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'9$<3 !"#$ %&'&',' J0*. ,?2+'* $($ 0-@. -2-:.*+- 4$2 '&0-@. +7*?&?/? C-2:-> 450-@.)-2- $%.'/)+) 3,6525"/47> +$0'
'9$<3



 !"  !"#$ %&' $()*$()+,-*" .(/0"(1 !"!" #$%& '(%)*&+ ,-+./.012%
(A,�) #$% (B,/) &#'%$ (')*+,- *)./$/0+)1 #'# *#*&%+ 2$*30 4% f : A → B 520'*#67203 4%.#$*#08 9%. x, y ∈ A #:#0

x � y ⇒ f(x) / f(y) ( ;8<-2$372.*/ f : A → B 520'*#72030/  !"# $%"&" '(" )*+,-,.= >#7%
%@#A8 B3 &C.>D0C1C+$%.= &/0)+ 37/.)0
/ E%0A%.$#' >D0C1C+$%.#>#.8 B30$/./ #/#0.#1#+ 2%+$3 (1%+0#" >/ >%0#$+%'&%>#.8 F3'/.)>/'# '213$ 7%.#0%= G%. x, y ∈ A #:#0
x ≺ y ⇒ f(x) < f(y) ( ;8 H-DA%$#@# */@$/0)72.*/ f : A→ B >D0C1C+C0% #"4#+ '(" 2%+$ (1%+)&" >%0#$#.8

A >/0 B 7% *)./ '2.3. E#. >D0C1C+ 4/.*/= A #$% B 0#0  !"# 1#5!0#"! '("'("(+6'6+/6" 7/ >/= ')*/
/= A #$% B '6+/6"  !"#0!)!" = >#7%
%@#A8 !"!"3 4/5$%&1$1$6
f : A→ B 520'*#7203 EED 4% *)./ '2.3. E#. >D0C1C+ #*% f 7% A >/0 B 7% %1*)./>D0C1C+C (2.>%. #*2+2.IG#*+- = >#7%
%@#A8 A >/0 B 7% ED7$% E#. >D0C1C+4/.*/ A #$% B 7% 6- !"#0!= >%0#$#.8 A #$% B %1*)./$) #*%$%.= E303 A ∼= B *#+J%*#7$%E%$#.&%
%@#A8 K@%. A >/0 B 7% %1*)./ >D0C1C+C f #*% 4% /7.)
/ E303 >/ E%$#.&+%'J%.%'#72.*/

A
f
∼= B 7/ >/ f : A ∼= B ( ;8  -7/A/
/@)A8 !"#$" %&'&'%' (A,�) (06 (B,/) 4($60 7$! .(8  !"#0#+.!- ($(  ( 46. %0)&9&+)#

A (06 B +(+ 6- !"#0! %0.# ! (:(+ ;6"6$0( <6 1646"0( $%-&0 =6" x, y ∈ A (:(+
x � y ⇐⇒ f(x) / f(y) ( ;8 L-*/60(9(+(  #90#1#+ '(" f : A→ B ''* 2%+$ (1%+&+&+ <#"%0.# !)!"> !"#$%?6"6$0(9(@ A #$% B %1*)./$) #*%$%.= &/0)+ J%.%@#0
%= ( ;8<- DA%$#@#0% */G#I E#.

f : A→ B EED 520'*#7203 4/.>).M 7/0# ( ;8 L- #5/>%*#0>% */@/ >2@.3 J%.%'&#.+%4/.>).8 N2$/ >2@.3 J%.%'&#.+%0#0 >% 4/.$)@)0) JD.+%' #:#0 f(x) / f(y) '213$303*/@$/7/0 x, y ∈ A D@%$%.#0# >C1C0%$#+8 K@%. x ≻ y 2$*/7>)=
y ≺ x⇒ y � x ∧ x 6= y

⇒ f(y) / f(x) ∧ f(x) 6= f(y)

⇒ f(y) < f(x)



 !"!" #$%& '()*#$+ ,-+./.012)  !!"#$ %&' (#)&*+& ",-.'"/0 12 (#)&*+& ,).3.4.
.-/$. 67'# y ≺ x +.%2)8389 4.$)/*:/';4.$&
f(x) / f(y)⇒ x � y"&'0 !"!#$%&%'< =0 >? +,*2)2$2 @.-).4.$ %&' f : A→ B %%7 A,$+@&4,$2 B.'@.C %2 A,$+@&4,$#*@/'.)/)/+ :.$/3/ 6#'#-&$
#C A ".$ B 4# %&' !()*#+ "7$8*838"8'0 !"#$ %&'&'%' (A,�) &)# (B,/) :&+#) <+/@3D? @/'.).$3/* &+& @&@:#3 ,)@2$0 A &)#

B $&$ #*@/'.)/ ,)3.@/ &(&$ 6#'#+)& B# 4#:#')& +,*2) E#' x, y ∈ A &(&$
x ≺ y ⇐⇒ f(x) < f(y) < =0 =?79#)&-&$& @.-).4.$ %&' f : A→ B %%7 A,$+@&4,$2$2$ B.',)3.@/"/'0 !"#$ %,!#!-$%&%' A &)# B #*@/'.)/ &@#)#' < =0 >? 79#)&-&$# @.E&F %&' f : A → B %%7A,$+@&4,$2 B.'"/'0 12'.".$

x ≺ y ⇒ (x � y) ∧ (x 6= y)

⇒ (f(x) / f(y)) ∧ (f(x) 6= f(y))

⇒ f(x) < f(y)(/+.'0  !"!#$%&%' A ".$ B 4# < =0 =? 79#)&-&$# @.E&F B# %%7 %&' f A,$+@&4,$2B#'&)@&$0 G4)#4@#
x � y ⇔ (x ≺ y) ∨ (x = y)

⇔ (f(x) < f(y)) ∨ (f(x) = f(y))

⇔ f(x) / f(y),)2'C +& %2C G$#'3#  =0=0 6#'#-&$
#C f $&$ A ".$ B 4# %&' #*@/'. "7$8*838,)3.@/ "#3#+:&'0()*#+* %&'&',' (A,�) %$! (B,/) "%-!$ .-*)/01 )*#+$+2/*( %-% )%)"!/ 3$)425 A%$! B 2%2 !()*#+$* 3$/+)* %6%2 7!#!-$% 8! 9!"!#$% -3(4$ -!2:%)% 8! "!#)% +#"+2 ;%#!#:<2=(=/ 3$+2 ;%# f : A→ B >32-)%9324242 8+# 3$/+)*:*#5 !"#$%,!#!-$%&%' A &)# B #*4.F/)/ &@#)#'C < =0 =? 79#)&-&$# @.E&F %&' f : A → B %%7A,$+@&4,$2 B.'"/'0 f A,$+@&4,$2 %%7 ,)"2-2$".$ C f−1 : B → A :#'@ A,$+@&4,$2B.'"/' B# %2 ". %%7 "&'0 H4'/
.C E#' x ∈ A &(&$
f−1(f(x)) = x"&'0 12'.".$ B# < =0 =? "#$

f(x) < f(y)⇒ x ≺ y

⇒ f−1(f(x)) ≺ f−1(f(y))



 !"  !"#$ %&' $()*$()+,-*" .(/0"(1#$%&'( f )'*+, -./010,/&,2 30 4-,0,
02 f−1 *+'46,6, &'*&, 36' /),7879 -.9&4$/+9+%*6'( !"!#$%&%' f : A → B 6.+ 30,0, *+'46 f−1 : B → A &'*&, 36'+' :-,%46;-,-.40,.&'2 f−1 *+'46 <&' -./010,/&, f : A → B 33) /6'( =;.+;4+ 30 :-,%46;-,+84$'&.$.$% *&,$9$,$, %-80..&'$,$ 4&1.&'( !"# $%&'()*()% ( >;,$ 
6469 7?+'6,/+ *&,$9.$ 6%6 <+%*)' 0?&;$,$, *7'/+8 6%6 ;&@$ -./010,0A)'7,7?(B( =',+%  C(B(B 6.+ *&,$9.&,&, L(U, V ) 0?&;$,& &6* D+' /-1'04&. /),78797,
U /&, V ;+ 36' 3+,?+'.6% /),78797 -./010,0 A)4*+'6,6?(C( B(U, V ) ;+ &6* D+' /-1'04&. /),78797, U /&, V ;+ 36' +8;&@$ /),78797-./010,0 A)4*+'6,6?(E( Z6 = Z/6 %79+46,/+ *&,$9.$ ⊗ 68.+96,6, ⊕ 68.+96 7?+'6,+ /&1$.9& )?+.616-./010,0 A)4*+'6,6?(!( Z6 %79+46,/+ *&,$9.$ ⊕ 68.+96,+ A)'+ 36'69 )1+,6, 0 -./010,0 A)4*+'6,6?("( Z6 %79+46,/+ *&,$9.$ ⊗ 68.+96,+ A)'+ 36'69 )1+,6, 1 -./010,0 A)4*+'6,6?(F( Z6 %79+46,/+ *&,$9.$ ⊕ 68.+96,+ A)'+ 37*7, )1+.+'6, *+'4.+'6,6 30.0,0?(G( Z6 %79+46,/+ *&,$9.$ ⊗ 68.+96,+ A)'+2 1 <+ 5 /+, :&'%.$ )1+.+'6, *+'4.+'6,6,-.9&/$1$,$ A)4*+'6,6?(H( (Z6,⊕) 464*+96,6, 36'+' /+1689+.6 A'0@ -./010,0 A)4*+'6,6?( I( (Z6,⊗) 464*+96,6, 36' A'0@ -.9&/$1$,$ A)4*+'6,6?(  ( (Z5,⊗) 464*+96,6, 36' A'0@ -.9&/$1$,$ A)4*+'6,6?( B( ((Z5) \ 0),⊗) 464*+96,6, 36' A'0@ -./010,0 A)4*+'6,6?( C( ((Z6) \ 0),⊗) 464*+96,6, 36' A'0@ -.9&/$1$,$ A)4*+'6,6?( E( m 36' 4&;9& 4&;$4$ 64+2 (Zm,⊕) 464*+96,6, /+1689+.6 36' A'0@ -./010,0A)4*+'6,6?( !( p &4&. 36' 4&;$ 64+2 ((Z/p) \ 0),⊗) 464*+96,6, /+1689+.6 36' A'0@ -./010,0A)4*+'6,6?( "( A %79+46,/+ *&,$9.$ 36' ⋆ 68.+96 <+'6.46,( a, b ∈ A, a 6= 0, b 6= 0 6#6,2
a ⋆ b = 0 -.0;-'4& a 6.+ b ;+ ⋆ 68.+96,6, ()*+*# ,-$!.$!#%( /+,6.6'( Z4,Z6,Z9%79+.+'6,/+ × 68.+96,6, 4$:$' 3).+,.+'6,6 30.0,0?( F( J&;$ %79+.+'6 7?+'6,/+ I K4$:$'L $, #&'@9&;& A)'+ *+'46 ;-%*0'( M6#6,N


