
℄. CGD℄. CDH℄. CGI℄. CGH℄



α, β, γ, . . . , τ 46 '@<3 @73,)&53 4),3,4.I0&-0 %1(6&8 X '@<3() 46 4.I0&-01.,1. 4),1)'-3 4), <.-3<.-)'(31 *./0 %16B-6,6,8N6 *./0*0: '0(..
(X,α, β, γ, . . . , τ) # O8 +)13 D>(-3,33I)78P.-3<.-)'(31 *./01.,0& E%I6: (.*0 '@<313,)&53& 3()&13&<)B-),8 L,&3I)&: (.A*01., @73,)&53 *./01.& 5>,- )B13< D,6/: ;.1'.: )()< D)4) 34),(31 *./01.,0& 5%IA<.(0&. &353& %1<6B-6,8 Q') (.*0 .,.(0&5.') $.,': <3-,)' =3 -%/%1%F)' 67.*1.,.D)53& *%16 .E.,8 R.*01., .,.(0&5.') 4@*@': '@E@' '.=,.<0 '.$3( #1.--)3+ *./0(0&0*.,.-0,8 !"# $%&' ()*+,*-# O8 + D)4) 4), 4.I0&-0 =3,)1<)B %1(6&8 N6 *./0*0 )&313<3' 53<3': α, β, γ, . . . , τ⊕ )B.,3-)*13 D>(-3,33I)<)7 4), )')1))B13< -.&0<10 %1(6&8 MI3, 46 )B13<  !"# $%&'()*+$!, 53&)13& .B.I05.') >731)'A



 !"#" $%&' ()*+,*-  !"#$%$ &'()*&$ (G,⊕) +'*,&,-' .)%  !"#$ /$-)#)%0
• 12 ℄ 45#$6 .)%#$56$ 78$#)9)-$ &'()*:)%0
• 12;℄ 45#$6$ <7%$ G -)- .)%)6 79$&) ='%/,%0
• 12>℄ G -)- ($% 79$&)-)- .? )5#$6$ <7%$ .)% :$%& 79$&) ='%/,%0@+%,' '5'9,/'B) 78$#)B /$ &'9#'-,+C%&' (G,⊕) +'*,&,-' /$9)56$#) DBC6?E:':)FG .)% <%?*:?%H /$-)#)%0
• 12!℄ 45#$6 +$% /$9)5:)%6$ 78$#)9)-$ &'()*:)%0I$9)56$#) <%?*#'%, )#B )-$#$+$- JC%=$K#) L-#L 6':$6':)BK) %&'() *'+!&, -.'(/0123401356 /)%0 M? -$/$-#$H .? :L% <%?*#'%' KC9?-#?B#' 7.'(  !"#(7!8 /$-)#)%0N%-$9)-H Z :'6&'+,#'% BL6$&) + D:C*#'6'G )5#$6)-$ <7%$ .)% '.$# <%?.?/?%0 !"#!$!%&' ()*+*+* M)% H BL6$&) L8$%)-/$ ⊕ =$ ⊗ )5'%$:#$%)+#$ <7&:$%$$9)6)8 )B):'-$ )B)#) )5#$6 :'-,6#, C#&?-0 O9$% .? )5#$6#$% 97(,7 7,)&:;<(7!8 /)+$$9)6)8'5'9,/'B) LK 78$#)9$ &'()*&$ (H,⊕,⊗) +'*,&,-' .)% 97(,7 /$-)#)%0
• 1P ℄ (H,⊕) .)% '.$# <%?.?/?%0
• 1P;℄ ⊗ )5#$6) .)%#$56$ 78$#)9)-$ &'()*:)%0
• 1P>℄ ⊗ )5#$6)-)- ⊕ )5#$6) L8$%)-$ &C#/'- =$ &'9/'- /'9,#6' 78$#)9) ='%/,%0M? LK 78$#)B )#$ .)%#)B:$
• 1P!℄ ⊗ )5#$6)-$ <7%$ H -,- .)%)6 79$&) ='%0'B&)+C6? /' &'9#'-,+C%&'H (H,⊕,⊗) ('#B'&,-' .&!&< =>'(& 97(,7 +' /'HB,&''H .&!&<(& .&! 97(,7H /$-)#)%04#B LK 78$#)B )#$ .)%#)B:$
• 1PQ℄ ⊗ )5#$6) +$% /$9)5:)%6$ 78$#)9)-$ &'()*:)%H'B&)+C6? /' &'9#'-,+C%&'H .? ('#B'+' ?'>&@<'(& .&! 97(,7?8!H /$-)#)%0R?B'%,/'B) .$5 78$#)9) &'9#'+'- .)% ('#B'+' .&!&<(& A' ?'>&@<'(& .&! 97(,7?8!H/$-)#)%0N%-$9)-H Z :'6&'+,#'% BL6$&) + D:C*#'6'G =$ · DK'%*6'G )5#$6#$%)-$ <7%$.&!&< =>'(& A' ?'>&@<'(& .)% ('#B'/,%0



 !"  !"#$ %&' $()*$()+,-*" .(/0"(1 !"!#$%&'# ()*+*)* #$% F &'()*$ '+)%$,-) ⊕ .) ⊗ $/0%)12)%$32) 45*1)%))7$($+ $&$10,) $&$2$ $/2)( 10,8(28 92*:,; <7)% =: $/2)(2)% !"!# $%"!&'#($)* -$3))7$($+0/078-0&$ $&$ 5+)2$7) *0>$?*) (F,⊕,⊗) 30?8*8,0 =$% !"!#@ -),$2$%;
• AB ℄ (F,⊕,⊗) =$%$(2$ .) -)7$/()2$ =$% >02&0-8%;
• ABD℄ F &'()*$,-), ⊕ $/2)($,$, =$%$( 57)*$ 01828,0@ 4)%$ &020, &'() ⊗$/2)($,) 45%) =$% 0=)2 4%:=:-:%;E%,)7$,@ (Q,+, ·) %0*39,)2 *03820% &'()*$ =$% $*$(-$%;,-./01 23%45%1'$%&'# ()*+*6* F =$% $*$(@ (V,+) =$% 0=)2 4%:=: .) e 57)*$@ F ,$, F0%?(0$/2)($,) 45%) =$%$( 57)*$ 92*:,; <7)% F×V -), V 3) 0/078-0&$ &9/:220%8 *072030,.) 0-8,0 "$&*( +$),*# -"$&*&($ +$),#$. "%$(/)(/ +$),#$0 -),$2), =$%

(s, v) 7−→ sv G H;DI$/2)($ 10,8(20,(8/*0@ V 3) F $*($ '+)%$,-) =$% 1/%23) 45$&*@ -),$2$%;J)% s, t ∈ F .) >)% u, v ∈ V $F$,G$I s(v + u) = sv + suG$$I (s+ t)v = sv + tvG$$$I s(tv) = (st)vG$.I ev = vK038 &'()2)%$,-), 4)2), =$% 028/&0,28&20@ F $*($,$, 57)2)%$,) "$&*@ V .)&15%:+038,8, 57)2)%$,) -) 1/%23) -$3))7$+; L/2)(2)%-) =0*$12$7$ *0720(0& $F$,@ =$% v.)&15%',', s *038*8320 *0382 F0%?8(8,8 sv $2) 45*1)%$39%:+;71&-. ()*+*(* [0, 1] &0?028 0%02878 '+)%$,-) 10,8(28 ='1', 4)%F)2 -)7)%2$ .)*'%)&2$ M9,&*$39,20%8, 92:/1:%-:7: &'()3$ C = C[0, 1] $2) 45*1)%)2$(; C[0, 1]&'()*$ '+)%$,-) M9,&*$39,20%8, 19?20(0 $/2)($
(f, g) ∈ C× C =⇒ [(f, g) 7−→ [f + g]]

x ∈ [0, 1] =⇒ (f + g)(x) = f(x) + g(x)=$F$($,-) 10,8(20,8%;#),+)% 920%0&@ C[0, 1] &'()*$ '+)%$,-) M9,&*$39,20%8, *0382 F0%?8( $/2)($
(sf) ∈ F × C =⇒ [(s, f) 7−→ sf ]

x ∈ [0, 1] =⇒ (sf)(x) = sf(x)=$F$($,-) 10,8(20,8%;
C[0, 1] &'()*$@ 0,820, =: 19?20(0 .) *0382 F0%?8( $/2)(2)%$,) 45%) =$% .)&15%:+038-8%;



 !"#" $%&' ()*+,*-  !  !"#$ %&'('(' U "#$ V %&'( F "*+" ,-$."'/$ 0".$. 1$234. 5-%&( 6#*5'#%.7 8$.
x, y ∈ U 1$ 9$. s, t ∈ F ":"'; 0". f : U → V <6'2*"&6'5

f(sx+ ty) = sf(x) + tf(y) = >7>?26@5#5'5 *%A#(&6.*%; f &$ U /%' V &$  !"#$%&' (')*++#, 0". /4',@,+/,.; /$B'"#".7 U /%' V &$ 6#%' 0,3,' /6A.5*%# /4',@,+#$."' 2,+$*"'" L = L(U, V ) "#$C4*3$.$#"+7 L 2,+$*" ,-$."'/$ -!.'&/& "@#$+"'" L× L /$' L &$
(f, g) ∈ L× L =⇒ [(f, g) 7−→ [f + g]]

x ∈ U =⇒ (f + g)(x) = f(x) + g(x)0":"+"'/$ 3%'(+#(&6.5-7D$'-$. 6#%.%2; L 2,+$*" ,-$."'/$ %&01' 2&#.1/ "@#$+"'" F × L /$' L &$
(s, g) ∈ F × L =⇒ [(s, f) 7−→ sf

x ∈ U =⇒ (sf)(x) = sf(x)/"&$ 3%'(+#(&6.5-7
L = L(U, V ) 0". 1$234. 5-%&(/(.7 !"#$ %&'('&' E.'$2  >7F7F /$2" L(U, V ) 1$234. 5-%&('(' 4A$#$." %.%*('/%'0,3,' 004 6#%'#%.(' 2,+$*"'" B = B(U, V ) "#$ C4*3$.$#"+7 G&'( "@#$+#$.$ C4.$

B 2,+$*" L '"' 0". %#3 1$234. 5-%&(/(.7 !"#$ %&'(')' E.'$2  >7F7> /$2" B(U, V ) 1$234. 5-%&('/% V = U %#('(.*%;
D = D(U,U) 2,+$*" U /%' U &% 3%'(+#( 0,3,' 004 /6A.5*%# /4',@,+#$."'6#5@35./5A5 2,+$ 6#5.7 G&'( "@#$+#$.$ C4.$ D 2,+$*" 0". 1$234. 5-%&(/(.7 !"#$ %&'('*' E.'$2  >7F7H /$2" D = D(U,U) 1$234. 5-%&('/%; 0"#$@2$ "@#$+"

(g ◦ f)(x) = g(f(x))/"&$ 3%'(+#%'(&6.7 (D,+, ◦) &%I(*( 0". 9%#2%/(.7+#,-!./"01 %&'('*' V 2,+$*" F "*+" ,-$."'/$ 0". 1$234. 5-%&( 6#*5'7 JA$. V × V/$' V &$ %@%A(/%2" 26@5##%.( *%A#%&%' =36I#%+% =K? 1$ *%&(# :%.I(+ "@#$+#$."'$$2? ,:,', 0".
(u, v) 7−→ u ∗ v = >7H?"@#$+" 3%'(+#%'+(@*%; V &$ F "*+" ,-$."'/$ 0". +4)#; /$'"#".7="? 8$. s ∈ F 1$ 9$. u, v ∈ V ":"'

s(u ∗ v) = (su) ∗ v = u ∗ (sv)=""? (V,+, ∗) 0". 9%#2%/(.7



 !"  !"#$ %&' $()*$()+,-*" .(/0"(1 !"#"# $%&' (')%*'&% !"#$ %&'(')' X #$%#&'() *)% +,-$ ./01'2 34$% 4 *&45'6505 X ,7$%)'8$ *)%6)+$/ 9+50-:; 05%&/&-& *&45'6505 )0$
(X,4) 9 <2!;*)% 05%&/&-& =&>50585%2 ?5%&/&-& *&45'65/&%5'5' 6,%/$%)') @'$8$' )'$/$-)B6)+2C%'$4)'D R ($%E$/ 0&=5/&% +,-$0) ≤ *&45'6505'& (@%$ *)%  !" #$%!&!"! '!($#$./1B61%1%2*!+,-

(K,4) 6)+$/ 05%&/&'-5B *)% 0)06$- ./01'2 34$% #$% a, b ∈ K )E)' )+) @4$/) {a, b}+,-$0)')' $' +,E,+ ,06 05'5%5 901>; )/$ $' *,=,+ &/6 05'5%5 9)'F; G&% )0$/$%D (K,4)6)+$/ 05%&/&'-5B 0)06$-)'$ *)% )!*+# 8$')/)%2 {a, b} +,-$0)')' $' +,E,+ ,06 05'5%5DG&%0&D a ∨ b 0)-($0)=/$D $' *,=,+ &/6 05'5%5 )0$ a ∧ bD 0)-($0)=/$ (@06$%)/)%2 !"#"! +,-./01/0, 2 A #$%#&'() *)% +,-$ ./01'2 A 8&' A =& **@ *,6,' F.'+0)=.'/&%5' +,-$0)


(g ◦ f)(x) = g(f(x))8)=$ 6&'5-/&'5=.%2 (B,+, ◦) =&>505 *)% #&/+&85%2 L@06$%)')72P2 (B,+, ◦) =&>505 *)% $*)%8)%2 L@06$%)')72Q2 I)% X +,-$0)'8$' ($%E$/ 0&=5/&% +,-$0)'$ 6&'5-/5 *,6,' F.'+0)=.'/&%5'
RX +,-$0) ,7$%)'8$D 6.>/&-&D '.+6&0&/ E&%>-& G$ 0&=5/ E&%>5- )B/$-/$%)D05%&05=/&D #$% f, g ∈ RX D #$% x ∈ X G$ #$% s ∈ R )E)'



 !"!" #$%& '()*#$+ ,-+./.012)  !"#$% (f + g)(x) = f(x) + g(x)#$$% (f.g)(x) = f(x).g(x)#$$$% (sg)(x) = sf(x)&'()$*+' ,-*./)-*.0123 RX $* 45 $&)'/)'2' 672' 4$2 '4$2 1)+595*5 67:;,'2$*$<3 !"! #$%& '()*#$+ ,-+./.012)=065)-/-+-> 4$2 (?/' ?<'2$*+'($ 0-@.0. 41</-+-* 4-&(- 4$2 (?/' ?<'2$*+'($0-@.0- +7*?&,?2/'( @214)'/$0)' :.( :.( (-2&.)-&.2.<3 A-&(- 4$2 +'0$&)' 7<')$()'2$*$(1250-2-( 0-@.)-2. 4$24$2$*' +7*?&,?2'* B1*(:$01*)-2 -2-2.<3 !"#$ %&'&'%' X (?/':$ ?<'2$*+' 4$2 α 4-9.*,.:. $)' Y (?/':$ ?<'2$*+' 4$2 β4-9.*,.:. C'2$)/$& 1):5*3 D9'2 α $)' β 4-9.*,.)-2.*.* E'2 $($:$ +' m − li (m =
1, 2, ...) 4$2'2 4-9.*,. C' -0*. 7<')$()'2' :-E$@:'> 45*)-2-  !"#$% &'()* )+'"> +$0';'9$<3 !"#$ %&'&'(' X $)' Y (?/')'2$ ?<'2$*+'> :.2-:.0)-> α $)' β ,?2+'& 4$2'2 4-9.*,.1):5* C' 4$2 f : X → Y B1*(:$01*5 C'2$):$*3 D9'2 E'2 (x1, x2, x3, . . . , xm) ∈ Xm$F$*

α(x1, x2, x3, . . . , xm)⇒ β(f(x1), f(x2), f(x3), . . . , f(xm)) # "3G%1)5012:-> f B1*(:$01*5 X ?<'2$*+'($ α 4-9.*,.:.*. Y ?<'2$*+'($ β 4-9.*,.:.*-+7*?&,?2?012> +$0''9$<3 !"#$ %&'&'&'
(X,α, β, γ, . . . , τ) # "3H%

(Y, α′, β′, γ′, . . . , τ ′) # "3I%0-@.)-2. C'2$)/$& 1):5*3 D9'2 α $)' α′> β $)' β′ >. . .> τ $)' τ ′ ,?2+'& 4$2'2 4-9.*,.$:' # "3H% $)' # "3I% 0-@.)-2.*-  !"#$% ,-, .'/)#)"> +$0''9$<3 !"#$ %&'&')' # "3H% $)' # "3I% -0*. ,?2+'* $($ 0-@. 1):5* C' 4$2 f : X → YB1*(:$01*5 C'2$):$*3 D9'2 45 B1*(:$01* α 0. α′ 0'> β 0. β′ 0'> . . .> τ 05 τ ′ 0'+7*?&,?2?012:-> f B1*(:$01*5*- 4$2 &$*0$"+,- #1*!%!2! 3452525"/4,627> 0-+- &$*0$" .'/) #1*!%!2!> +'*$)$23 !"#$ %&'&'*' J0*. ,?2+'* $($ 0-@. -2-:.*+- 4$2 4'*<'2 0-@. +7*?&?/? C-2:->45 0-@.)-2- &$*0$" .'/)+'" 3452525"/47> +$0''9$<3 !"#$ %&'&'+' A$2';4$2;72,'* #447% 4'*<'2)$( +7*?&?/?*' $%.'/) #1*!%!2!3,6525"/4,62 > $%.'/) "$62,7> +$0''9$<3 !"#$ %&'&',' J0*. ,?2+'* $($ 0-@. -2-:.*+- 4$2 '&0-@. +7*?&?/? C-2:-> 450-@.)-2- $%.'/)+) 3,6525"/47> +$0''9$<3



 !"  !"#$ %&' $()*$()+,-*" .(/0"(1 !"!" #$%& '(%)*&+ ,-+./.012%
(A,�) #$% (B,/) &#'%$ (')*+,- *)./$/0+)1 #'# *#*&%+ 2$*30 4% f : A → B 520'*#67203 4%.#$*#08 9%. x, y ∈ A #:#0

x � y ⇒ f(x) / f(y) ( ;8<-2$372.*/ f : A → B 520'*#72030/  !"# $%"&" '(" )*+,-,.= >#7%%@#A8 B3 &C.>D0C1C+$%.= &/0)+ 37/.)0/ E%0A%.$#' >D0C1C+$%.#>#.8 B30$/./ #/#0.#1#+ 2%+$3 (1%+0#" >/ >%0#$+%'&%>#.8 F3'/.)>/'# '213$ 7%.#0%= G%. x, y ∈ A #:#0
x ≺ y ⇒ f(x) < f(y) ( ;8 H-DA%$#@# */@$/0)72.*/ f : A→ B >D0C1C+C0% #"4#+ '(" 2%+$ (1%+)&" >%0#$#.8

A >/0 B 7% *)./ '2.3. E#. >D0C1C+ 4/.*/= A #$% B 0#0  !"# 1#5!0#"! '("'("(+6'6+/6" 7/ >/= ')*//= A #$% B '6+/6"  !"#0!)!" = >#7%%@#A8 !"!"3 4/5$%&1$1$6
f : A→ B 520'*#7203 EED 4% *)./ '2.3. E#. >D0C1C+ #*% f 7% A >/0 B 7% %1*)./>D0C1C+C (2.>%. #*2+2.IG#*+- = >#7%%@#A8 A >/0 B 7% ED7$% E#. >D0C1C+4/.*/ A #$% B 7% 6- !"#0!= >%0#$#.8 A #$% B %1*)./$) #*%$%.= E303 A ∼= B *#+J%*#7$%E%$#.&%%@#A8 K@%. A >/0 B 7% %1*)./ >D0C1C+C f #*% 4% /7.)/ E303 >/ E%$#.&+%'J%.%'#72.*/

A
f
∼= B 7/ >/ f : A ∼= B ( ;8  -7/A//@)A8 !"#$" %&'&'%' (A,�) (06 (B,/) 4($60 7$! .(8  !"#0#+.!- ($(  ( 46. %0)&9&+)#

A (06 B +(+ 6- !"#0! %0.# ! (:(+ ;6"6$0( <6 1646"0( $%-&0 =6" x, y ∈ A (:(+
x � y ⇐⇒ f(x) / f(y) ( ;8 L-*/60(9(+(  #90#1#+ '(" f : A→ B ''* 2%+$ (1%+&+&+ <#"%0.# !)!"> !"#$%?6"6$0(9(@ A #$% B %1*)./$) #*%$%.= &/0)+ J%.%@#0%= ( ;8<- DA%$#@#0% */G#I E#.

f : A→ B EED 520'*#7203 4/.>).M 7/0# ( ;8 L- #5/>%*#0>% */@/ >2@.3 J%.%'&#.+%4/.>).8 N2$/ >2@.3 J%.%'&#.+%0#0 >% 4/.$)@)0) JD.+%' #:#0 f(x) / f(y) '213$303*/@$/7/0 x, y ∈ A D@%$%.#0# >C1C0%$#+8 K@%. x ≻ y 2$*/7>)=
y ≺ x⇒ y � x ∧ x 6= y

⇒ f(y) / f(x) ∧ f(x) 6= f(y)

⇒ f(y) < f(x)



 !"!" #$%& '()*#$+ ,-+./.012)  !!"#$ %&' (#)&*+& ",-.'"/0 12 (#)&*+& ,).3.4..-/$. 67'# y ≺ x +.%2)8389 4.$)/*:/';4.$&
f(x) / f(y)⇒ x � y"&'0 !"!#$%&%'< =0 >? +,*2)2$2 @.-).4.$ %&' f : A→ B %%7 A,$+@&4,$2 B.'@.C %2 A,$+@&4,$#*@/'.)/)/+ :.$/3/ 6#'#-&$#C A ".$ B 4# %&' !()*#+ "7$8*838"8'0 !"#$ %&'&'%' (A,�) &)# (B,/) :&+#) <+/@3D? @/'.).$3/* &+& @&@:#3 ,)@2$0 A &)#

B $&$ #*@/'.)/ ,)3.@/ &(&$ 6#'#+)& B# 4#:#')& +,*2) E#' x, y ∈ A &(&$
x ≺ y ⇐⇒ f(x) < f(y) < =0 =?79#)&-&$& @.-).4.$ %&' f : A→ B %%7 A,$+@&4,$2$2$ B.',)3.@/"/'0 !"#$ %,!#!-$%&%' A &)# B #*@/'.)/ &@#)#' < =0 >? 79#)&-&$# @.E&F %&' f : A → B %%7A,$+@&4,$2 B.'"/'0 12'.".$

x ≺ y ⇒ (x � y) ∧ (x 6= y)

⇒ (f(x) / f(y)) ∧ (f(x) 6= f(y))

⇒ f(x) < f(y)(/+.'0  !"!#$%&%' A ".$ B 4# < =0 =? 79#)&-&$# @.E&F B# %%7 %&' f A,$+@&4,$2B#'&)@&$0 G4)#4@#
x � y ⇔ (x ≺ y) ∨ (x = y)

⇔ (f(x) < f(y)) ∨ (f(x) = f(y))

⇔ f(x) / f(y),)2'C +& %2C G$#'3#  =0=0 6#'#-&$#C f $&$ A ".$ B 4# %&' #*@/'. "7$8*838,)3.@/ "#3#+:&'0()*#+* %&'&',' (A,�) %$! (B,/) "%-!$ .-*)/01 )*#+$+2/*( %-% )%)"!/ 3$)425 A%$! B 2%2 !()*#+$* 3$/+)* %6%2 7!#!-$% 8! 9!"!#$% -3(4$ -!2:%)% 8! "!#)% +#"+2 ;%#!#:<2=(=/ 3$+2 ;%# f : A→ B >32-)%9324242 8+# 3$/+)*:*#5 !"#$%,!#!-$%&%' A &)# B #*4.F/)/ &@#)#'C < =0 =? 79#)&-&$# @.E&F %&' f : A → B %%7A,$+@&4,$2 B.'"/'0 f A,$+@&4,$2 %%7 ,)"2-2$".$ C f−1 : B → A :#'@ A,$+@&4,$2B.'"/' B# %2 ". %%7 "&'0 H4'/.C E#' x ∈ A &(&$
f−1(f(x)) = x"&'0 12'.".$ B# < =0 =? "#$

f(x) < f(y)⇒ x ≺ y

⇒ f−1(f(x)) ≺ f−1(f(y))
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