σ(f, g) = σ(f ′, g′)⇔ (f, g) = (f, g)#>)/ @." σ *+%,-(&+%.%.% '' +:#.=.%. FH-D$)()/(!"#$%& σ H)D$% '() *+%,-(&+%#.)/I$)95%F( '() h ∈ AB∪D -$6$:(;/ B (:$ D 5&)7, +:#.,:5)7%#5%" h %7% B &$,7-7D:5;5-7 (:$ h %7% D &$ ,7-7D:5;5-7 +:5% *+%,-(&+%:5)7% '():$<(;( h &5$<(D +:55,D7)B &5%(
(f = h|B ) ∧ (g = h|D )⇒ h = f ⊎ g#()/ @. #.).;#5

σ(f, g) = f ⊎ g = h+:.)/)*+,%+  -!(!.! A,B,D  !" #$%& '( )'*! &+!
AD ×BD ≈ (A×B)D 0!1/ J3,&"- !"#$% f1 ∈ AD" f2 ∈ BD +:;5, >?$)$ '() f ∈ (A×B)D *+%,-(&+%.%. <H&:$D5%7;:5&5:7;K

∀xeD (6(% f(x) = (f1(x), f2(x))A&:$&-$"
σ : (f1, f2)→ f#H%><>;> AD×BD #$% (A×B)D &$ D5%7;:7#7)/ L(;#( '.%.% ''H '() *+%,-(&+%+:#.=.%. FH-D$)$$=(?/



    !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12 !"#$%& σ !! "#$%
((f1, f2)), (g1, g2)) ∈ AD ×BD&'()* +,-$-

σ(f1, f2) = σ(g1, g2)&'"./.0. 1)$2)3)'4(% 5-$ x ∈ D #6#0 g(x) = (g1(x), g2(x)) &'()* +,-$-
f(x) = g(x)3),)!#'#$#,% 7.$)")0

(f1(x)), f2(x)) = (g1(x), g2(x))64*)$% 89)'"-: 9-$ x ∈ D #6#0
f1(x) = g1(x), f2(x) = g2(x)"#$; 3)0#

f1 = g1, f2 = g2"#$% <3'-32-:
σ(f1, f2) = σ(g1, g2)⇔ (f1, f2)) = (g1, g2)&'.$ *# !. σ 040 !! &'()24 "-(-*=#$%'!"#$%& σ >$=-0 !#$ ?&0*2#3&0".$%5-$9)0@# !#$ h ∈ (A×B)D 2-6-'#(% 5-$ x ∈ D #6#0 h(x) = (h1(x), h2(x))&'))* @-*#'"- !#$ h1 : D → A #'- !#$ h2 : D → B ?&0*2#3&0. 1)$"4$% B)9))64*6)24: A×B "-0 A 3) 1- A×B "-0 B 3- @#"-0

(a, b) 7−→ a 1- (a, b) 7−→ b#,"+@+( ?&0*2#3&0')$404: 24$)243'): πA 1- πB "#3- @>2=-$#$2-*:
h1 = πA ◦ h 1- h2 = πB ◦ h&'))*=4$% 7.$)") h1 ∈ AD 1- h2 ∈ BD &'"./. )C)64*=4$% D$=4*: σ 040=)04(40")0:

σ : (h1, h2) 7−→ h&'"./. 9-(-0 @>$+'+$%()*+%*  ,!-!.! A,B,D  !" #$%& '( )'*! &+!
(AB)D ≈ AB×D EFG% GH,&"-



 !"#" $%&%' ()%'*+'%,   ! !"#$% "#$%&'() *)$ F ∈ (AB)D +#$),-)'. "#$ d ∈ D )/)' F (d) ∈ AB 0)$. B0#' A 1& 2,&' *3 42'5-)12'3 56-&& fd ),# (8-9#$#,):; 1&')
fd = F (d) <=>. ?@0)1#,):. A&*))B %#$ b ∈ B )/)' fd(b) ∈ A 06$. B×D 0#' A 1& *)$ f 42'5-)12'3'3

f(b, d) = fd(b) <=>.!C@),# 9&'6:,&1&,6:. D %&,0# %#$ F ∈ (AB)D )/)' 135&$60&5) ()*) 9&'6:,&'&' *)$
f ∈ AB×D 42'5-)12'3 +&$06$. E81,## *)$

σ : (AB)D → AB×D <=>.!=@*&F6'96-6'6
σ : F → f <=>.! @G#5,)'0# 9&'6:,&1&*),)$)H. E3 *&F6'96'6' **8 *)$ 42'5-)12' 2,03F3'3 (8-9#$)$-#5)-I&9 *)9##59)$. !"#$%& "#$ (b, d) ∈ B×D )/)' <=>.!C@ ')' -&F 1&'6 A 1& &)9 *#,)$,) *)$ 8F#0)$.

F, F ′ ∈ (AB)D 2,-3'. JF#$ F 6= F ′ )-#B #' &H *)$ d ∈ D )/)'
F (d) 6= F ′(d)2,3$. K1,#1-# <=>.!C@ 0#'

fd = F (d) 6= F ′(d) = f ′d1&H&*),)$)H. fd 6= f ′d 2,03F3'& (8$#B #' &H *)$ b ∈ B )/)' fd(b) 6= f ′d(b)2,&&5 0#:#59)$. K1,#1-#B <=>.!C@ 0#'
f(b, d) = fd(b) 6= f ′d(b) = f ′(b, d)1&H6,&*),)$. L#:#5 5) F 6= F ′ )-# σ(F ) 6= σ(F ′) 0M$.'!"#$%& σ(F ) = σ(F ′) 2,03F3'3 +&$-&1&%:. <=>. N@ 9#' f = f ′ /65&$. D%&,0#B <=>.!C@ 0#'B %#$ d ∈ D )/)' fd = f ′d +# 02,&16-61,& <=>. ?@ 0#' %#$

d ∈ D )/)' F (d) = F ′(d) /65&$. L#:#5 5)
σ(F ) = σ(F ′)⇒ F = F ′0M$.(!"#$%& σ 8$9#' *)$ 42'5-)12'03$."#$ %&'() *)$ g ∈ AB×D -#/#,):. O#$),##5 %#$%&'() *)$ d ∈ D 1# 5&$G6,65*)$ gd ∈ AB 42'5-)12'3'3 G81,# 9&'6:,&1&*),)$)HP

gd(b) = g(b, d)



  !  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12"# $%&'( $() d ∈ D *( +%),-&-+ ./) gd ∈ AB .#&%./&/*0)#12 3*&(*4(5
d 7−→ gd.%6-78-4-7- D '(7 AB *( ./) 907+4/*07 0&%)%+ ':,:7(./&/)/1; *%7/
G(d) = gd'()4(+5 G5 D '(7 AB *( ./) 907+4/*07 0&%%+8-)5 +/ .# G ∈ (AB)D 0&=%4-'(=(+8/)2 ⊡ !"#$" %&'(')'  !" X #$%!&' '(')* X #$%!&')') #+,,!- #$%!&' '.! 2X #$%!&'!/0$(.$1$"2 !"#$%

P(X) ≈ 2X >?@2AAB0&'#6#7# CD48()=(+ /E/75 2 = {0, 1} 0&'#6#7# ':,:7:)4(+5 2X +:=(4/ X '(7
{0, 1} +:=(4/7( 0&%7 .:8:7 907+4/*07&%)'%7 0&#,%7 +:=('/)2 F/) A ⊂ X %&8+:=(4/7/7 χA /&( CD48()/&(7 .(&/)8C(7 >+%)(+8()/48/+B 907+4/*07#

χA(x) =

{

1, x ∈ A

0, x /∈ A
>?@2A!B,(+&/7'( 8%7-=&%7-*0)'#2 G(=(+ +/ $() A ∈ P(X) /E/7

χA ∈ 2X >?@2AHB'-)2 "/='/ P(X) '(7 2X +:=(4/7(
∀A ∈ P(X) /E/7 γ : A 7−→ χA.%6-78-4-7- 8%7-=&%*%&-=; *%7/ X +:=(4/7/7 $() %&8 +:=(4/7/ .#7#7 .(&/)8C(7907+4/*07#7% (,&(*(7 .%6-78-*% γ '/*(&/=2 F#7#7 ..D ./) 907+4/*07 0&'#6#7#CD48()((6/12%'*+,$- γ ./) 907+4/*07'#)2

(A, y) ∈ graf(γ)⇒ y = γ(A) = χA >?@2AIB
(A, y′) ∈ graf(γ)⇒ y′ = γ(A) = χA >?@2AJB'%7 y = y′ E-+%); *%7/ γ .%6-78-4- KL ℄ +0,#&#7# 4%6&%)2 KL?℄ +0,#&#7#4%6&%'-6- /4(5 γ 7-7 8%7-=-7'%7 .(&&/'/)2.'*+,$- γ .. '/)2N() A,B ∈ P(X) /E/7
γ(A) = γ(B)⇒ χA = χB ⇒ A = B'/)5 +/ .# /48(7(7 ,(*'/)2



 !"#" $%&'(&)*$   ! !"#$%& γ "#$%& '(# )*&+,(-*&./#01%#23&4( '(# f ∈ 2X ,%5%6(70 89%# A = f−1(1) .%#,%+: γ(A) = f *6339<2%7%& 4"#=6=#0 ⊡'()*%) +,! !,!  !"#$%# &'& '#()*&* '+,,)- '#()%).& /) )0"#$%#/#.1 !"#$% X (6% Y 2%#23&4( (+( +=7% *6,/&0 89%# X ≈ Y (,%:  !"#$" >?0@0@ A% !"#$" >?0@0B "&%#7%6%#( 4%#%9(&%:
P(X) ≈ 2X ≈ 2Y ≈ P(Y )5<+3#0 8C4=56=6=+ 4%5(C6( *6./9/&.3&:
X ≈ Y ⇒P(X) ≈P(Y )*6/#0 ⊡ !"# $%&'(&)*$>0 {Ai | i ∈ I} A% {Bj | j ∈ I} 3(6%6%#( A%#(6(-*#0 89%# 2%# ı ∈ I (5(& Aı ≈ Bı(,%

⋃

ı∈I

Aı ≈
⋃

ı∈I

Bı D>?0@?E
∏

ı∈I

Aı ≈
∏

ı∈I

Bın I(&( 3.<7.3 +363& 3#36<+63#< A%#%& '(# -(&%64% )*#7=6= +/#/63'(6(#0D'E P*C +=7% .%9(6.(#0DE S3-<6373G ,*&,/G '(# +=7%.(#0D.E 1%# 3.<7.3 3$<63& =5$% '(#6(+ 3#36<+63#<& $*K637 /G/&6/9/ 1 .(#0D%E S36$ $*K*6*L(-% 4"#% +3K36< '(# +=7%.(#0



  !  !"#$ %&' ()*+")$)*), (-,(./ 0#$1"12"#$ %&'( ()*)')+,-. /01. (&2 3,1 2.(1,4 56&-7819"/$ :&2&2.; <8;81'8 3,1 4=2.7,19">$ :8486 3,1 4=2.7,19",$ ?.1 ;)4(&<8 3,1 -8@8'2& ;)4(&<87819"+$ ?,A 3,1 ,A ;)4(&<8 -)4(519"4$ ?,A 3,1 -.17. -)@5; 7.@,'7,19B5;'&18 /0<(.12.-, 7.;.-,;,69 !" #$%&'()'* C178D84 &782'&17& /.1,-. 4&'&; &1&'84'&1 D5;'&1781EF9C782E [0, 1
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3
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32
, 3
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, 7
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32
, 1]

. . .9 9 9
n G,;, &7827& &(8'&; 4=2.
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(
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∪

(

2

3
+

Cn−1

3

)I-'.2. 30-'. 7.J&2 .7.1<.4K /.1,-. 4&'&; 48<827& >,A 3,1 &1&'84 )'&G2&69 L'<&-78K 3,1 <);1&4, &7827& );5; 7& )1(&<8;7&4, =A(. 3,1',4 48<82&(8'&&4(89 B5 ;.7.;'.K /.1,-. 4&'&; 48<2&K -&;, M&;()1 4=2.<,;.  !"#$%#$&' &78 7& J.1,',19 N'A=2 451&28;7& 35 4=2.;,; 0'A=2=;=; 0 )'75@5D0-'. /0<(.1,',19 ?.1 &7827& &(8'&; 48<82'&18; 565;'5@5;5 3,',-)1569 B5;G'&18 ()*'&1<&4K
∞
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