
 !"#$ %& !"#$ %#&'$#( ##()*+,*)- !" #$%&' (&)*'&+ !"#$ %#&'$#( )*+(,-.+/, #(,01+0,/2 ,$+(,.+ %3*)-) +.+
+",1,* -,
+$,/ %#&'$#(' )*+5(,-.+/, #(,01+0,/0+- 6'/#('$'(7 8-
#/2 9(#0,/ ,:$+1$+(, &#9#;,$1+1,* ,6,-2 ;< /+5%,1.+2 #/%,&!1#0,/ &#9'%'-' =3*+01+.+-2 .!"#$ %#&'$#( )*+(,-.+ #(,01+0,",- /<5(#$$#('-' >+(1+/0+ &#(#( =3()&!(<*7 ?<-< &#9#;,$1+/ ,6,- ,/, 9!%0)$#0# =+(+/%+1+.<&#('*7 !"#$ %&'%'%' A ,$+ B /)1+$+(,-,- ;,(+5;,( +:$+:1+%, .+1+/2 ;,(+5;,(53(0+- ;,(
f : A→ B @!-/%,&!-<-<- >#( !$1#%' .+1+/0,(7?< .<(<1.#

A ∼= B ABC7BD&#*#
#"'*7()*+,-$ %&'%'%'  !" #$%!&'& ('" &'
!*'# +,-.+. /,"0."1?,(A /)1+%,-,- -,
+$,/ %#&'%'-' ¯̄A, ♮(A), n(A), nic(A), a %,1=+$+(,-.+- ;,(,%,&$+=3%0+(+
+",*7()*+,-$ %&'%'.' 2#' #$%!&'& &'
!*'# +,-.*,".&.& !3'4 5*%,+. '6'& 7!"!#*' /!-!4!"*' #538*9 #$%!*!"'& ('"('"*!"'&! ('"!:('" !3*!3!('*%!+'0'"1?< #/%,&!1< +:.+"+( !$#- :< 0+!(+1$+ ,@#.+ +.+;,$,(,*E /-0/$ %&'%'%'
¯̄A = ¯̄B ⇐⇒ A ∼= B ABC7FD1"/0$/ %&'%'%' ;3,<.0,#' =>!*'#*!" /,"0."1BGH



 !"  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103 # $%& '()*+,+ +,
*.,' /012/2 0 3245 ♮(∅) = 0.6# {0} '()*/, 7,4 89*., 7,4 '()*3,4: +,
*.,' /012/2 1 3,4#;# $,4 8<*., 7(=(+ '()*.*4 {0} '()*/,+* *&<(>.(3(4#?# {0, 1} '()*/,+,+ ,', 89*/, @04324: +,
*.,' /012/2 2 3,4# A', 8<*., 7(=(+ '()*.*4
{0, 1} '()*/,+* *&<(>.(3(4#$81.* 3*@0) *3*4/*'B  !"#$ %#&'$#( )*+,-.C+,+ 8<*.*4,+,B /2401.0B %.D&=D40E7,.,4,F5 !"#$ %&'%'('

0 = ♮(∅)

1 = ♮({0})

2 = ♮({0, 1})

3 = ♮({0, 1, 2})### ### G ?#;H
r = ♮({0, 1, 2, · · · , r − 1})### ### !"#$ %&'%')' m 7,4 3%90. /012 ,/*Bm+1 3%90. /012/2+0Bm +,+ #(/'0'"'1 3*+,.,4#I&09230', =*%4*)B =0+2)30+ '%.01
0 >2'04# *+,*$ %&'%'(' 2,( m /!"#$ -#&'-'3'3 m+1 .$, 45-6,(.$,3 7.( #(/'0'"' 8#(/'(9 !" " #$%&' () #$%*'+ ,-.)&)/ !"#$ %&'%'&' G ?#;H 3*', '()*.*43*+ 7,4,/,+* *&<(>.( %.0+ '()* -!3$: 7.(;*+,<3,4# !"#$ %&'%'-' J%+.D %.)010+ K*4 '()* -!3-:= 7.( ;*+,<3,4#$D =0+2).0430+B K*)*+ &D /%+D
D *.3* *3*4,F5 *+,*$ %&'%')' >*6*3 -!3$: ;*+,$,(.3 3.
,$.; -#&'$#('3/#3 !$:0#3 ;*+, 3%90./012.04 '()*/,</.(9 *+,*$ %&'%'&'  !"#$ %#&'$#( )*+,-. -!3-:= 7.( ;*+,/.(9 !"#$% L*4 m 3%90. /012/2+2+ 7,4 0432&292 %.3D9D+30+B G ?#;H /,/=*),+3*B !"#$ %#&'$#( )*+,-.<+,+ 'D4D.D&D 0/.0 7,=,4,.*)*F# M%.012/21.0B G ?#;H /,/=*E),+3*', '()*.*43*+ K,> 7,4,/, N 1* *&<(>.( %.0)0F# N1.*1/*B N /%+.D 7,4 '()*3*9,.3,4#J012 '()*.*4, (F*4,+3* =0+2).010
092)2F ,&.*).*4 @* 7092+=2.04 ,>,+B ,/O0=.0420O0>2' %.0+B 0&09230', 8F*.,'.*4* <*4*'/*)* 3D10
092F#



 !"#" $%&'()'&*  !" !"#!$ %&'%'(' A  !" B  # #$%" &!'()*+* ,&)!( - . #$%") ) /". 0!1 #$%"' 2" '&)!(2(.*3* A  !" B '&)!(  '"!".4 A ∪B 2" '&)!(2(.*5* 6 '&)!(  '"4 /". 7  8 )4 A ∩B 2" '&)!(2(.*9* A  !" B '&)!(  '"!".4 A×B 2" '&)!(2(.*)*+,-$,.
a, b, c, · · ·#$%$ &'()* +),-*).-/ 01. %$.$+$ $2$/3

a = ♮(A), b = ♮(B), c = ♮(C), · · ·14$5*$6*1.$/$ +)(*),)/
A,B,C, · · ·6781*1.$/$ +121%$*$.$9: ;'*),-+,*)3 <4)(-&)6$ 01. 51'.18 =1 >.'%*18&13 %?/@*).- 516.).*)8)8)6 $2$/3 6?**)/-*&-6*).- 01. ,1.&13 ,?6).-&) +A,*1/1/ ?,?8?+)(*)&-6*).-/- =).+),)
)(-9: <,.-
)3 #1.16$,'.+)3 +12$*1/ 6781*1.$/ %$.%$.*1.$/&1/),.-6 '*&?6*).-/- 6)%?* 1&1
1($9: !"# $%&'()'&* !"#" $%&'( )'*+(',-' ./01(02 ,/0$ %&'1'%' a, b $6$ &'()* +),- $+13 %?/*).-/3 %$.%$.*1.$/1 14$5 '*?4?/? a = b+$8#1+$,*1 #A+51.1
16 =1

a = b ⇔ ♮(A) = ♮(B) C D:DE%)(-/5-+-,*) 5)/-8*),)
)(-9:F?/?3 :a, b ;" "< 11 .: ,) &) :a "< 1 b 2 .:4 &$,1 '6?,)
)(-9:G4$5*$($/ )4)(-&) +-.)*)/)/ A91*$6*1.$3 5)/-8&)/ =1 C D:HE %)(-/5-+-/&)/ 2-6).I !"#!$ %&'1'%' 6<0=>20# ?@"! #!". A0.2>.* : a ∈ N ⇒ a = a CJ)/+-8) K91*$($EL: a, b ∈ N ⇒ a = b ∨ b = a CM6$*181 K91*$($EH: a, b ∈ N, a = b ⇒ b = a CN$815.$ K91*$($ED: a, b, c ∈ N, a = b ∧ b = c ⇒ a = c CO12$461/*$6 K91*$($E



 !"  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103 !"#"# $%&'()( !"#$ %&'('(' a #$% b &'()$ *)+,$)-,.,. /'0$)1,2 a+ b *#13%*#+$% 34*/%-#$#- 5%
a+ b = ♮(A ∪B) A ∩B = ∅ 6 789:%;#/$#(# #$% /).,1$).,-8<'.$= #># >?1%.#. @#$%;#1# *'.$= '$&=(=.&).2 ♮(A ∪B) .#
%$#> *)+,*,2 &)#1)

N +% )#//#-8 B'$)+,*,+$)2 + 6/'0$)1): #;$%1# N × N &%. N +% /).,1$, @#- #>#$##;$%1&#-C
+ : N× N→ N, + : (a, b)→ a+ b 6 78!:)*"+,

A = {a, b, c, d, e}, B = {x, y, z} >?1%$%-# #D#.2
♮(A) E 5
♮(B) E 3
A ∪B E {a, b, c, d, e, x, y, z}
♮(A ∪B) E 8
A ∩B E φ'$&=(=.&).

♮(A) + ♮(B) = ♮(A ∪B)⇔ 5 + 3 = 8D,>)-8 -./!$! 01/+$2"2" )3+/2,/+*2 +-*+$ %&'('('  !"#$%"&' ()*+'&+*, -",%$,. ! a, b ∈ N ⇒ a+ b ∈ N  !"#"$%$%& '()$*+*,"! a, b ∈ N ⇒ a+ b = b+ a  -). /)+*01) '()$*+*,#! a, b, c ∈ N ⇒ a+ (b+ c) = (a+ b) + c  2*.$)01) '()$*+*,$! a, b, c ∈ N, a = b ⇒ a+ c = b+ c  3"4)$)01) '()$*+*,%! a ∈ N, 0 ∈ N ⇒ a+ 0 = 0 + a = a  2*.*1 '+) 5".,&! a, b ∈ N '( a 6= 0 ⇒ a+ b 6= 0  6).7 '+) -8&, !"#$% 8 F= 4G%$#(#. #*0)/,2 /'0$)1) /).,1,.&). D,>)-8H8 A ∪B = B ∪ A %;#/$#(#.&%. D,>)-8I8 A ∪ (B ∪ C) = (A ∪B) ∪C %;#/$#(#.&%. D,>)-878 F= 4G%$#>2 @#- %;#/$#(#. #># +).,.) )+., @#- *)+, %>$%.#- +) &) D,>)-,$,-*)2%;#/$#(#. @'G=$1)+)
)(,., *4+$%-8 J;#/$#(#. #*0)/,2
A = B ⇒ A ∪C = B ∪ C%;#/$#(#.&%. D,>)-8



 !"#" $%&'()'&*  ! "# $% &'()*+, 0 -./0-0101, 234).5. *6)(5*1( 7&8( 9*8*5 &:( 3);%:%1% -&/)(8#<-4.20, A ∪ ∅ = A (6*2)*:*1;(1 =0+.8#!# $% &'()*+, -0>08;.1 >.8+)0 9*8 ;3:.) -./0101, 234).5. *6)(5*1( 7&8(, N *=*1;(,2(8- &:(-*1*1 3)5.;0:010 -&/)(8# <-4.20, A 6= ∅ *-(, ?(8 B +@5(-* *=*1 A∪B 6=
φ &'()*:*1;(1 =0+.8# !"#"$ %&'()& !"#$ %&'(')' a *)( b 1*1 =.84050 a× b, a.b, ab -*57()(8*1;(1 9*8*-*/)(7&-2(8*)*8 A( .6.:0;.+* 9.:0120 *)( 2.105).108B

a.b = ♮(A ×B) C D#EFG31)% *+* +@5(1*1 +.82('/(1 =.84050 -31)% 3);%:%1;.1, ♮(A × B) 1*
()*+-./0-0, ;.*5. N /( .*22*8# I3)./0-0/)., × C=.845.F *6)(5* N×N ;(1 N /( 2.105)09*8 *+*)* *6)(5;*8B
· : N× N→ N, · : (a, b) →֒ a.b C D#JF*+",-

A = {a, b, c}, B = {x, y} +@5()(8* *=*1 ♮(A) = 3, ♮(B) = 2 ;*8#
A×B = {(a, x), (a, y), (b, x), (b, y), (c, x), (c, y)};(1 ♮(A ×B) = 6 3);%:%1% 7&8@/38%'# K ?.);(,

♮(A).♮(B) = ♮(A×B) /. ;. 3.2 = 6=0+.8#I3:.) -./0).8;. =.845. *6)(5*, ./10 -./0101, .8;060+ 234).5).8010 +0-. /3);.19%)5./. /.8.8#*+",- L ;(8-)*:* 3).1 9*8 3+%);., ?(8 ;(8-)*:(  " -08. .)01.
.+208# M.= -08. 0-5.8N).15.)0;08OG38%1%1 /.1020,  L 2.1(  " *1 234).50;08B
15 + 15 + 15 + 15 + 15 + 15 + 15 + 15 + 15 + 15 + 15 + 15 = 180P&8@);@:@ 7*9*, 234).1.
.+ -./0).801 -./0-0 =3:.);0+=., .8;060+ 234).5.).80 /.4N5.+, '38 ;(:*)-( ;(, 
.1 -0+0
0 3)5./. 9.6).8# $&/)( 9*8 234).5. /(8*1(, ./10-31%
% A(8(1

15× 12 = 180=.845. *6)(5*1* /.45.+ ;.?. +3)./;08#



 !"  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103 !"#$! %&'($)*)* +,(')-'(").(/"($ 0123242  !"#$%"&' ()*+'&+*, -"#+".$,/ ! a, b ∈ N ⇒ a.b ∈ N  !"#"$%$%& '()$*+*,"! a, b ∈ N ⇒ a.b = b.a  -). /)+*01) '()$*+*,#! a, b, c ∈ N ⇒ a.(b.c) = (a.b).c  2*.$)01) '()$*+*,$! a, b, c ∈ N, a = b ⇒ a.c = b.c  3"4)$)01) '()$*+*,%! a ∈ N, 1 ∈ N ⇒ a.1 = 1.a = a  2*.*1 '+) 5".,&! a ∈ N, 0 ∈ N ⇒ a.0 = 0.a = 0  -67"8 '+) 5".,'! a, b ∈ N () a 6= 1 ⇒ a.b 6= 1  9).: ;+) -<&, !"#$% # $% &'()*+*, *-./012 3/4.5/ 0/,151,6/, 317/4#"# A×B ∼= B ×A 8/+1,01-1,6/, 317/4#9# A× (B × C) ∼= (A×B)× C 8/+1,01-1,6/, 317/4#:# $% &'()*72 0', *!'1+'#'. '&' 2".$3 "2.$ 0', -"2$ '+* 4",5$+$,-"3 *!'1+'#'. 06)7+89"2"
"#$.$3 -&;)(4# <=*0)*+*, *-./012
A ∼= B ⇒ A× C ∼= B × C8/+1,01-1,6/, 317/4#># $% &'()*72 1 -"2$-$.$.3 4",59" '!+*9'.* ;(,* 0','9 (#* 6+%7#7.73 -&;)(4#

B = {b} ?*8*2 0(7 &+()* 8*4 7@5( A)-%,# A × B ∼= B × A ∼= A 8/+1,01-1B/4614# $%4/6/, *-0(,(, (=*0)*7 317/4#!# $% &'()*72 0 -"2$-$.$.3 4",59" '!+*9'.* ;(,* 271". (#* 6+%7#7.73 -&;)(4#C-./012 A× ∅ = ∅ 8/+1,01-1,6/, 317/4#D# $% &'()*72 1 %*. <",&+$ 0', %6#"+ -"2$.$.3 4",59" '!+*9'.* ;(,*3 N '4'.%*31*,- (#*-'.'. 6+9"%$#$.$3 -&;)(4# C-./012 ♮(A) 6= 1 *-(2 E(4 B 7@5(-* *3*,
♮(A ×B) 6= 1 &'()*+*,6(, 317/4#5!67'$! 89"!''!"7.(/"($ 0123212 =6#"+ -"2$+",%" 4",59" '!+*9'.'.3 165+"9" '!+*9' >)*,'.*%"#$+9" ()*+'#' ?",%$,/ !"#$% F/4.5/ *=)(5*,*,2 0A.)/5/ *=)(5* @'(4*,( -A)6/, B( -/+6/, 6/+1)5/&'()*+* A)6%+%,% ?&-0(45()*;*'# !"#$! )&'($)*)* :/#'!$! )&'($) ;,(")*( </'=!* =!67'$! >,(')6)?

a, b, c ∈ N ⇒ a.(b+ c) = a.b+ a.c G :#HI6*4# $% (=*0)*72
A× (B ∪ C) ∼= (A×B) ∪ (A× C)8/+1,01-1,6/, 317/4#



 !"#" $%&'()'&*  !" !"#$! %&'($%)%) *+#'!$! %&'($% ,-("%)( .!/0!) 0!/1'$! 2-('%/%3
a, b, c ∈ N ⇒ (b+ c).a = b.a+ c.a # $% &'()*% +, -./01/23
(B ∪ C)×A ∼= (B ×A) ∪ (C ×A)456)70)8)7(57 9)25*%4")(5

7[8 + 12(5 + 9)] = 7[8 + 60 + 108] = 56 + 420 + 756 = 12324")(5
5(2x+ 1) = 7(x+ 3) + 11 59)2 :7-*;-8/7/7 (<6*,1,2 2=;-8/7/ 4,1,7,>% !"#$%

5(2x+ 1) = 7(x+ 3) + 11

10x+ 5 = 7x+ 21 + 11 &'()*+$( ,"-+.)./
10x+ 5 = 7x+ 32 &012+($( 0(3*$*/
10x+ 5− 5 = 7x+ 32− 5 &4(5-+-67.8$- ,"-+.)./
10x = 7x+ 27 &012+($( 0(3*$*/
10x− 7x = 7x− 7x+ 27 &4(5-+-67.8$- ,"-+.)./
3x = 27 &012+($( 0(3*$*/
x = 9 &4(5-+-67.8$- ,"-+.)./ !"#"! $%&'()(* +,%-./&01236!)1$ 789:989 n 4/* (<651 85?) /8-3 n! # n @520:*?-1' 85?)8)

n! = 1.2.3 . . . (n− 1)n, 0! = 1, 1! = 14/9/;/7(- 057);157)*%4")(5'("



 !"  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103 # $%&'()&*+ ,&-./0 1&*,2345.+6 6&7(. 8(9.& -:4:):':6: ;27,53+3#
0! = 1

1! = 1

2! = 1.2 = 2

3! = 1.2.3 = 6

4! = 1.2.3.4 = 24

5! = 1.2.3.4.5 = 120

6! = 1.2.3.4.5.6 = 720

7! = 1.2.3.4.5.6.7 = 5040

8! = 1.2.3.4.5.6.7.8 = 40320

9! = 1.2.3.4.5.6.7.8.9 = 362.880

10! = 1.2.3.4.5.6.7.8.9.10 = 3.628.800

11! = 1.2.3.4.5.6.7.8.9.10.11 = 39.916.800

12! = 1.2.3.4.5.6.7.8.9.10.11.12 = 479.001.600

20! = 2.432.902.008.176.640.000<# $%&'()&*+ +%.5=+ +6
5.54+6+9#
11!

(6!)(5!)
− 5

6!

(4!)(2!)
=

7.8.9.10.11

5.4.3.2.
− 5

5.6

2
− 6

= 462− 75− 6

= 381 !"#"$ %&'()*+*)*, # 17! + 16! 7&4(7( &%&'()&*+.53)56 8&6;+7+ +.5 ,&= -2.:65=59?
(a) 2 (b) 4 (c) 6 (d) 16 (e) 17<# 15! = m

16 +750 @ ABC !BD 7&4(7(6( m ,:3:6)56 857&E.&4(6(9#F# 2(23 + 1) + 2346÷ 23 7&4(7(6( -G.G6G9#"# H53 n )/'&. 7&4(7( +I+60 &%&'()&*+.53)56 8&6;+7+ )&+=& ,5*,+3?
(a)n2 − 7 (b)n2 + n (c)7n (d)4n− 2 (e)2n+ 5J# n I+1, -+3 )/'&. 7&4( +750 &%&'()&*+.53)56 8&6;+.53+ )&+=& I+1, /.G3?

(a)
n+ 1

3
(b)n2 − n (c)n2 + n− 1 (d)2n+ 3 (e)

n

2
+ 1



 !"#" $%&'()'&*  !" !"#"$ %& '()**+,- ./01#$% &'()* +),-.-. /0.&$+$,*0 )%&-1-/ 2)%3-4*)%-.- &)5) /-+) 67+80%40/ $2$.9  !"#$%&!"#'():$ /;**).-%-<= !"#$ %&'(')' >/$+$ ?$%&0. +-@-% '*4),). a A0 n &'()* +),-*)%- A0%$*+$.= a &'()*+),-+-.-. n /0< /0.&$+$,*0 2)%3-4-.-9 an $*0 67+80%0
0($<C
a.a.a · · ·a
︸ ︷︷ ︸

n tane

= an D E=  F
an $@)&0+$.0  !"#$ %&!"#'() * !"#$ (+,-#./
a ,) ",0,19
n ,0  ! *2344#"./
an 67+80%$4$.0 Ga 151 n (1
( 2344#"(7/ ,) &) Ga  !! n7/
a2 ,0 Ga 2,'#9
a3 0 Ga 2 89 &0.$*$%=*+!,#- 00 $@)&0+$ 8).-4*- &0($*&$%= !"#$- 9! 1 :, -, 0 ;$-3<31-,/ ,=,<5-,2( ",15)$,'5 :,85:;'3>?

a1 = a, a0 = 1.,"/01/,)= 27 = 2.2.2.2.2.2.2 = 128 
= (17)1 = 17?= 35 = 3.3.3.3.3 = 243 &= 44 = 4.4.4.4 = 2560= (196)0 = 1 @= 014 = 023 41$! 561/$7"7" .8/1701/,7 /9,/$ %&'(')' a, b !5+5'-,1 +,'2$5 (2( -;<,$ !,:5 4# m,n (2( -;<,$ !,:5 (!#/,=,<5-,2( #=("$(2$#' !,<$,15'? = am.an = am+nH= an.bn = (ab)nI= (am)n = amn= !"#$% = ∀a ∈ N+ A0 ∀m,n ∈ N $2$.9
am.an = (

m tane

︷ ︸︸ ︷

a.a.a · · · a).(

n tane

︷ ︸︸ ︷

a.a.a · · · a)

= a.a.a · · · a.a.a.a. · · ·a
︸ ︷︷ ︸

m+n tane

= am+n



 !!  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103"#$% &' ()*'+'+ ',(*#(- ./-0/, "#$%121 ∀a ∈ N+ &' ∀m,n ∈ N (.(+3
(am)n =

n tane
︷ ︸︸ ︷

am.am.am · · · am

= a

n tane

︷ ︸︸ ︷

m+m+m+ · · ·+m

= am.n',(*#(4( &5%6/%171 ∀a, b ∈ N+ &' ∀m ∈ N (.(+3
(a.b)m =

m tane (a.b)
︷ ︸︸ ︷

(a.b).(a.b).(a.b) · · · (a.b)

= a.b.a.b.a.b · · ·a.b

= (a.a.a. · · · a)
︸ ︷︷ ︸

m tane

(b.b.b · · · b)
︸ ︷︷ ︸

m tane

= am.bm"#6$4$ 89%:#:%1 !"#$%#! 1
(23)4.43.53 = 212.(2.2)3.53

= 212.23.23.53

= 212+3+3.53

= 218.53

= 26.26.26.53

= 64.64.64.125

= 262144.125

= 3276800021
42.25.34 = (2.2)2.25.34

= 22.22.25.34

= 29.34

= 512.81

= 41472



 !"#" $%&'()'&*  !"#$
(a2.b3))4 = (a2)4.(b3)4

= a8.b12 !"#"$ %&'() *(+,)(-.( *,-()(/( !"#$ %&'(')' a, b %&'() *(+,)(-, ./-0)%0'01%/2 a+ c = b /304)0'010 *(')(+(1 50- c%&'() *(+,*, .(-*(2 6a *(+,*, b *(+,*,1%(1 7898748-26 %/10)0- ./ a < b *0:;/*0+)/;<*4/-0)0-=
a < b ⇔ (∃c ∈ N+)( a+ c = b ) > ?$ @AB,-()(:( /+)/:01%/ 7C))(1,)(1 >, ≤,≥ 5(',14,)(-,2 (3(',%(70 ;050 4(1,:)(1,-$ !"#$*
b > a ⇔ a < b

a ≤ b ⇔ (a < b) ∨ (a = b)

b ≥ a ⇔ a ≤ b+,"-.
12 ./ 7 %&'() *(+,)(-, ./-0)%0'01%/2 5 %&'() *(+,*,2 7+ 5 = 12 /304)0'010 *(')(-$D E()%/2 7 < 12 %0-$/#,!0!$! 1!2#"3#4#"#" +5-06.0-,6 -7,-$ %&'(')' a, b, c  !"#$ %#&'$#(' )*)+, #-#"' #.) /#"'+0'$#( %#"$#+'(1 ! (a < b) ∨ (a = b) ∨ (a > b)  !" #$% &'($%)*"! (a < b) ∧ (b < c) ⇒ a < c  +,"-./,0%-/*#! a < b ⇒ a+ c < b+ c  123%$45$ 6$5,%,.4,*$! (a < b) ∧ (c < d) ⇒ a+ c < b+ d 7$0 8$0$ 123%$4$*%! a < b ∨ (c > 0) ⇒ a.c < b.c  9$(34$5$ 6$5,%,.4,*+,"-.
5(x−7) ≤ 30−2(x+1) /304*0F)0'01012 G&'() B(+,)(- H8:/*01%/70 9<F8:)/-0105C)C1CF$234561

5(x− 7) ≤ 30− 2(x+ 1) ⇒ 5x− 35 ≤ 30− 2x− 2

⇒ 5x+ 2x ≤ 30 + 35− 2

⇒ 7x ≤ 63

⇒ x ≤ 9



 !"  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103
9 #$% &'(') *+,$($% #*-$+ .$(/+$01 2304+3% 3546.47+4-4% 897', )',3.4%4 *+:56:0:0;

S = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. !"#"$ %&'()*(<)4 #*-$+ .$(/ 2304+#4-4%#31 &'(') *+$%#$% )'8') *+$%/ 8/)$0#/-/,/7#$1 3+#33#3
3-4,47 >$0) ?3%3 &40 #*-$+ .$(/#/0@ A%
$)1 )'8') *+$%#$%1 &'(') *+$%/8/)$0#/-/,/7#$1 3+#3 3#3
3-4,47 >$0)1 &40 #*-$+ .$(/ #3-4+#40@ B:%:1 ,$63,$64).3+.4,?3+30+3 4>$#3 3#3+4,@
a, b #*-$+ .$(/+$0/ 2304+.4%@ a ≥ b 4.31 a = b + c )*5:+:%: .$-+$($% c #*-$+.$(/./1 a− b >$0)/#/0;

a− b = c ⇔ a = b+ c C D@ EF !"#$%#! @ (7 > 5) ∧ (7 = 5 + 2) ⇒ 7− 5 = 2G@ (5 < 7) ⇒ (5− 7) 6∈ NH I$+#31 8/)$0,$ 45+3,41 #*-$+ .$(/+$0 )',3.4 '7304%#31 4)4+4 &40 45+3, #3-4+#40@J3#3%K !"#"+ ,-./0(*(0() @ L*-$+ M$(/+$0 N',3.4O%4% 8/)$0,$ 45+3,4%3 ?903  !"!#$ *+,$#/-/%/ ?9.P6304%47@G@ L*-$+ M$(/+$0 N',3.4O%#3 8/)$0,$ 45+3,4%4% %&' (&)*+,& -.&#*)*/%4% *+P,$#/-/%/ ?9.6304%47@ C a− b 6= b− aF@E@ L*-$+ M$(/+$0 N',3.4O%#3 8/)$0,$ 45+3,4%4% 0*'#&+,& -.&#*)*O%4% *+,$#/-/%/?9.6304%47@ ( a− (b − c) 6= (a− b)− c ).D@ L*-$+ M$(/+$0 N',3.4O%#31 8/)$0,$ 45+3,4%4% 0*'*, -)&/.4%4% *+,$#/-/%/?9.6304%47@Q@ L*-$+ M$(/+$0 N',3.4O%#31 8/)$0,$ 45+3,4%3 ?903 I48 &40 9-3%4% 1&'2*/%4%*+,$#/-/%/ ?9.6304%47@!@ L*-$+ M$(/+$0 N',3.4O%#31 8$0R,$%/%1 8/)$0,$ 45+3,4 '7304%3 23#(!4 5&2!)(!4 (!)$#,! -.&#*)*O%4% *+#:-:%: ?9.6304%47@ !"#" 1 230*4&'"() *+,-,., a, b 4)4 #*-$+ .$(/ 23 b 6= 0 *+.:%@ a = b.c 3546+4-4%4 .$-+$($% &40
c #*-$+ .$(/./ 2$0.$1 6a 2!%$2$ b %& 1!, 0-#747%3'86 #3%4+40 23 b | a .4,?3.4(+3?9.6304+40@ b .$(/./ a (/ 6$, &9+,'(*0.$1 b ∤ a .4,?3.4%4 ):++$%/0/7@



 !"#" $%&'()'&*  !"#$%&' ()%'&(*
a

b
, a/b, a : b, a÷ b + ,- ,./(&0'%'1(23'2 4(1(/(5%' 0$/6'1(%(1- a÷ b 4$%&' ()%'&(23' a  !"#$%$* b  !"%$& 7' c !"#'(#)* !"#$ 625 = 125.5⇒ 625÷ 125 = 5 8%91-

a÷ b = k (/'* :a +,-.+.& b $/$ k 0,1.(.)*
625÷ 125 = 5 8%39;923<2 625 /<5=/= 125 (2 (2 5 ><6=3=1? 625 /<5=/= 125 ' 6<&4$%@2@1- !"#$ 123 = 5.c ')(6%(;(2( /<;%<5<2 A(B 4(1 c 38;<% /<5=/= 58>691- C8%<5=/=5%<*

123 /<5=/= 5 ' 6<& 4$%@2'&'D-
a, b, k 38;<% /<5=%<1 7' b 6= 0 8%&<> @D'1'* a /<5=/= b 2(2 k ><6=23<2 4@5@>

k + 1 ><6=23<2 >@B@>/'* a /<5=/=* b 5' 6<& 4$%@2&'D- #9 3919&3<* 0 ≤ r < b8%&<> @D'1' a = b.k + r ')(6%(;(2( /<;%<5<2 4(1 r 38;<% /<5=/= 7<13=1E
a = b.k + r')(6%(;(23'* a  !"#$%$& b  !"%$* k  !"#' 7' r 0,",$F3=1- !"#$ 76 = 9.8 + 4 8%91- !"#"  $%&'()*)()+ - C8;<% G<5=%<1 H@&'/(F2(2 4$%&' ()%'&(2' 0$1' 0,2,". 3"',(.4.$. 0$/6'1(2(D-+53" 6!+1%)'% 7 a÷ b 6∈ N 8%<
<> 4(B(&3' a, b 38;<% /<5=%<1=2= 49%929D-.J- C8;<% G<5=%<1 H@&'/(F23' 4$%&' ()%'&(2(2 (%4/8'% !9%"/4/F2(2 8%&<3=;=2=0$/6(2(D- +53" 6!+1%)'% 7 a÷ b 6= b÷ a8%<
<> 4(B(&3' a, b 38;<% /<5=%<1=2=49%929D-.K- C8;<% G<5=%<1 H@&'/(F23' 4$%&' ()%'&(2(2  /)"%8'% !9%"/4/F2(2 8%&<3=;=2=0$/6'1(2(D- +53" 6!+1%)'% 7 a÷ (b÷ c) 6= (a÷ b)÷ c.,- C8;<% G<5=%<1 H@&'/(F23'* 4$%&' ()%'&(2(2 4(1(& $;'/(2(2 8%39;929 0$/L6'1(2(D-M- C8;<% G<5=%<1 H@&'/(F23'* 4$%&' ()%'&(2' 0$1'* 1 3'2 N<1>%= A(B 4(1 $;'2(26'1/(2(2 8%&<3=;=2= 0$/6'1(2(D-!- C8;<% G<5=%<1 H@&'/(F23'* 4$%&' ()%'&(2(2* 68O%<&< ()%'&( @D'1(2' +3"(,$:% +,4(,$ (,4."', !9%"/4/F2(2 8%&<3=;=2= 0$/6'1&'> (B(2*

a÷ (b+ c) 6= (a÷ b) + (a÷ c)

(b + c)÷ a 6= (b÷ a) + (c÷ a)4<;=26=%<1=2= /<;%<5<2 a, b, c /<5=%<1= 49%929D-



 !"  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103!# $%&'( )'*+(', -./01234506 78(/0 29(0/24246 :+;',/' 29(0/2 .<0,240  !"#$%&'  $(#$% #$()"*$ +,'"-(-3424 %(/'5+&+4+ =81>0,/0; 2:246
a÷ (b− c) 6= (a÷ b)− (a÷ c)

(b− c)÷ a 6= (b ÷ a)− (c÷ a)7'&+4>+(',+4+ 1'&('*'4 a, b, c 1'*+(',+ 7?(?4?<# !"# $%$& %$'(&$) !"#$ %&'('%' 1 504 @0 ;0452124504 7'9;' A2: 72, 5%&'( 1'*+*' >'/ 78(.40B/0*046 1+C+,5'4 C',;(+ 5%&'( 1'*+(',' $ $"  $.)"$/ 5042(2,#D1'( 1'*+(', ;./012424 7'<+ 8&0(0,26
{2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, · · ·}52,# !"#$ %&'(')' a, b, c 5%&'( 1'*+(',+6 a = b.c 092>(2&242 1'&(+*%,(',1'6 b 2(0 c *0 a4+4 0$/1$%"$/) 5042(2,# D*,+
'6 b 2(0 c '1'( 1'*+ 210(0,6 b 2(0 c 1'*+(',+4'6 a 4+4 $ $"0$/1$%"$/) 5042(2,#*+",-

60 = 4.15 092>(2&24506 4 2(0 15 1'*+(',+6 60 +4 :',F'4(',+5+,G '/' '1'( 50&2(52,(0,#
60 = 22.3.5 092>(2&24506 2, 3, 5 1'*+(',+ 60 +4 '1'( :',F'4(',+5+,# H? 092>(2;>06I" $ $" 0$/1$%"$/)%$ $./)"*)23)/4 52*%,?<# !"#$ %&'('(' a, b 5%&'( 1'*+(',+4+46 1 504 7'9;' %,>'; 78(04(0,2 *%;1'6 7?1'*+(','6 ','(',+45' '1'(5+,6 5042(2,#*+",-




 !"#" $%$& %$'(&$)  ! "#$%&$'("#"' ) *+,-. /-01.-23- 45.67 89.768:8: 072 37,89;8267 5<7.8,8:7 /-=8> +.6-31,1:1?5/;7267@ 8A8:B
a : b 6= b : a798;/8<.8,8:7 52:7@.72 C728:8<)D) *+,-. /-01.-23- 45.67 89.768:8: 482.7967 5<7.8,8:7 /-=8> +.6-31,1:1 ?5/;72E67@ 8A8:B

a : (b : c) 6= (a : b) : c798;/8<.8,8:7 52:7@.72 C728:8<)F) *+,-. /-01.-23- A-2>6- 89.768:8: 45.67 89.768 G<728:7 3-,1.6- 5<7.8,8:7/-=8> +.6-31,1:1 ?5/;7267@ 8A8:B
a · (b : c) 6= (a · b) : (a · c798;/8<.8,8:7 52:7@.72 C728:8<)H) *+,-. /-01.-23- 45.67 89.768:8: ;+>.-6- 89.768 G<728:7 3-,1.6- 5<7.8,8:7/-=8> +.6-31,1:1 ?5/;7267@ 8A8:B

a : (b+ c) 6= (a : b) + (a : c)798;/8<.8,8:7 52:7@.72 C728:8<)I) "9-,13-@8 @+9+..-21 /-,.-0-: q, r /-01.-21:1 4J.J:J<)-K 47 = 5q + r, 0 ≤ r < 5 4K 137 = 12q + r, 0 ≤ 12
K 449 = 27q + r, 0 ≤ r < 27 3K 893 = 43q + r, 0 ≤ 43M) "9-,13-@8 @G67.7237: =-:?8.728 /+:/J<3J2N O737:NP-K Q8R; &-6/-01.-2 SG67/8BP4K &7@ &-6/-01.-2 SG67/8BP
K 3 8.7 ;-6 45.G:748.7: 3+,-. /-01.-21: +.J9;J23J,J @G67BP3K 12 C7 15 8.7 45.G:748.7: 3+,-. /-01.-21: +.J9;J23J,J @G67)P7K T82 @-60+: 3+.J/J @J6 ;-:7
8@.728:37: +.J9-: @G67)!) "9-,13-@8 798;/8<.8@.728: N 8A8:37@8 A5<G6 @G67.728:8 0-<1:1<)-K 4m < m+ 124K 5m− 3 ≥ 4m+ 3
K 8m+ 2 < 14 + 2m3K 2(m+ 3) > 167K 5(5 + n) > 7(n+ 3)



 !"  !"#$ %&' ()*+" ,+-."+/(+ +/01$2103#$ %&' 2.24 + 4.20 + 3.16− 2.8 ()&*+,(-(. "/-(- 0122+3( 45&6&0 7&89-98$%:' 81 + 243 + 729 ()&*+,(-(. ;/<- 0122+3( 45&6&0 7&89-98$=$ >+0 ,&795&69- 0&6+5+6( *+ 3+0 ,&79*96$ ?+*+-@ A$ B()3 ,&795&69- 0&6+5+6( *+ C()3 ,&-9*96$ ?+*+-@  $ a (5+ n (0( *4D&5 ,&79 (,+. 5! = 2na +E(35(D(-( ,&D5&7&- +- :<7<0 n ,&79,9-+*(6@ "$ 42.83.164 = 2n +E(35(D(-( ,&D5&7&- n *4D&5 ,&79,9-9 :151-18$ ;$ k, r *4D&5 ,&795&6 45F&0 <8+6+ 45k = r3 +E(35(D(-( ,&D5&7&- k *4D&5 ,&795&69-9-+- 0<C<D< -+*(6@ G$ 3.84.511 ,&79,9 0&C :&,&F&059*96@ H$ IE&D9*&0( ,&79 C()35+6(-*+- J&-K(5+6( &6&5&69-*& &,&5*96@
(1452, 15) (25, 36) (36, 75) (18, 25) (19, 1426) L$ a :(6 *4D&5 ,&79 2+ a 6= 0 (,+. a2 = 150c +E(35(D(-( ,&D5&7&- +- 0<C<0 c *4D&5,&79,9-9 :151-18$ !$ n :(6 &,&5 ,&79 (,+. n5 ,&79,9-9 3&F :M5+- 0&C 3&-+ *4D&5 ,&79 2&6*96@ #$ 5n + 18 ,&79,9-9- n *4D&5 ,&79,9-& :M5<-+:(5F+,( (C(-. n -(- &5&:(5+
+D(*+D+65+6 -+5+6*(6@


