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[(a, b)] = {(x, y) | (a, b) ≈ (x, y)} 7 89 ":3'?'%'4)$ AB.5$1$-'%9 !"#"$ %&'(&)*+&,*- ./0+12+0,1 !"#$" %&'('%' a, b ∈ N  !"#$%#&#'%! n %(&)$ *)+,*, #-#' (a+n = b+n) ($.)*,

a = b ($.)*,', /!"!01#"#"2 34'4 *#./!$!"$! /5*1!"!$#.6
(n ∈ N) =⇒ ((a+ n = b+ n)⇒ (a = b)) 7 89 C:%#"2 !"#$% 7 89 C: B6$-'+'4'4 D$1 )*+,- n .,/0.0 '?'4 .,+-,4)0+040 AB.5$1%$& '.5'/E*1<69

A = {n | ((a+ n) = (b+ n))⇒ (a = b), a, b ∈ N} 7 89 F:&2%$.'4' 5,40%-,/,-0%9 G*4-< 52%$H,10% '-&$.'4' &<--,4,1,& 73&69  !"#!$  89"9":
A = N *-)<+<4< AB.5$1$$+'69 3<4<4 '?'4 A 404 ,1)0J,4 3'1 &2%$ *-)<+<4<AB.5$1%$-'/'69 K-0J0-%0J .'%A$-$1' &<--,4%,& ,%,0/-, D$1 n )*+,- .,/0.0 '?'4
n+ = n+ 1 /,6,,+067': a+0 = b+0⇔ a = b *-)<+<4),4 0 ∈ A )019 K/10,  !"#!$  89"98 </,104,

a+ = b+ ⇒ a = b *-)<+<4<L /,4' (a + 1 = b + 1) ⇒ (a = b) 3'-'/*1<69 =D,-)$ 1 ∈ A )0197'': k ∈ A⇒ (k + 1) ∈ A *-)<+<4< AB.5$1%$-'/'69
0, 1, 2, . . . , k ∈ A (k ≥ 2 *-)<+<4< H,1.,/,-0%9 7 89 F: B6$-'+' D$1 c, d ∈ N'?'4 .,+-,401L /,4'

((c+ k) = (d+ k))⇒ (c = d)*-,,&5019 M6$- *-,1,& c = a+ 1 H$ d = b+ 1 ,-,-0%9 = 6,%,4
(((a+ 1) + k) = ((b + 1) + k))⇒ (a+ 1) = (b+ 1)*-<19 N<4< )26$4-$1.$&( (k+1) ∈ A *-)<+<4< AB1%$& '?'4 ,J,+0),&' A$1$&E5'1%$-$1'4 H,1-0+040 AB1%$& /$5$$&5'19
k ∈ A⇐⇒ (((a+ 1) + k) = ((b + 1) + k))⇒ a = b)

⇐⇒ ((a+ (k + 1)) = (b + (k + 1))⇒ a = b)

⇐⇒ (k + 1) ∈ A$-)$ $)'-'19



 !"!" #$%&'()* %$&+*$#  !" !"#$" %&'(')' a, b ∈ N  !"#$%#&#'%! n %(&)$ *)+,*, #-#' (a+n < b+n) ($.)*,
a < b ($.)*,', /!"!01#"#"2 34'4 *#./!$!"$! /5*1!"!$#.6

(n ∈ N) =⇒ (a+ n < b+ n⇒ a < b) # $% $&%#"2 !"#$% '()*+,-*). ./0*11* = 23+.43 < )54(6*+*) *24, .7*-363+63 ./0*1 2*0,6*89.6.+%:*;/*2,6*+ )<;3/. <=3+.4-3 1(7$).)8 -,0)".)8 -)"7.)8 95$.! .>63;63+. # $%  &.63 936.+63434 -34)6.) /,4,?*+, 2*+-,;,26* 1*4,;6*4,+% #@(46*+, 2*0;*2, -3432.4.=%& !"! #$%&'()* %$&+*$#:*;/*2,6*+-* 56-(A( B.9. +*/25436 /*2,6*+,4 -*
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= . . . # $% D&B.9. 9.+-34 E5) 9.E.;-3 2*=,6*9.6-.A. .6)5)(6-*4 9.6.4.+% F*/25436 /*2,6*+,4 )(+(86(>( -* 9( 9*/.1 .6.>).23 -*2*4,+% a, b, c, d ∈ Z G3 b 6= 0H d 6= 0 56;*) <=3+3H .2.9.6.434

a

b
=

c

d
⇔ ad = bc # $% !&9*A,41,/,4, -<><436.;% I.;-.H +*/25436 /*2,6*+,4 43 56-(A(4( 9.6;3-.A.;.=. G*+/*2,0H 2()*+,-*). # $% !& 9*A,41,/,4,4 /56 2*4,4, (4(1*6,;% a

b
23+.43 (a, b) /,+*6,.).6./.4. G3 c

d
23+.43 (c, d) /,+*6, .).6./.4. )52*+*)H 9*A,41,2,

(a, b) ≈ (c, d)⇔ ad = bc # $% J&9.E.;.4-3 234.-34 2*=*6,;% @(4(4 Z× Z <=3+.4-3 9.+ -34)6.) 9*A,41,/, 56-(A()56*2* BL/13+.6.+%*+!,$ %&'&'%' # $% J& 9*A,41,/,4,4 -34)6.) /,4,?*+, )<;3/.43 +*/254*6 /*2,6*+)<;3/. -34.6.+ G3 Q .63 BL/13+.6.+%M3;3) ).H 1*;/*2,6*+ )<;3/. 9.6.4.25+)34H +*/25436 /*2,6*+ )<;3/.4. Z × Z<=3+.4-3). # $% J& -34)6.) 9*A,41,/,4,4 -34)6.) /,4,?*+, 56*+*) )(+*9.6.25+(=% N43-3463H # $% C&H # $% D& -34)6.) /,4,?*+,-,+% 1(7$).)8 -,0)".)8 -)"7.)8 95$.!.>63;63+. .63 *,")$).) 9)&,'1,*,H # $% J& .63 G3+.634 -34)6.) /,4,?*+, )<;3/. <=3+.48-3 )56*2* 1*4,;6*4,+% #@( 1*4,;6*+, 2*0,4,=%& O+*1.)13 +*/25436 /*2,6*+6* .>63;2*0*+)34H -34)6.) /,4,?*+,4, -3A.6H .>63;3 B.+34 P3+ 9.+ -34)6.) /,4,7,4-*4 /3E.6383) 9.+3+ 13;/.6. LA32. )(66*4,+,=% Q+43A.4H # $% C&H # $% D& -34)6.) /,4,?*+,4,1506*+)34H 5 /,4,?*+-*4 +*/B363 9.+3+ 13;/.6. /3E3+3)
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p, q ∈ Z 036*4 5+2,2 f(
p

q
) = p # $%& (:*H-1<-/-1- 859512376% # $%& ( 4>,*3-1* BG,2
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) = 50%%%03**4<-,% M)/* 1

2
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4
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6
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100
= . . . 038>H>18*1 # $%& ( 4>,*3- f J014/7D)01>1> :237,32)262+% => 924738247 :7, J014/7)01 7)7 <*1-63- 82H7387,% N)7 <*1-63-036*/- 7E71F 1

2
,*/)0123 /*)-/-1-1 8214374 /-1-J-18*1 /2E73224 A2, <26/737 a

b
/*)-/-7E71 f(a

b
) 82H2,32,7 *)1- 036*3-8-,%)*!+# %&'&'%' O*:77F :>,*8* ./.  $0(%#( 2!0)3./!0 82)712F /*147 7)7 <*1-63-036*)*1 J014/7)01 K*,6-9 7+321767 80H6*4<*8-,% P/3-18*F # $%& ( 4>,*3- :7,J014/7)01 <*1-6- 82H7387,% Q014/7)01 <*1-63- 7/2F +*<21 7)7 <*1-63-8-,R 4G<5 <*1-63-J014/7)01 )04<>,% M 1282132F ./.  $0(%#( 2!0)3./!0 82)767171 J014/7)01 <*1-6-1-1<7<7+37432 )*?-36*8-H- 2/47 +*6*13*,8*1 4*36-9 :7, <2,76 038>H> *E-4<-,% P6* /-4/-4 2:7,82 K2 *1*37+82 4*,9-1-+* E-4*:737,%


