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xF2,$3*"2,4 1*)(* 1*) */('&-*)5  ! !* &+#%# &'%()%($ !"#$* A 6= ∅ 5' A ⊂ B $4', 9'"
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 !"  !"#$ %%& '(")$#$%&'%&() *+,-./0+,%1(2, 34&% 5/( 67(787(9 :/( *+,-./0+,;, /$%&' +%8;<;,;5&%/(6'&- /=/,) +,%1(2) *+,-./0+,%1( /=/, -;%%1,82<2'24 f, g, h, . . . >/5/ ?1(@&(%&8&</%A 34&% ./'>&%&(%& 5&%/(6/0+(;49 :; ./'>&%&() .102 -7'&%&(/,8& -;%%1,82<2'24
+, −, ×, ·, ÷ ./'>&%&(/ +%15/%&
&</ >/5/) ⋆. ◦, ⊕, ⊖, ⊗, ⊙, 2, · · · >/5/ ./'>&%&(+%1
1-62(9C4&(/,8& 5/( 01 81 81?1 =+- /$%&' 61,2'%2 5/( A -7'&./) 5/(  !"# !"$%&#'(!)*+82(9 :; 01D202) (A,⊕,⊗), · · · ) 5/=/'/,8& >3.6&(&
&</49

A 74&(/,8& 5/( ⋆ /$%&'/,/, 61,2'%2 +%'1.2 8&'&-) ⊕ : A×A→ B *+,-./0+,;E,;, F&(/%'/$ +%'1.2 8&'&-6/(9 G0%&0.&) ⋆ /$%&'/) ?&( (x, y) ∈ A×A .2(1%2 =/*6/,/5/( 6&- z ∈ B 3>&./,& &$%&0&
&-6/(9 H+<;,%;-%1) z >3(7,67.7,7 x ⋆ y ./'>&./0%&>3.6&(&
&</4I
⋆ : (x, y)→ x ∗ y = z:;,; ,x $-'# y #-$" z, 8/0& +-;01
1<2499 !"#$

N J+<1% K102%1( -7'&./ 74&(/,8&-/ =1(D'1 /$%&'/,/ · /%& >3.6&(&%/'9
· : N× N→ N, · : (m,n)→ m.n8/(9  ! !" n#$% &'$()$(*%&"'()

A 6= ∅ F& n ∈ N +%'1- 74&(& A ,2, n -&4 -&,8/./0%& -1(6&40&, =1(D2'2,81,
A 01 61,2'%2 ?&( *+,-./0+, 5/( nE%/ /$%&'8/(9 :;,; ./'>&%&(%& >3.6&(/(.&-) ?&(

f : A×A× . . .×A→ A*+,-./0+,;,1) A -7'&./ 74&(/,8& 5/( nE'$ $-'# '# 8&,/%/(9  !" #$%&'%&(#) *+&%#,%&(#*&+&,','$
⋆ *+,-./0+,;,;, >3(7,67 -7'&./ 5141, A -7'&./,& &$/6 +%;(A 5141, 81 A 81,5707- +%;(9 :; /-/ 8;(;'; 5/(5/(/,8&, 102('1- >&(&-/(9%&"'() ∗, A -7'&./ 74&(/,8& 5/( /$%&' +%.;,9 L<&( ⋆ *+,-./0+,;,;, >3(7,67-7'&./) A /.&A 01,/)

∗ : A×A→ A5/( *+,-./0+, /.&) MA -7'&./ ∗ /$%&'/,& >3(& %!)!'*.*/N 8&,/%/(9:; 8;(;'81)
∀x, y ∈ A /=/, x ∗ y = z ∈ A+%;(9



  !"! #$%&'%&(#) *+&%#,%&(#  !"#$%&' ⋆ ()*+,-.)*/*/* 01&2*32 +24%,-' A +24%,-*-*5%* 62.2+,%' 7A +24%,-
∗ -89%4-*% 01&%  !"!#$ %&'(#%()*7 5%*-9-&: !"#$ %%&'&%& ;,9<*5= (+#&,(-  !"!#$ .#,!/$ 3=*<4<' ()*+,-.)* >-89%4? 3=*<4<4<@/.=&<*
=' 0%&%+,-@5-&: B2*+2 -89%4 3=*<49< -,%' @=3%* +=C=9<9<+ 1@%9-$- ,=$9=*=
=+D3<&: E/ +=F&=4' ()*+,-.)* 3=*<4<*<* -.- .=C<94=5<$< %,+- @=4=*9=&5=* +=9=*6-& =9<8+=*9<+ )9=&=+ ,2&4%+3%5-&: E-& G)+ +=.*=+3= +=&8<9=8<95<$< -G-*' 6/ 3=*<46-90- =4=
<.9= 6/&=.= =9<*4<83<&: E-@-4 -89%4 3=*<4<4<@ +=C=9<9<+ +=F&=4<*< +=CD,=4=+3=5<&:(#)*+,*# : H)$=9 I=.<9=& J24%,- G=&C4= -89%4-*% +=C=9<5<&:K%&G%+3%*' -+- 5)$=9 ,=.<*<* G=&C<4< 0%*% 6-& 5)$=9 ,=.<5<&: E/*/' ,-40%D9%&9% -(=5% %34%+ -G-*' N H)$=9 I=.<9=& J24%,- 2@%&-*5%+- G=&C4= -89%4-*-

” · ” -9% 01,3%&%9-4:
· : N× N→ N, · : (m,n)→ m.n ∈ N)95/$/*5=*' · G=&C4= -89%4- H)$=9 I=.<9=& J24%,- 2@%&-*5% 3=*<49<5<&L.=*-' N +24%,- G=&C4= -89%4-*% +=C=9<5<&:M: H)$=9 I=.<9=& J24%,- G<+=&4= -89%4-*% +=C=9< 5%$-95-&:E1.9% )95/$/*/ 1&*%+9%&9% 01,3%&%6-9-&-@N

7− 2 = 5 ∈ N 5-&L =4= 2− 7 = −5 6∈ N)95/$/*5=*' G<+=&4= -89%4-*-* 01&2*32 +24%,-' H)$=9 I=.<9=& J24%,-*5%*62.2+32&: E=8+= 6-& 5%.-89%' − : N×N→ N 3=*<49< 5%$-95-&L 5)9=.<,<.9='H)$=9 I=.<9=& J24%,- G<+=&4= -89%4-*% +=C=9< 5%$-95-&: O3% .=*5=*'
− : N× N→ Z3=*<49<5<&:E/ 32& 1@%9-+9%&' 4=3%4=3-+,%9 .=C<9=&<* 0%*-89%3-94%,- 0%&%+G%,-*- 5)$/&/&:-*# .*/01023")$24 E)8 )94=.=* 6-& A +24%,- 2@%&-*5% 3=*<49< ⋆ -89%4- F%&-9,-*: P%&

x, y ∈ A -G-*'
x ⋆ y = y ⋆ x)9/.)&,=' ⋆ -89%4-*-* 0&) %&'(+(, >3=+=, D +)4/3=3-Q-+? 1@%9-$- F=&5<&' 5%*-9-&:(#)*+,*# : 5.7 = 7.5 1&*%$-*5% )95/$/ 0-6-' R%& m,n 5)$=9 ,=.< G-(3- -G-* m.n = n.m5-&: S R=95%' H)$=9 I=.<9=& J24%,- 2@%&-*5% G=&C4= -89%4- .%& 5%$-8-4-1@%9-$-*% ,=R-C3-&:



  !  !"#$ %%& '(")$"# 9−5 6= 5−9 $%&'()&*' +,*-(- .)/)0 1'% m,n *+*+(2, 3245 6)78) )6)& m−n 6=
n − m *)%# 9 12,*'0 :+(2, ;245,2% <=>'3) =?'%)&*' 65@2%>2 )A,'>) 4'%*'()A)>) $?',)()&' 321)B *'(),*)%#:212 .'&', 3$4,'>'@ .'%'@)%3'C2# ;245 @=>','%) =?'%)&*' 82&5>,5 8+B,2>2 (+) D' 62%B>2 (.) )A,'>,'%)&)&*'()A>' $?',)() D2%*5%#/# E5@2%>2 (−) D' /$,>' (÷) )A,'>,'%)&)& *'()A>' $?',)() 4+@8-%# !"#$%&$ '($#!)! !"#$%&$ '($#!)!F+A +,>242& /)% A @=>'3)&*' 82&5>,5 /)% ⋆ )A,'>) D'%),3)&# G'% x, y, z ∈ A)6)&0

x ⋆ (y ⋆ z) = (x ⋆ y) ⋆ z+,-4+%32 ⋆ )A,'>)&)&  !"#$%&$ '($#!)! D2%*5%0 *'&),)%#'"*$+#$" # 2.(3.4) = (2.3).4 $%&'()&*' +,*-(- .)/)0 1'% m,n, r *+(2, 3245,2%5 )6)&
m.(n.r) = (m.n).r *)%# 9 12,*'0 :+(2, ;245,2% <=>'3) =?'%)&*' 62%B>2)A,'>) /)%,'A>' $?',)()&' 321)B8)%#"# 40 : (20 : 2) = 4 6= 2 = (40 : 20) : 2 $%&'()&*' +,*-(- .)/)0 1'% p, q, r%234+&', 3245,2% )6)& m : (n : r) 6= (n : m) : r *)%# 9 12,*'0 H234+&',;245,2% <=>'3) =?'%)&*' /$,>' )A,'>) /)%,'A>' $?',)()&' 321)B *'(),*)%#I'&', +,2%2@0 3245 @=>','%) =?'%)&*' 8+B,2>2 D' 62%B>2 )A,'>,'%) /)%,'A>'$?',)()&' 321)B8)%C 2>2 65@2%>2 D' /$,>' )A,'>,'%)&)& /)%,'A>' $?',)() 4+@8-%#  !" #$%$& '()

⋆ )A,'>) /)% A @=>'3) =?'%)&*' 82&5>,5 +,3-&# G'% x ∈ A )6)&0
x ⋆ e = x = e ⋆ x'A)8,)()&) 32(,242& /)% e ∈ A D2%320 e $('3)&'0 ⋆ )A,'>)&' .$%'  !"!& *$+,!-!(. ')$/*'&),)%#'"*$+#$" # 8 + 0 = 8 = 0 + 8 $%&'()&*' +,*-(- .)/)0 1'% k 82> 324535 )6)& k + 0 =

k = 0+ k *)%# 9 12,*'0 0 3245350 J2> ;245,2% <=>'3)&*' =?'%)&*' 82&5>,58+B,2>2 )A,'>)&' .$%' /)%)> $('*)%#



  !"! #$%& '($    !" A = {2, 3, 4, . . .} #$%&'( $)&*(+,& · -.*/%. (01&%( 2.+3%13,3*4 5.+(6
· : A×A→ A, · : (m,n)→ m.n7(* (#(1( (01&%,(*" #./.1313#6 5&* ,&8(0(%( 9& 7(*1&0%& :)&1(#1&*( '.81.+3*";%.6 7(* '.53+3+ 1 ,&+ 7.0#. 7(* '.53 (1& -.*/3%3 #&+,('(+& &0(2 <1.%.)"

1 6∈ A <1,=8=+,.+6 -.*/%. (01&%(+& >:*& 7(*(% :8& A (-(+,& 5<#2=*"
Q *.'5<+&1 '.531.* #$%&'( $)&*(+,& ?∗@ (01&%(

a ∗ b = a+ b+ ab7(-(%(+,& 2.+3%1.+'3+" A= (01&%(+6 9.*'.6 7(*(% &1&%.+3+3 7=1.13%"B.+3% >&*&8(+
& ∀a ∈ Q (-(+ a ∗ e = e ∗ a = a <1.
.# 7(-(%(+,& 7(* e ∈ Q.*.5.
.83)"
a ∗ e = a ⇒ a+ e+ a.e = a

⇒ e+ a.e = 0

⇒ (1 + a).e = 0

⇒ (e = 0) ∨ (1 + a = 0)

⇒ e = 0 ∈ Q<1=*" ∀a ∈ Q (-(+6
a ∗ 0 = a+ 0 + a.0 = a<1,=8=+,.+  !"#!$ %&'&( )*)(!$ e = 0 ,3*"

e ∗ a = a ⇒ e+ a+ e.a = a

⇒ e+ e.a = 0

⇒ e(1 + a) = 0

⇒ (e = 0) ∨ (1 + a = 0)

⇒ e = 0 ∈ Q<1=*" ∀a ∈ Q (-(+6
0 ∗ a = 0 + a+ 0.a = a<1,=8=+,.+ ?∗” (01&%(+(+  +*#!$ %&'&( )*)(!$, e = 0 ,3*"

Q ,. 2.+3%13 ?∗” (01&%(+(+ D&% '.8,.+6 D&% '<1,.+ 7(*(% &1&%.+3 E F'3G3*H<1,=8=+,.+6 (01&%(+ 7(*(% &1&%.+3 9.*,3* 9& e = 0 ∈ Q ,3*"A(*(% &1&%.+ -<8=+1=#1. e (1& >:'2&*(1(*"  !" #$%& '($ !" #$%&!& '%"(! !"#$% A #$%&'(+,& 2.+3%13 7(* ⋆ (01&%( 9&*(1'(+ 9& 7=+. >:*& 7(*(% e 7(*(%:8&'( 9.* <1'=+" I&* x ∈ A (-(+6
x ⋆ y = e = y ⋆ x



  !  !"#$ %%& '(")$"#$%&$'$($ )*'&*+*( ,$- y ∈ A .*-)*/ y 0'")$/ ⋆ $#&"1$(" 20-"/ x 0'")$($(  !"#$3$-45*+6 781"&"-$ 89"-$(3"/ %:;&*1* $#&"1$(" 20-"/ ,$- x 0'")$($( %"-)$−x< =*-;1*$#&"1$(" 20-" x−1 = 1
x
, x 6= 0 3$-4 >-("'$(/ 12 ($( %:;&*1)*& %"-)$ −12< =*-;61?)*& %"-)$ 1

12
3$-4 @+(6 ,$=$13"/ −(−5

3
) 8( %:;&*1)*& %"-)$ −(−5

3
) =

5

3
< =*-;61)*&%"-)$ (−5

3
)−1 = −

3

5
3$-45*+6 781"&"-$(3"( "3$(3$'$1$9 *&6#7*(&67&*/ ):+A% 781"&"- 89"-$(3" %*(61&6:&A; + $#&"1$(" ,"(9"+"(&"-"  %&'()( $*'!)$< · $#&"1$(" ,"(9"+"(&"-" 3" +("&)($*'!)$/ 3$+"
"'$94 C:&*+6)6+&*/ ,$- x 0'")$($( %:;&*1)*& %"-)$ −x< =*-;61)*& %"-)$

x−1 )$12")$+&" 20)%"-$&"
"7%$-4 !"#$%! &'($)")D:# :&1*+*( ,$- A 781")$ 89"-$(3" ⊕ ." ⊗ $#&"1&"-$ %*(61&6 :&)A(4 ∀a, b, c ∈ A$=$(/
a⊗ (b⊕ c) = (a⊗ b) ⊕ (a⊗ c)"#$%&$'$ )*'&*(6+:-)*/ ⊗ $#&"1$($( ⊕ $#&"1$ 89"-$(" #%',(- ,(./')( 09"&$'$ .*-36-<
(a⊕ b)⊗ c = (a⊗ c) ⊕ (b⊗ c)"#$%&$'$ .*-)* ⊗ $#&"1$($( ⊕ $#&"1$ 89"-$(" #(.,(- ,(./')( 09"&$'$ .*-36-/ 3"($&$-4E"1 ):&3*(/ F"1 )*'3*( 3*'6&1* 09"&$'$ .*-)*/⊗ $#&"1$($( ⊕ $#&"1$ 89"-$(",(./')( 01!'$.$ .*-36-45*+6 781"&"-$ 89"-$(3" =*-;1*(6(/ %:;&*1* 89"-$(" 3*'6&1* 09"&$'$ .*-36-<*1*/ %:;&*1*(6( =*-;1* $#&"1$ 89"-$(" 3*'6&1* 09"&$'$ +:7%A-4*!+#%, A 781")$ 89"-$(3" %*(61&6 ,$- ⋆ $#&"1$ :&)A(4 G'"- ∀x ∈ A $=$(/
∀x ∈ A $=$(x ∗ u = u ∗ x = u:&*
*7 ,$=$13" ,$- u ∈ A .*-)*/ u +* ⋆ $#&"1$($( 23 (4 523 (-6 0.!#$ 3"($&$-4&-+(.5*+6 781"&"-$ 89"-$(3" =*-;1* $#&"1$($( +A%*7 0'")$ 0 )*+6)636-< =8(78/ F"-

x )*+6)6 $=$(/
x.0 = 0.x = 036-4  !"! #$%&'(& )*+,-(,*&-+(.$(- 4 Q H*)+:("& 5*+6&*- I81")$ 89"-$(3" ⊕ $#&"1$($ *#*'63*7$ "#$%&$7 $&" %*(61?&*+*&61J a+b ." a

b
$#&"1&"-$/Q 89"-$(3"7$ %:;&*1* ." ,0&1" $#&"1&"-$ :&1*789"-"/ ∀x, y ∈ Q $=$(/

x⊕ y =
x+ y

2
(2)



  !"! #$%& '($   !"#$%&#'()#'"# *+ #,&%'#- -#.%&#/&%0#-# 101,.201&2'(314 Q /5'%6# ⊕ #,&%'#-% 780% /191&2"20: ;5-/5 ∀x, y ∈ Q #;#-< (2)%,#.&#=#-#- 61= $1-2 "1#'1 *#0 016$>-%& 61$2"20(3*4 ⊕ #,&%'#-#- $%0 "%=#,#' 8?%&#=# @10"20: ;5-/5<
x⊕ y =

x+ y

2
=

y + x

2
= y ⊕ x .3
4 ⊕ #,&%'#-#- *#0&%,'% 8?%&#=# $>/.+0: 80-%=#-<

2⊕ (4⊕ 8) = 2⊕ 6 = 4 6=
11

2
= 3⊕ 8 = (2 ⊕ 4)⊕ 8"#0(3"4 0 61$262< ⊕ #,&%'#-% 780%< Q #;#-"% *#0#' 8=%"#0: ;5-/5<

∀x

(
x+ 0

2
=

x

2
=

0 + x

2

)"#0(3%4 B%0 x 016$>-%& 61$262-2-< ⊕ #,&%'#-% 780%< Q #;#-"%/# .%06# −x61$262"20: ;5-/5<
x⊕ (−x) =

x− x

2
= 0"20(3C4 (Q,⊕) 6#6.%'# $%0 "%=#,#'&# *#0 70+9.+0(D( Q E16$>-%& F1$2&10 G5'%6# 5?%0#-"% ⊗ #,&%'#-# 1,1=2"1/# %,#.&#/ #&% .1-2'H&1$1&2'I a + b @% a.b #,&%'&%0#< Q 5?%0#-"%/# .>9&1'1 @% ;109'1 #,&%'&%0#>&'1/ 5?%0%< ∀x, y ∈ Q #;#-<

x⊗ y = x+ y + x.y (3)"#$%&#'()#'"# *+ #,&%'#- -#.%&#/&%0#-# 101,.201&2'(314 Q /5'%6# ⊗ #,&%'#-% 780% /191&2"20: ;5-/5 ∀x, y ∈ Q #;#-< (3)%,#.&#=#-#- 61= $1-2 "1#'1 *#0 016$>-%& 61$2"20(3*4 ⊗ #,&%'#-#- $%0 "%=#,#' 8?%&#=# @10"20: ;5-/5<
x⊗ y = x+ y + x.y = y + x+ y.x = y ⊗ x



  !  !"#$ %%& '(")$"
$ ⊕ %&'()%*%* +%,'(&)( -.('%/% 01,23,4 56*768
x⊗ (y ⊗ z) = x⊗ (y + z + y.z)

= x+ (y + z + y.z) + x.(y + z + y.z)

= x+ y + z + y.z + x.y + x.z + x.(y.z)

= x+ y + x.y + z + x.z + y.z + (x.y)z

= (x+ y + x.y) + z + (x+ y + x.y).z

= (x× y)⊗ z2%,9"2$ ⊗ %&'()%*( :-,(8 Q %5%*2(7% +%,%) -/( ; 23,4 56*768
∀x%5%*8(x⊗ 0) = (x+ 0 + x.0) = x = (0 + x+ 0.x) = (0⊗ x)2%,9"($ <%, x 6= −1 =1>3=3*3*8 ⊗ %&'()%*( :-,(8 Q %5%*2(7% ?(,= -/(=% −x

1+x2%,4 56*768
x⊗

(
−x

1 + x

)

= x+
−x

1 + x
+ x ·

−x

1 + x
= 023,9"@$ ((Q \ {1}),⊗) =%=?()% >(, 2(/%&%)'% +%, :,AB?A,9C9 Q 6.(,%*2( ?1*3)'3 D'1* ⊗ %&'()%*%*8 ⊕ %&'()% 6.(,%*( 21/3')1 -.('%/%01,23,E

x⊗ (y ⊕ z) = x⊗

(
y + z

2

)

= x+
y + z

2
+ x ·

y + z

2

=
x

2
+

x

2
+

y + z

2
+

x.y

2
+

y + z

2
+ x ·

x.z

2

=
(x

2
+

y

2
+

x.y

2

)

+
(x

2
+

z

2
+

x.z

2

)

=
(x+ y + x.y) + (x + z + x.z)

2

=
(x⊗ y) + (x⊗ z)

2
= (x⊗ y) + (x⊗ z)!9 (Q,⊕,⊗) =%=?()% >(, 2(/%&%)'% 0( +%,%)'% +%, F1'7123,9G*
(7% -,*(7'(,2( :-=?(,%'(* *%?('%7'(,8 +A -*(,)(*%* %=B1?323,9



  !"! #$%& '($   !!" Q #$%&'()% *+(,-., /.+( ⊗ '0.%-'(% 12&%3 '4' 5+6,(,( *%&5.%&' +0+7,)+125*%&'.-'0*'&"
7−1 =

−7

1 + 7

= −
7

8

(−
5

4
)−1 =

−(− 5
4 )

1 + (− 5
4 )

=
5

98" Q #$%&'()% *+(,-., /.+( ⊗ '0.%-'(% 12&%3 −1 5+6,5,(,( *%&5 27%5'('(/.-+),7,(, 125*%&'('$"
x−1 = −(−1)

1−1 '9+)%5'('( 5+7 6+(, *+(,-5,$),&: ;#(4#3 5+6, 4#-%.%&'()% 0 '.%<2.-% '0.%-' *+(,-5,$),&" =6.%65%3 ⊗ '0.%-'(% 12&% −1 '( *%&5' 6/4*>&"?" =7% 5+6,5, +$ /.+( 4#-%.%& #$%&'()% '4'.' <'& '0.%- *+(,-.+-+4 6+ )+*+(,-.+(-,0 <'& '0.%-' 125*%&-%4 ';'(3 +0+7,)+4' 1'<'  !"#$ %&'"()* )#$%(@.%(%<'.'&"
⋆ + < 
 ) % 9+ + + + + + +< + < + < < <
 + + 
 + 
 
) + < + ) < )% + < 
 < % %9 + < 
 ) % 9 420%1%(B> *+<./)+3 '4'.' '0.%-'( '.4 27%5' 5+*,&.+&,( 5/.>()+(3 '4'(
' 27%5' 5#*>(.+&@)+( 5%;'.'&" C0.%- 5/(>
>3 5%;'.%( 5+*,& D% 5#*>(>( 4%5'0*'7' 6%&)%4' 27%)'&"=&(%7'(3 6>4+&,)+4' *+<./)+ *+(,-., '0.%- ';'(3

(a, a) → a ⋆ a = a

(a, b) → a ⋆ b = a

(c, f) → c ⋆ f = c

(d, e) → d ⋆ e = b

(e, d) → e ⋆ d = b)'&" E'7%& 5/(>;.+& )+ <%($%& <';'-)% .'5*%.%(%<'.'&"
A = {a, b, c, d, e, f} ';'(3 " A 4#-%5'('(3 ⋆ '0.%-'(% 12&% 4+F+., /.)>7>3



  !  !"#$ %%& '(")$"# ⋆ $%&'($)$) *'+ ,'-$%$( ./'&$-$)' 012$3 4&,5-567# ⋆ $%&'($)$) 8$+&'%(' ./'&$-$)' 012$3 4&,5-56918&4,1) :4&1*
1 <=:1+=&18$&$+#># A = {1, 2, 3, 4, 5} :?('0$ ?/'+$),' ⊙ $%&'($6
a, b ∈ A ⇒ a⊙ b = 3a− 2b8$<$($),' 91)=(&1)=*4+# @%&'( 918&405)5 *13=)=/ A' ⊙ $%&'($)$) ./'&$:&'+$)$$)
'&'*$)$/#

⊙  " 7 B C  D D7 DB DE" B " F D" DB7 E C 7  D B  F > ! B "C  7   G E C :.%'H')*5:1+=,1:$ 918&4,1 91)=(&= $%&'( $<$)6
(1, 1) → 1⊙ 1 = 1

(1, 2) → 1⊙ 2 = −1

(3, 2) → 3⊙ 2 = 5

(4, 3) → 4⊙ 3 = 6

(5, 5) → 5⊙ 5 = 5,$+# I$-'+ 04)5<&1+ ,1 8')/'+ 8$<$(,' &$09'&')'8$&$+# J18&4,1)6 ⊙ $%&'($)$)%5 ./'&$:&'+$)$ H.+'8$&$+$/#K1L A :?('0$6 ⊙ $%&'($)' :131&= ,'-$&,$+M <?):?6 H.+?)9? :?('0$
B = {−7,−5,−4,−3,−1, 0, 1, 2, 3, 4, 5, 7, 8, 9, 11, 13}:?('0$,$+# N5 :?(' A )=) 8$+ 210 ?09 :?('0$,$+# I4&1*=0=*&16

⊙ : A×A→ A$%&'($ 91)=(0=/,=+M 85)5) *'+$)'
⊙ : A×A→ B$%&'($ 91)=(&=,=+#K8L ⊙ $%&'($)$) *'+ ,'-$%$( ./'&$-$ *4:95+M .+)'-$)6

3⊙ 2 = 5 6= 0 = (2, 3),?+#



  !"! #$%&'%()#$#(   !"
$ ⊙ %&'()%*%* +%,'(&%) -.('%/% 01234,5 -,*(/%*6
3⊙ (4⊙ 5) = 3⊙ 2 = 51'74/4 89'7(6
(3⊙ 4)⊙ 5 = 1⊙ 5 = −77%,:"7$ A 2;)(<%*7(6 ⊙ %&'()%*( =-,( +%,%) -/( 01234,5 >;*2;6

∀x ∈ A ⇒ x⊙ e = x = e ⊙ x(&%3'%/%*% <9/'909* +%, e ∈ A -/(<% 01234,:"($ ?%,%) -/( 1')97@/@*9 =-,(6 A %>%*7(2% 8%> +%, -/(*%* 3(,<% 1'9)9.:  !" #$%&'%()#$#( : A'2-/,(3%) >9/@*79* +4 09*96 -/,(*7%/%*%. +%,'% B( %2%'% %&'()'(,% 09.@*@.:C: N = {0, 1, 2, 3, · · · } 71/9' <90@'9, 2;)(<% ;.(,%*7( x⊙ y = 3x+2y (&%3'%/%%'( 39*@)'9*9* %&'()%* 39+'1<4*46 %'2 5× 5 <93@, × <;34* %>%* 7;.(*'(0%*%.:A&'()%* -.('%2'(,%*% 9,9&3@,@*@.:D: A = {−i,−1, 0, 1, i} 2;)(<% ;.(,%*7(6
1 ∗ 1 = 1, (−1) ∗ (−1) = 1, 1 ∗ i = i, i ∗ 1 = i, i ∗ i = −1(&'()('(,% %'( ∗ %&'()% 39*@)'9*@01,: ∗ %&'()%*%* 39+'1<4*4 09E@*@.5 -.('%2F'(,%*% %*
('(0%*%.:G: 1 <90@<@6 R =(,>(2 ",(('$ <90@'9, 2;)(<% ;.(,%*7( 39*@)'@ +-')( %&'()%*%*+%,%) -/(<% )%7%,H I(7(*HJ: Z K9)<90@'9, L;)(<% ;.(,%*7(6

x, y ∈ Z %>%* x ⋄ y = 4x+ 3y+9/@*3@<@0'9 39*@)'9*9* %&'()%*6"9$ M(, 7(/%&%) -.('%/%*( <98%E )%7%,H"+$ ?%,'(&)( -.('%/%*( <98%E )%7%,HN: Q O9<01*(' P90@'9, L;)(<% ;.(,%*7(6
x, y ∈ Q %>%* x ⋄ y = x+ y − xy+9/@*3@<@0'9 39*@)'9*9* %&'()%*6"9$ M(, 7(/%&%) -.('%/%*( <98%E )%7%,H



  !  !"#$ %%& '(")$"#$ %&'()*+) ,-)(&.&/) 012&3 +&4&'5"
$ %7 &*()+) 8,') Q &9&/4) #&'&+ ,.) :1' +;4;'5"4$ %7 &*()+) 8,') <)'0& :1' =(1/ ,.)()' :1' +;4;'5>? A = {0, 1} @A+)0& A-)'&/4) + :) · &*()+()'& :)'&(&B='?"1$ C)' &@& &*()+&/ <1#(=(1';/; B13;/;-?"#$ + &*()+&/) 8,')D A &9&/4) #&'&+ ,.) :1' +;4;'5"
$ · &*()+&/) 8,')D A &9&/4) #&'&+ ,.) :1' +;4;'5"4$ + &*()+&/) 8,')D A &9&/4)@& 2)' ,.)/&/ <)'0& :1' +;4;'5")$ + &*()+&/) 8,')D A &9&/4)@& 2)' ,.)/&/ <)'0& :1' +;4;'5"E$ · &*()+&/&/ + &*()+& A-)'&/) 41.;(+1 ,-)(&.& :1' +;4;'5!? ∀x ∈ R &9&/ x−0 = x 4&'? 0 01B;0;D
R A-)'&/4) 9;@1'+1 (−) &*()+&/&/ #&'&+)()+1/; =(7' +75 F/
)()B&/&-?G? %&' &*()+) 8,') )/ 9=@ #&' <1/) #&'&+ ,.) =(1#&()
).&/& 8,0<)'&/&-? H? %&' &*()+) 8,')D #&' ,.)/&/ )/ 9=@ #&' <1/) <)'0 ,.)0&/&/ =(1#&()
).&/& 8,0I<)'&/&-?  ? N A-)'&/4) <1/;+(; m ⋄ n = mn + 1 &*()+&/&/ B)' 4).&*+) :) #&'()*+),-)(&@()'&/&/ =(73 =(+14;.;/; 1'1*<;';/;-? J? Z A-)'&/4) <1/;+(; a ◦ b = ab − ab &*()+& :)'&(&B='? (2 ◦ 3) ◦ 4 &*()+&/&/0=/7
7 /)4&'5 K? A A-)'&/4) <1/;+(; #&' ⋆ &*()+&/) 8,')D 2)' ,.)/&/ <)'0& :1'01D (x ⋆ y)−1 =
y−1 ⋆ x−1 =(47.7/7 8,0<)'&/&-?  !" #$%&'() ()*+#,+*-  !"! #$%&'( )*% +%*,-.,*& !"!# $%&'('#
' *+!#$* *,!"*# %&'"- ./0 *+ 1%#2* +*2!+!" 3*34"4#/ 5426/&3/$427 *2+!" 3*34"4 &*,!#
! *+$* %"6*&3*$!28%7 0='7B7 B1/;<(1'@)/D 9 + 5 = 14 4)+)B&-L 2 4)'&-? MA/@AD #&' B;(41 12 1B:1'4;'? 12 /
& 1B41/ 0=/'1 1 /
& 1B 8)(&'?9*.*: 1**3 $%&'($* 40.*0! +*;*# .42 40,4- 5<#$/ 1/&4( 1**3 ,*"06*&3*$!27 ='40,4- 404 .!2*&!2&/#- 1**34 &*,! 5>13/2428%7 0='7/7/ B1/;<;D 9 + 8 = 17 4).&(4&'L 9A/@A 011<&/ 8,0<)'8)0&/4)D 12 4)/0=/'1 1 8)(+)@<)4&'? N=(1B;0;B(1D B1/;< 5 4&'? !"!# .424#
4 6/?1464 @A B*23C3* .*0"*27 =/0 6/?146 1%#2*- +!"!# &*,!#
!6/?1464 .*0"*28%7 0='7/7/ 41 B1/;<; 1+5 = 6 4).&(L 2 4&'? MA/@AD B;(;/ +):0&+()'& 4 <1/)4&'D

4 A/
A4)/ 0=/'1 1 /
& +):0&+ 8)(&'?



  !"! #$%&'() ()*+#,+*-   !"#$%&'& ()$*)' +',(%)-%)'.$ /0*1-12 3&-4&56%&'7&8. &'.3-)3.83)$ 9&'8%6 (.'&'.3-)3.:. ;)')83.'.'< "#$&  !"#$%& '&()*%)(+ 7)$.%.'< "# (0%1-7)2 -,71%)'&'.3-)3.:.2 864&
& )%) &%&
&:6*< !"#$ %%&'&%& a 3&-4&5646 b 3&-4&5646$6 8&%&$46* (0%15,'4& >3&- (0%15,'4&?2(# 7#'#-# ;043)'-)8 ./.$ a|b 4.-;)4.$. 8#%%&$6'6*< @&'A63 ,%&'&82 a 3&-4&5646 b3&-4&5646$6 8&%&$46* (0%-15,'4& >3&- (0%-15,'4&?2 (# 7#'#-# ;043)'-)8 ./.$
a ∤ b 4.-;)4.$. 8#%%&$6'6*< ()*($ %%&'&%& a, b,m ∈ Z, m > 1 !$*-+ #.%&% Z #.%&(/"%

β = {(a, b) : m | (a− b)}0-12/)232 0(& "%/+$(+ 0-12/)232"2&4 !"#$% ".' 7)$8%.8 (&:6$3646 ,%-&46 ./.$2 β (&:6$3646 5-/32*-$2, 3(*%)&(+ 6%7%8(9+%/ ,%-&%676'<
β :-/32*-$2"2&;

a− a = 0 B) m|0 ,%7#:#$7&$2
a ∈ Z ⇒ m | (a− a)⇒ (a, a) ∈ β/68&'<

β <(*%)&(+)(&;
a, b ∈ Z ./.$2

m | (a− b)⇒ m | (b − a),%7#:#$7&$2 [(a, b) ∈ β ⇒ (b, a) ∈ β℄ /68&'<
β =%8(9+%/"(& ;

a, b, c ∈ Z ./.$2
[m | (a− b), m | (b − c)]⇒ m | (a− c),%7#:#$# ;043)'.'4)82
[(a, b) ∈ β, (b, c) ∈ β]⇒ (a, c) ∈ β/68&
&836'D

m | (a− b) B) m | (b− c) ⇒ ∃p, q ∈ Z, a− b = mp ∧ b− c = mq

⇒ (a− b) + (b − c) = mp+mq 76'.
⇒ a− b+ b− c = m(p+ q)

⇒ a− c = mk (p+ q = k ∈ Z)

⇒ m | (a− c)E F&%7)2 β (.' 7)$8%.8 (&:6$364676'<
β (&:6$36462 Z 81-)4.$. 7)$8%.8 46$6G&'6$& (0%)'< H)7)$I J.-7.2 7)$8%.846$6G&'6$6 (#%&%6-<



 !"  !"#$ %%& '(")$#$% a &'()'*+)+, 1 -./ 01*12 0$% 0$% m &'()'*+)+/' 0341/1%)., #34(. 54678%$&(')+/' 63%.,
a = m.r + k.9$&4$:$/$ )':4'*'/ r ;. k &'()'*+4'%+/+/ ;'%4+:+/+ )3*4.*.0$4$%$<= #>%'-', r 0341(,

k 2'4'/-+% ;. 0 ≤ k < m 279>4>/> )':4'%= #>%'-'/,
a = m.r + k ⇒ a− k = m.r

⇒ m | a− k

⇒ (a, k) ∈ β*'<'0$4$%$<= #>, a /+/ k *' -./2 74->:>/>? *'/$, a $4. k /+/ '*/+ -./24$2 )+/+@+/-'74->:>/> )3*4.%=#$% a &'()'*+)+/+/ k *. -./2 74(')+ -.(.2, '*/+ 2'4'/ )+/+@+/' '$& 74('4'%+-.(.2&$%= #> ->%>(>,
a ≡ k (mod m) A  = B)$(6.)$*4. 63)&.%.
.2 ;. Dm  !"#$#%& '()&* a +,-.+.* k -, "&%/01)2* *' -' Da"&%/ k  !"3$! mD -$*. 72>*'
':+<=#> 63)&.%$(-.2$, k )'*+)+,a /+/ m *. 0341/(.)$*4. .4-. .-$4./ 2'4'/-+%=

a ≡ k (mod m) 0':+/&+)+/+/ *'/)+*'/, )$(.&%$2 ;. 6.E$92./ 74->:> 'F'E+2&+%=#$% &'( )'*+,m $4. 0341/1%)., 2'4'/ 0, 1, 2, 3, · · · ,m−1 )'*+4'%+/-'/ 0$%$)$-$%=G>2'%+-'2$ '/4'(-', k *' -./2 74'/ 01&1/ a &'()'*+4'%+/+/ 74>9&>%->:> -./24$2)+/+@+,
k = {a | a ≡ k (mod m) A  =!B-$%= H4>9'0$4./ 01&1/ -./24$2 )+/+I'%+,

Z/m = {0, 1, 2, 3, · · · ,m− 1} A  =JB-$%= #> -./24$2 )+/+I'%+/+/ 21(.)$/. m /$/ /,$,% +.%.4,).%.% /# &+1 -. -./$4$%;. Z/m )$(6.)$*4. 63)&.%$4$%=K*4.*).,
Z/m = {0, 1, 2, 3, · · · ,m− 1}74>%=#$% a &'()'*+)+/+/ b *. -./2 74(')+/+

a ≡ b (mod m) A  =LB)$(6.)$*4. 63)&.%.
.:$<=#$% k &'()'*+)+/' -./2 74'/ 01&1/ &'()'*+4'%+/ 74>9&>%->:> -./24$2 )+/+@+,
k = {a | a ≡ k (mod m)} A  =MB-$%= #> -./24$2 )+/+I'%+/+/ '$4.)$/., m -& '()& /,$,% +.%.4,) -' -./$4$% ;. Z/m)$(6.)$*4. 63)&.%$4$%= #$% a &'()'*+)+/+/ b *. -./2 74(')+ -.(.2, 0> )'*+4'%+/,'*/+ 2'4'/ )+/+@+/' '$& 74('4'%+ -.(.2&$%N



  !"! #$%&'() ()*+#,+*-  ! "#$%#$&'$#()'( *+$,&- ,+&+( .-(-/+$ 0)'(,&#, .-(-/+$-12
Z/m = {0, 1, 2, 3, · · · ,m− 1})#$3 !"#!$ %%&'&(&  !"#$%"&' '("%)*)+ ,'+,'+*)+'-) %)-&.'+/ 3 a ≡ b (mod m)!3 m|(a− b)43 a #&' b +5(- ,+&+( .-(-*-(+ +#66#$373 a ∈ b83 b ∈ a93 a, b ∈ c:3 a = b)#*!+ %%&'&%&  3 Z/4 ,+&+( .-(-/+$-(- %;&;(;<3012345 4 =( ,+&+( .-(-/+$-2 Z/4 = {0, 1, 2, 3} )=$3 ";(&+$2

0 = {. . . ,−16,−12,−8,−4, 0, 4, 8, 12, 16, . . .}

1 = {. . . ,−15,−11,−7,−3, 1, 5, 9, 13, 17, . . .}

2 = {. . . ,−14,−10,−6,−2, 2, 6, 10, 14, 18, . . .}

3 = {. . . ,−13,−9,−5,−1, 3, 7, 11, 15, 19, . . .});$3 !"#!$ %%&'&,& a, b, c,m ∈ Z 6) m > 1 '7'-8
a ≡ b (mod m) ⇒ (a∓ c) ≡ (b ∓ c)(mod m)9*:+/";(;( #.>+6- 6+(-?)+( @'?'( AB$=&=$3 !"#!$ %%&'&-& a, b, c, d,m ∈ Z 6) m > 1 '7'-8

(a ≡ b(mod m)) ∧ (c ≡ d(mod m)) ⇒ (a± c) ≡ (b ± d)(mod m)%'+/



 !!  !"#$ %%& '(")$ !"#$%
a ≡ b (mod m) ⇒ m | a− b

⇒ ∃p ∈ Z, a− b = mp

c ≡ d (mod m) ⇒ m | c− d

⇒ ∃q ∈ Z, c− d = mq

a− b = mp
c− d = mq

}

⇒ (a+ c)− (b+ d) = m(p+ q)

⇒ (a+ c)− (b+ d) = mk (p+ q = k ∈ Z)

⇒ m | (a+ c)− (b+ d)

⇒ a+ c ≡ b+ d ("#$ m)#%&'( )&'*$*+,
a ≡ b (mod m)
c ≡ d (mod m)

}

⇒ (a+ c) ≡ (b + d) (mod m)-./*'(
a ≡ b (mod m)
c ≡ d (mod m)

}

⇒ (a− c) ≡ (b − d) (mod m)#%$&0& 12+32' 4#%%* 56782'9%219%9'( !"#$%#! ( −11 ≡ 9 :"#$ ;< =2 19 ≡ −5 :"#$ ;< 9-9+,
−11 + 19 = 8 ≡ 0 ("#$ 4)
9− 5 = 4 ≡ 0 ("#$ 4)

}

⇒ −11 + 19 ≡ 9− 5 ("#$ 4)#%&'(!( −14 ≡ 34 "#$ : !< =2 −22 ≡ 26 :"#$  !< 9-9+,
−14− (−22) = 8 ≡ 8 ("#$ 12)
34− 26 = 8 ≡ 8 ("#$ 12)

}

⇒ −14−(−22) ≡ 34−26 ("#$ 12)#%&'(>*%*+ 7.+.?*'. @32'9+$2 8#A%*"* 9B%2"9+9, *B*0.$*/9 5919 8*+."%*4*19%9'93C&'"() **+,+-+ a, b ∈ Z/m 972,
a⊕ b = a+ b$.'(



  !"! #$%&'() ()*+#,+*-  !"#$%&'&( a )* b +*%,-*( a1 ∈ a )* b1 ∈ b ./0&1 23*%* 4*%4&-5, a1, b16&+7/&%7 &/7-&8,/,%9 :.;/&0& ,</*0,( 1&/&- 67-7=&%'&- 6*>,/*- ?*06,/
,+* 8&A/7'*A,/',%9 B*'*-C"9 11, 5, 2 ∈ Z/7 ,>,-(
11⊕ 5 = 11 + 5 = 16 = 2, −17⊕ 26 = −17 + 26 = 9 = 2./$%9D9 a + b = c ,</*0, '.A%$ ,6*( *<,?/,A,- ,1, +&-7-7- (mod 9) ,>,- '*A*%/*%, '**<,? ./0&/7'7%9 #$( 9 &?&%&1 6&A/&0& +E-?*0,-,- '&+&-&A7'7%9F9 F G

+ H!GIJ 516 ≡ 3 K0.' HL
92 ≡ 2 K0.' HL
3 + 2 ≡ 5 K0.' HL
608 ≡ 5 K0.' HL "F F!#$ 6&A/&0& ,</*0,-'*( Z/9 ,>,-'*(

516⊕ 92 = 516 + 92 ⇔ 3⊕ 2 = 5./'$A$-$ 5E6?*%0,< ./'$19 !"#!$ %%&'&(& a, b, c,m ∈ Z m > 1 !"!# 
a ≡ b (mod m) ⇒ ac ≡ bc (mod m)$%&'(#$-$- ,6;&?7 ?&-70'&- >71&%9 !"#!$ %%&'&'& a, b, c, d,m ∈ Z )* m > 1 !"!# 

[(a ≡ b (mod m)) ∧ (c ≡ d (mod m))] ⇒ a.c ≡ b.d (mod m)+!'(,-./01 M<&A7'&1, 8&A7-?7/&%'&- ,6?*-*- >71&%9
a ≡ b K0.' m) ⇒ m | a− b

⇒ ∃p ∈ Z, a− b = mp

⇒ a = b+mp ',%9
c ≡ d K0.' m) ⇒ m | c− d

⇒ ∃q ∈ Z, c− d = mq

⇒ c = d+mq ',%9



 !"  !"#$ %%& '(")$
a = b+mp ∧ c = d+mq ⇒ a.c = (b+mp)(d+mq)

⇒ a.c = bd+mbq +mdp+m2pq

⇒ ac− bd = m (bq + dp+mpq)
︸ ︷︷ ︸

k∈Z

⇒ ac− bd = mk

⇒ m | ac− bd

⇒ ac ≡ bd #$%& m) !"#$ %%&'&(& 19 ≡ −9 #$%& '( )* −13 ≡ 22 #$%& '( +,+-.
19.(−13) = −247 ≡ 2 #$%& 7)
(−9).22 = −198 ≡ 2 #$%& 7)

}

⇒ 19.(−13) ≡ (−9).22 #$%& 7)%/012)#*!#+ %%&'&,& a, b,m, n ∈ Z  m > 1 !" n > 0 #$" 
[(a ≡ b (mod m)) ⇒ an ≡ bn (mod m)%#&'30-0- +45678. )*1+/*- 9+1 n +,+-. :-
*<+ 7*%1$&*- ,8<612 =*-*/ +45678 7>$*)618$?:-7*$+-+ @*1*<7+1+12 A%/6?848?/6. 7*%1*$+- )61/8B8-8 <690/ *&*
*B+C2

Z/m >C*1+-&* ,615$6 +D/*$+ 76-8$/6?69+/+1+C2)-".+ %%&'&/& p, q ∈ Z/m +,+-
p⊗ q = p.q #  2E(&812 !"#$ 7, 8 ∈ Z/3 +,+- 7⊗ 8 = 7.8 = 56 = 2 &812

a.b = c +D/*$+ &%B10 +4*. *D+7/+B+- +<+ ?6-8-8- (mod 9) +,+- &*B*1/*1+ &* *D+7%/$6/8&812 F615$6&6. 9 67616< 46B/6$6 ?:-7*$+-+- &6?6-6B8 90&012 !"#$0#! 2  !G
× GH H"
+ GEI"E'" 123 ≡ 6 #$%& I(

38 ≡ 2 #$%& I(
6.2 ≡ 3 #$%& I(
4674 ≡ 3 #$%& I( EG G!30 46B/6$6 +D/*$+-&*. Z/9 +,+-&*.

123⊗ 38 = 123.38 ⇔ 6⊗ 2 = 3%/&0B0-0 @:47*1$+D %/&0<2



  !"! #$%&'() ()*+#,+*-  !"!# Z/5 $% 6.4 + 52.4 + 2.8 &'(%)&*& +,-.*./#
6.4 + 52.4 + 2.8 ≡ 1.4 + 0.4 + 2.3 0)1$ 5)

≡ 5 0)1$ 5)

≡ 0 0)1$ 5)2# Z/6 3,(,* 4.*.5.*$, 61-(,), 7% 8,9-), 6,:(1(,9.*. 1(;'6;9;*;/#
⊕ <  ! 2 = "< <  ! 2 = "  ! 2 = " <! ! 2 = " <  2 2 = " <  != = " <  ! 2" " <  ! 2 =

⊗ <  ! 2 = "< < < < < < < <  ! 2 = "! < ! = < ! =2 < 2 < 2 < 2= < = ! < = !" < " = 2 !  =# Z/5 3>)%4&*$%? (3x − 2)(2x + 1) = 0 $%*3(%)(%9&*&* 8@/>) 3>)%4&*&:;(;*;/#
(3x− 2)(2x+ 1) = 0 ⇒ (3x− 2 = 0) ∨ (2x+ 1 = 0)

⇒ (3x− 2 + 2 = 2) ∨ (2x+ 1 + 4 = 4)

⇒ (3x = 2) ∨ (2x = 4)

⇒ (3.2.x = 2.2) ∨ (2.3.x = 3.4)

⇒ (x = 4) ∨ (x = 2)

S = {1, 2}1(;9#"# Z/7 3,(,* 4.*.A,9. &8&*$%? 2x2 + 25 = 10 $%*3(%)&*&* 8@/>)>*> :;(;*;/#
2x2 + 25 = 10 ⇒ 2x2 + 25− 25 = 10− 25

⇒ 2x2 = −15

⇒ 2.x2 = −1

⇒ 4.2.x2 = −4

⇒ 8.x2 = −4

⇒ x2 = 3

Z/7 3,(,* 4.*.A,9. &8&*$% 3,9%4& 2 1(,* 4,+. +136;9B 1 C,($%? $%*3(%)&*8@/>)> +136;9#



 !"  !"#$ %%& '(")$"# −13 ≡ 12 (mod 5) $%&'(')' *+,-./0)01# !"#$%&' (mod 5) . *+/.2 −13 0%. 12 ,345%3/5 34)5 &.)6%06 ,5)575)3 30-$%83%5&5/# 12÷5 09%.80)0) 63%3)5 2 &0/: 43)0 12 ∈ 2 &0/# −13÷5 09%.80)&.)63%3) −3 &;/: 43)02 −13 ∈ −3 &0/# <-. 43)&3)2 −3 + 5 = 2 $%&'(')&3)2
−3 = 2 4315%3=0%0/# > ?3%&.2 −13 0%. 12 ,345%3/5 34)5 &.)6%06 ,5)575)&3&5/#(!"#$%&' (mod 5)  !"# $ −13 %& 12 '()*&(#*+*+ ()+* , +-&%- '*+*.*+((%/ 0&1('* %2%+$ .(#-&(#*+*+ 5 %& /(1 3"&4+1 '% ! # -&% 5 ) / #&%,%#6 12 −
(−13) = 25 5 5|25 ,%#787 333 ≡ x (mod 5)  9%/&%:%+% '(:&()(+  + -424- x '()*'*+* 3;&;+;<7 !"#$% =+
 (9(:*,(-%  9%/&%-& #% %+
 & ) &%17

3 ≡ 3 (mod 5) ≡ 3 (mod 5)
32 ≡ 3.3 (mod 5) ≡ 4 (mod 5)
33 ≡ 3.4 (mod 5) ≡ 2 (mod 5)
34 ≡ 3.2 (mod 5) ≡ 1 (mod 5)
35 ≡ 3.1 (mod 5) ≡ 3 (mod 5)
· · ·?;#(,(+ !"#4&,4:4 !%3%$ 35 ≡ 3 (mod 5) 0&;# 5 4'&4 %.(, & #$ ,"#, #&%,"+!4& # @(&%+, ()+* '()*)( , +- 0&;#7 =)& )' $

333 = 332+1 = 332.3 = 34.8.3 ≡ (34)8.3 (mod 5)

≡ [(34)8 (mod 5)] . [3 (mod 5)]

≡ [(1)8 (mod 5)] . [3 (mod 5)]

≡ [1 (mod 5)] . [3 (mod 5)]

≡ 1.3 (mod 5)

≡ 3 (mod 5)0&;#7 A0+  9%/&%-$ (#(,*:*1*< '()*+*+ 3 0&,;:;+; '")& #7B7 489797 '()*'*+*+ 3%#& # 3('(1(:*+,(-% '()* + ,%#C !"#$% =+
 (9(:*,(-%  9%/&%-& #% %+
 & ) &%17
4897 ≡ 7 (mod 10) ≡ 7 (mod 10)
48972 ≡ 7.7 (mod 10) ≡ 9 (mod 10)
48973 ≡ 7.9 (mod 10) ≡ 3 (mod 10)
48974 ≡ 7.3 (mod 10) ≡ 1 (mod 10)
48975 ≡ 7.1 (mod 10) ≡ 7 (mod 10)
· · ·



  !"! #$%&'(#)%*( +,-.%%.-/  !"#$%&'(&)& *+,+- 48974 ≡ 1 (mod 10) .'(/)/0(10-
489797 = 48974.24+1 ≡ (48974)24.4897 (mod 10)

≡ [(1)24 (mod 10)] . [7 (mod 10)]

≡ [1 (mod 10)] . [7 (mod 10)]

≡ 1.7 (mod 10)

≡ 7 (mod 10).'/%2 3.0 45+6'+7- 1%1(8)898: ;1<8080 7 .'(/)/0/ ;$<'4%2  !" #$%&'(#)%*( +,-.%%.-/ !"#!$ %%&'&%& a, b ∈ Z, m, n ∈ N+  !"#$ %&'('
a ≡ b( mod m)⇒ an ≡ bn( mod m) =  2"> !)(*?/ 64.%49+0 (.)%/'/)/0/ ;4@+'4
47 B4% n ;1<8;8 +@+0 ;1)'1917 7.'1<(8%2 C91+;D168 6&94E1%89 <$0649+04 (1<108%F (.'1<8;8<'1- ,/ (4%;+0 71D;198 (8580(1(8%2

a,m, p, k ∈ N- m > 1- 0 ≤ k < m .'917 &:4%4 aG080 m <4 ,$'&094;+0(40,/'/010 ,$'&9 p, 71'10 k +;4 ,/ (/%/9(1-
a = m.p+ k ⇔ a ≡ k =9.( m).'(/)/0/ ,+'+<.%/:2H)4% a ;1<8;8 m <4 619 .'1%17 ,$'&0&<.%;1-

a ≡ 0 =9.( m).'/%2(#)!* 821 +0 I +'4 ,$'&094;+0(40 4'(4 4(+'40 71'108 ,/'/0/:2+,&%"-
8 ≡ 3 =9.( 5) ⇒ 821 ≡ 321 =9.( 5)

⇒ 821 ≡ (32)10.3 =9.( 5)

⇒ 821 ≡ 910.3 =9.( 5)

⇒ 821 ≡ 410.3 =9.( 5)

⇒ 821 ≡ (42)5.3 =9.( 5)

⇒ 821 ≡ (1)5.3 =9.( 5)

⇒ 821 ≡ 3 =9.( 5)J B1'(4- @$:&9 7&94;+- S = {3} ∈ Z/5 .'/%2



 !"  !"#$ %%& '(")$ !"#$ 767 #$# " $%& '(%)#*&+$#,&# &%,& &,$%&# -.%.#/ '0%0#012 !"#$%
7 ≡ −1 3*4, 8) ⇒ 767 ≡ (−1)67 3*4, 8)

⇒ 767 ≡ (−1)67 3*4, 8)

⇒ 767 ≡ −1 3*4, 8)

⇒ 767 ≡ 7 3*4, 8)5 6.%,&7 8(1)* -)*&+$7 S = {7} ∈ Z/8 4%092%#&!#' (()*)+) &'( a )*+,- .,/0.0101 2,.,$,3-,(01),3' (,3,$-,(4 .*-),1 .,+,)*+(54 0 ≤ an, an−1, . . . , a2, a1, a0 ≤ 9 '.64 a .,/0.01014 *1-5 .,/0 .'.76$'1)63',80-0$04
a = an10

n + an−110
n−1 + · · ·+ a210

2 + a1.10 + a0 3  2":)0(9 !"#$
7853 = 7.103 + 8.102 + 5.10 + 3%#&!#' (()*),) :1-5 .,/0 .'.76$'1)63' ,80-0$0 ;<<9=> )63' ?'2' *-,1 2'( a )*+,-.,/0.0 '8'14

a = [an + an−1 + · · ·+ a2 + a1 + a0] ( mod 9) 3  2;:6@'7-'+' .,+-,10(9 !"#$% <&9 k ,4=.% +.>/+/ $8$# 10k ≡ 1 (mod 9) ,092 ?0 (1&%$-7 3  2":&@$A%$=$#$# 6&9 A&9$*$#& 0>B0%.#/9+.7 3  2;: &@$A%$=$ &%,& &,$%$92+ -.# /0.1"#2-.'# 34!5.6?$9 A.*+.>/#/# 2 $%& A.* '(%)#&'$%*&+$ $8$#7 B&9&-%$ C& >&A&9%$ -4@0%7 '$9%&9'.+.*.=/#,.-$ 9.-.*/# 8$DA 4%*.+/,/92A.B,7% (1) &@$A%$=$#,&#7
α ≡ an.0 + an−10 + · · ·+ a3.0 + a2.0 + a1.0 + a0 3*4, 2)

≡ a0 3*4, 2)&%,& &,$%$92 E>%&>+&7 a ≡ 0 3*4, !: 4%*.+/ $8$# a0 ≡ 0 3*4, !: 4%*.%/,/92 !"#$.#! 2 17398 +.>/+/#/# '$9%&9 '.+.*.=/#,.-$ 9.-.* 8 ,/92 8 ≡ 0 (mod 2) 4%,0=0#F,.# 17398 ≡ 0 (mod 2) ,$92 E>%&>+&7 17398 +.>/+/ 2 $%& A.* '(%)#)92!2 5753 +.>/+/#/# '$9%&9 '.+.*.=/#,.-$ 9.-.* 3 ,)92 3 ≡ 1 (mod 2) 4%,0=0#F,.# 5753 6≡ 0 (mod 2) ,/92 E>%&>+&7 5753 +.>/+/ 2 $%& A.* '(%)#&*&12



  !"! #$%&'(#)%*( +,-.%%.-/  !" !"# $%"&'#(!")# *+,-". !" #$%&$'()() 3 !*+ #$% ,-*.)+,!*%+&! !/!)0 1+"+2*! 3+ '+#+"*! 2456*0 ,$&$%$27*$"()8$2! "$2$%*$"() #49*$%()() : '$ 8$ 3 .) ,!" 2$#( 4*%$&(8(";<&9$#= #$% k &'()* +),-+- ./.01 (10)k ≡ 1 (mod 3) 2)(-03-+- 45**)0-*-%+)1 (1)$6.3*.(.0&$01
a ≡ an.1 + an−1.1 + · · ·+ a2.1 + a1.1 + a0 78'& 3)

≡ an + an−1 + · · ·+ a3 + a2 + a1 + a0 78'& 3)$*&$ $&.*.%9 : ;)*&$1
a ≡ 0 78'& <= '*8)+- ./.01 >$%$4*. ?$ ,$3$%*. 4'65*1

an + an−1 + · · ·+ a3 + a2 + a1 + a0 ≡ 0(mod3)'*8)+-&-%9/,'#0"#, 9 8931 +),-+-0-0 2)+)8)4*)%-0&)4. %)4)8*)%-0 3'@*)8- 21 &.%9 A5 3'@*)8 3B0 2.% 4)3-&-%C,)0.1 3 .*$ 3)8 2D*B0B%9 E,*$,+$1 8931 +),-+- &) 3 .*$ 3)82D*B0B%9 A50501 $6&$($%*.4 2)(-03-+-,*) .F)&$+.1 8931 ≡ 0 (mod 3) &B%9!9 7451 +),-+-0-0 2)+)8)4*)%-0&)4. %)4)8*)%-0 3'@*)8- 17 &.%9 A5 3'@*)8 3B0 2.% 4)3- &$(.*&.%C ,)0.1 3 .*$ 3)8 2D*B0$8$G9 8931÷ 3 .6*$8. ,)@-*-%+)1$*&$ $&.*$
$4 4)*)01
7451 ≡ 7 + 4 + 5 + 1 78'& 3)

≡ 2 78'& 3)&.%91 !"# $%"&'#(!")# *+,-". !" a #$%&$'(&()() ,!"*+" ,$&$%$>()8$2! "$2$% !*+ 4)*$" ,$&$%$>()8$2! "$2$%()!2! 2$#()() #49*$%( 4 .) ,!" 2$#( !&+0 a &$'(&( 4 + #$% ,-*.).";<&9$#= #$% k ≥ 2 &'()* +),-+- ./.01 (10)k ≡ 0 (mod 4) 2)(-03-+- 45**)0-*-%+)1 (1)$6.3*.(.0&$01
a ≡ an.0 + an−1.0 + · · ·+ a3.0 + a2.0 + a1.10 + a0 78'& 4)

≡ 2a1 + a0 78'& 4)$*&$ $&.*.% ?$ .+@)3 2.3$%9
a1.10 + a0 ≡ 2a1 + a0 78'& I= '*&5(50&)01 ,54)%-&)4.0$ $6&$($% '*)0 6545%)*- +D,*$,$2.*.%.G9?6"$*=  !" a 84>$* &$'(&()() &4) !2! "$2$%()8$) 4*65$) 84>$* &$'(0 @ .) ,!" 2$#(!&+0 a &$'(&( @ !*+ #$% ,-*.).";/,'#0"#,



 !"  !"#$ %%& '(")$ # a = 332456 $%&'$'('( $)( *+* ,%$%-%.'(/%+* $%&' 56 /'0# 12 $%&' 4 3( ,*0+%4'/'0# 5 6%7/89 332456 $%&'$' 4 *78 4%- ,:73(30#;# a = 5738 $%&'$'('( $)( *+* ,%$%-%.'(/%+* $%&' 38 /*0# 12 $%&' 4 3( ,*0 +%4')7-%/'.'(/%(9 <80*78( 5738 $%&'$' 4 *78 4%- ,:73(8-8=# 5738 ÷ 4 ,:7-8*>78-*(*( +%7%(' 2 /*0? @3(+39
5738 ≡ 2.3 + 8 ≡ 6 + 0 ≡ 2 (mod 4)&%='7%,*7*0#A>%.'/%+* +20%77%0'( @'+'>'9 &2+%0'/% &%B4'+7%0'-'=% ,8(=80# !"# $%"&'#(!")# *+,-".1*0780 ,%$%-%.'(/% 0 &% /% 5 )7%( 680 /).%7 $%&'9 5 *78 4%- ,:73(30#/ !"# $%"&'#(!")# *+,-". !" #$%&$'()() 9 !*+ #$% ,-*.)+,!*%+&! !/!)0 1+"+2*! 3+ '+#+"*! 2456*0 ,$&$%$27*$"()8$2! "$2$%*$"() #49*$%()() : '$ 8$ 9 6) ,!" 2$#( 4*%$&(8(";00 !"# $%"&'#(!")# *+,-".<+"=$)1! ,!" a #$%&$'(&()() ,$&$%$2*$"()8$2! "$2$%*$"0 &$>8$) &4*$ 84>"6 )67%$"$*$)8(>()8$0 #+2 )6%$"$*( ,$&$%$2*$"8$2! "$2$%*$"() #49*$%( !*+ /!?# )6%$7"$*( ,$&$%$2*$"8$2! "$2$%*$"() #49*$%()() ?$"2(0 @@ !) ,!" 2$#( !&+0 a &$'(&( 11!*+ #$% ,-*.).";A&9$#B C80 k 4%-$%&'$' *@*(9

a2k.10
2k + a2k−1.10

2k−1 ≡ [a2k.10 + a2k−1].10
2k−1 (mod 11)

≡ [a2k.(−1) + a2k−1].10
2k−1 (mod 11)

≡ [a2k−1 − a2k].10
2k−1 (mod 11)/*0# 12(29 (1) 8>*47*.*(/89 %0/'>'+ 480*-780 *@*( +277%('0$%+9 &2+%0'/%+* +20%7 @'+%0#1,'#2"#, # a = 199617 $%&'$'('( 0%+%-7%0'('9 &2+%0'/% %@'+7%(/'.' D*,* (2-%0%7%&%7'-E

a =  F F G  HG I J ! ;  K8+ (2-%0%7' ,%$%-%+7%0'( 4)B7%-' E 7 + 6 + 9 = 229L*M4 (2-%0%7' ,%$%-%+7%0'( 4)B7%-'E 1 + 9 + 1 = 11 /*0#
22 − 11 = 11 <8 11 ≡ 0 (mod 11) )7/2.2(/%(9 <80*78( $%&' 11 *78 4%-,:73(30? &%(*9

199617 ≡ 0 (mod 11)/*0#



  !"! #$%&'%()#$#(  ! "# a = 526390 $%&'$'('( )%$%*%+,%-'('. $%/0%( $1,% 01/-2. (2*%-%,%&%,'*#
a = 3 " 4 ! 5 64 3 7 ! "  89+ (2*%-%,' )%$%*%+,%-'( :1;,%*' < 0 + 3 + 2 = 5.=>?: (2*%-%,' )%$%*%+,%-'( :1;,%*'< 9 + 6 + 5 = 20

5 − 20 = −15 @9 −15 6≡ 0 A*10   B 1,02/2(0%(. @9->,9( 526390 $%&'$' 119 :%* )C,D(9*9E# 526390÷ 11 >F,9*>(>( +%,%('.
526390 = 11.47853+ 7 ⇒ 526390 ≡ 7 (mod 11)0>-#!# n )>- 01/%, $%&' >$9. a = 26.(13)4n+3 $%&'$'('( )>-,9- )%$%*%/'(0%+> -%+%*'(90>-G !"#$% H%&'('( )>-,9- )%$%*%/'(0%+> -%+%*. a ('( 10 >,9 )C,D(*9$>(09(9,09 90>,9
9+ +%,%(0'-# =D(+D. a $%&'$'('(. (1) %J','*'(0%(.

a = an10
n + an−110

n−1 + · · ·+ a210
2 + a1.10 + a0 ≡ a0 (mod 10)

= a0 (mod 10)&%E',%)>,>-# K>*0>. )2 +%,%(' )2,%
%/'E#
26.(13)4n+3 ≡ 6.34n+3A*10 10)

≡ 6.34n.33A*10 10)

≡ 2.3.34n.32.3A*10 10)

≡ 2.32.32.34nA*10 10)

≡ 2.(−1)(−1).34nA*10 10)

≡ 2.34nA*10 10)

≡ 2.(32)2nA*10 10)

≡ 2.(−1)2nA*10 10)

≡ 2.(1)A*10 10)

≡ 2A*10 10)1,02/2(0%(. a = 6.34m+3 $%&'$'('(  6 >,9 )C,D(*9$>(09( +%,%( 2 0>-#  !" #$%&'%()#$#( # 6, 15, 21, 22, 26, · · · L>)> ?%-+,' >+> %$%, $%&'('( J%-;'*' 1,%( )>- $%&' >,9)C,D(9)>,*9 +2-%,'(' $C&,9&>(>E#"# 4346.567 = 2464182 @9 2513.527 = 1324351 J%-;*% >F,9*,9->(>( $%/,%M*%$'(' &%;'('E#



 !"  !"#$ %%& '(")$!# $%&'()( *+ ,(-&)( ./'+)'+-. .,.01 [mod m) 2(-34)42'( 2(&4'(0 5(6'()(3(1
m *+ m7.0 8(9'(-403( +/.9 :(9('(- ;<-='+)+># ?+3+0@A# B<')+ ./'+).0. 2(&)(3(01 5256 ÷ 7 ./'+).0.0 8('(0404 CD'D0D>#B<')+ ./'+).0. 2(&)(3(01 1312n+1 ÷ 5 ./'+).0.0 8('(0404 CD'D0D> En ∈
N+F#G# Z11 8=)+5.03+1 ⊗ ./'+).0+ ;<-+1 5 .0 9+-5.0. CD'D0D>#H# Z4 8=)+5.03+1 ⊗ ./'+).0+ ;<-+1 8(-+8<8= %')(2(0 5(24 0+3.-@I# J/(643(8. 3+08'+)'+-. ,<>=0=>#
x+ 2 ≡ 3 (mod 5) x− 4 ≡ 2 (mod 7)
x+ 1 ≡ 5 (mod 6) 5x ≡ 3 (mod 8)
42.76 ≡ x (mod 100) 2x+ 8 ≡ 4 (mod 3)K# Z11 8=)+5.03+ f(x) = 3x+ 1 .5+1 f−1(3) 0+3.-@L# Z6 8=)+5.03+ x⊕ a = b 3+08'+).0.0 C.- 9+8 ,<>=)= %'3D6D0D ;<59+-.0.># M# Z6 8=)+5.03+ x⊗ a = b 3+08'+).0.0 ,<>=)= 9+8 ).3.-@ ?+3+0@  # (327 + 535 + x ≡ 1 (mod 8) 3+08'+).0. ,<>=0=># "# (447 + 321)÷ 5 ./'+).0.0 8('(0404 CD'D0D># !# 52k+1 ÷ 7 ./'+).0.0 8('(0404 CD'D0D># A# N(6'()( 2(&)(8 .,.0 0+3+0  !" # 5+,.'.-@ G# Z5 8=)+5.03+ 3.217 + 2.424 + 3.2436 + 3(5.333) ./'+).0. 2(&404># H# Z7 8=)+5.03+ (3x2 + 2x+ 1)(4x3 + 2x2 + x+ 3) ./'+).0. 2(&404># I# 4.7322 + 5.5347 + 5.4367 + 3.453 5(2454040 C.-'+- C(5()(6403(8. -(8()4 CDO'D0D># K# n C.- 5(2)( 5(2454 %'5D0# (53957)40n 5(2454040 C.-'+- C(5()(6403(8. -(8()4CD'D0D># L# Zm 8=)+5.03+ x7.0 9%&'()(2( ;<-+ 9+-5. −x1 ,(-&)(2( ;<-+ 9+-5. x−1.'+ ;<59+-.'.2%-# Z5 8=)+5.03+ 2(−2)7 + 4−2.3234 + (8−1)6(−3)7 ./'+).0.2(&404>#"M# B<')+ ./'+). 2(&)(3(01 (/(643(8. <0+-)+'+-.0 3%6-D )D1 2%85( 2(0'4/ )41%'3D6D0D C+'.-'+2.0.>#(# 3|37845 C# 8|6934256 
# 9|39510454
# 15|54795 +# 18|5269772 Q# 24|51064948


