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 !"# $%&'()

 !"#$% &'() %(*#( +

#$%&'()&*+ ,-% ./(01 23%+3043) 5)63 ,-% 73895% ./(0*4*%1 0()- (X, ‖‖)
)$%&'()&*+ ,-% ./(0 -:31 X 8;&3:- ;/3%-)43 ,-% 73895% ./(0* 0(<*:* 7(%4*%=

>0:(1 ,. 83:-&43 9()*&'(0(6(?*&*/ &39%-8 ./(0 8(7%(&* -@-) X 8;&3:-)-)1

(+(?*4( :50'30363?-&-/ &39%-8 (8:-0$&'(%*)4() ,(+8( ,-% 5/3''-?3 0( 4( 0(A

<*0( :(2-< $'&(:* B3%38&3/=

C-% &39%-8 ./(01 5?3'3%- (%(:*)4(8- 0(8*)'*8 ,3'-%'3)&-+ ,-% 8;&34-%= C(+8(

,-% 430-+'31 ;/3%-)43 ,-% ./(8'*8 D$)8:-0$). 9()*&'()&*+ ,-% 8;&34-%= E3%A

@3893)1 (4*)( &39%-8 4-0363?-&-/ ,. 8(7%(&1 23%83:-) :3/B-:3' $'(%(8 ,-'4-?-

./(8'*8 8(7%(&*)*) B3)3''3&3:-)43) ,(+8( ,-%+30 43?-'4-%=

 !"#$ %&'('%' C-% X 8;&3:- -'3 ,-% ρ : X × X → R D$)8:-0$). 73%-'&-+

$':.)= F+(?*4(8- (8:-0$&'(%* :*%('*0('*&G

H3% x, y, z ∈ X -@-)

IJKL ρ(x, y) ≥ 0

IJ L ρ(x, y) ≤ ρ(x, z) + ρ(z, y) M;@B3) 3+-9:-/'-?-N

IJ!L ρ(x, y) = ρ(y, x) M:-&39%-8N

IJOL x = y ⇒ ρ(x, y) = 0 (0()- ρ(x, x) = 0)

IJPL x 6= y ⇒ ρ(x, y) 6= 0

C. (8:-0$&'(%4()

[M1] 73 IJ L 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:- ;/3%-)43 ,-%

 !"# $%&"'()' *+,!)'-)%$'-$%&"'./0

[M1]1 IJ L 73 IJ!L 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:- ;/3%-)43

,-%  !"# $%&"'( *)%$'-$%&"'./0

[M1]1 IJ L 73 IJOL 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:- ;/3%-)43

,-% )123% $%&"'()' *+,!)'-4)%,35$%&"'./0

[M1]1 IJ L 1 IJ!L 73 IJOL 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:-

;/3%-)43 ,-% )123% $%&"'( *4)%,35$%&"'./0



 !"#" $%&'()  !"

[M1]# $% & # $%!& # $%'& () $%*& +,)-./-)0. 123-24567012 ρ 874/1.674942 X

/:;)1. :,)0.4<) =.0  !"#$% & !"#$'()

<)4.-.0>

?);)4 =)-.0@)-.; /. =9 2/1.67;-20 =.0=.0-)0.4<)4 =235;15, <)3.-<.0> A0B

4)3.4 $%'&#$% & () $%!& 2/1.67;-205 1502156-2 /9--24-5012

0 = ρ(x, x) ≤ ρ(x, y) + ρ(y, x) = 2ρ(x, y)

C5/20# /. =9# $%"& 2/1.67;949 ()0.0>

D,)0.4<) =.0 ;)@0./ @245;-24;5E =.0 /:;)6) =.0  !"#$% *+,- <.6)F)3.,>

G3)0 ρ 874/1.6749# X /:;)1. :,)0.4<) =.0 ;)@0./ .1)# =9 ;)@0./ 9,265 (X, ρ)
.-) H+1@)0)F)3.,>

.,#/0 !"#$% *+,- ()  !"#$%$ 1$ *+,- /2(02;-205 <2 =)4,)0 7-202/ @245;B

-2450>

(X, ρ) =.0 ;)@0./ 9,26 () x, y ∈ X .1)# 4)H2@.8 7-;2624 ρ(x, y) H)0C)-

12651542 x .-) y +3)-)0. 202154<2/. *+,%2/% <.6)F)3.,>

 !"#$ %&'('%' I7E 7-;2624 J)0 J24H. =.0 X /:;)1. ()0.-1.4> X ×X <)4 R

6) @245;-2424

δ(x, y) =

{

0, x = y

1, x 6= y

<+4:E:;: =.0 ;)@0./@.0>

 !"#$ %&'('(' | | 1.;H)1. H)0C)- )/1)4<) 12-@ <)3)0 874/1.674949 H+1@)0;)/

:,)0)# R× R <)4 R 6) @245;-2424

µ(x, y) = |x− y| , (x, y ∈ R) K"L> MN

874/1.6749 =.0 ;)@0./@.0> O<542# H)0C)- )/1)4 :,)0.4<)/. 1,2" 3!4!#  !"#$4$

62 <2 /512F2 1,2"  !"#$%# <.6)F)3.;., =9 ;)@0./# ./. H)0C)- 1265 202154<2/.

9,2/-535 ()0;)/@)<.0> µ 494 ;)@0./ 2/1.67;-20545 123-2<535 /7-26F2 H+0:-:0>

 !"#$ %&'(')' | | 1.;H)1. /20;2E5/ <:,-);<) 12-@ <)3)0 874/1.674949 H+1B

@)0;)/ :,)0)# C× C <)4 R 6) @245;-2424

κ(z1, z2) = |z1 − z2| , (z1, z2 ∈ C) K"L> LN

874/1.6749 =.0 ;)@0./@.0> O<542# /20;2E5/ <:,-); :,)0.4<)/. 1,2" 3!4!#  !"0

#$4$ 62 <2# /512F2 1,2"  !"#$% <.6)F)3.;., =9 ;)@0./# ./. /20;2E5/ 1265 202B

154<2/. 9,2/-535 ()0;)/@)<.0> κ 454 ;)@0./ 2/1.67;-20545 123-2<535 /7-26F2

H+0:-:0>



 !  !"#$ %&' $()*+, -./0"/*

 !"#$" %&'('%' x = (x1, x2, ..., xn ∈ R
n)  ! y = (y1, y2, ..., yn ∈ R

n) "n ≥ 1#
$%&'( )*!+! R

n × R
n
,!- R .! /'-0&%'-'-

p : (x, y)→ p(x, y) =
n
∑

i=1

|xi − yi| "#$% &'

,1-)2)&) R
n
)*!+3-,! 43+ &!/+3(/3+5

 !"#$% ()#* +,- () * ./0+123,.45656 0.7,.68575 .9.:5/;54% ()!* ./0+123<

n
∑

i=1

|xi − yi| =
n
∑

i=1

|(xi − zi) + (zi − yi)|

≤
n
∑

i=1

|xi − zi|+
n
∑

i=1

|zi − yi|

-=+;0+>,+7+68-6 :5/.4% ?26 2,.4./@ ()A* B- ()C* ./0+123,.45

n
∑

i=1

|xi − yi| = 0⇔ xi = yi (1 ≤ i ≤ n)

⇔ x = y

D.756;50568.6 :5/.4%

 !"#$" %&'('(' x = (x1, x2, ..., xn ∈ R
n)  ! y = (y1, y2, ..., yn ∈ R

n) "n ≥ 1#
$%&'( )*!+! R

n × R
n
,!- R .! /'-0&%'-'-

m : (x, y)→ m(x, y) = max{|xi − yi| : 1 ≤ i ≤ n} "#$% E'

,1-)2)&) R
n
)*!+3-,! 43+ &!/+3(/3+5

 !"#$% ()#* +,- () * ./0+123,.45656 0.7,.68575 .9.:5/;54% ()!* ./0+123<

max |xi − yi| ≤ max{|xi − zi|+ |zi − yi|} (1 ≤ i ≤ n)

≤ max |xi − zi|+max |zi − yi|

-=+;0+>,+7+68-6 :5/.4% ?26 2,.4./@ ()A* B- ()C* ./0+123,.45

m(x, y) = 0⇔ max |xi − yi| = 0 (1 ≤ i ≤ n)

⇔ |xi − yi| = 0

⇔ xi = yi

⇔ x = y

D.756;50568.6 :5/.4%



 !"#" $%&'()  !!

 !"#$" %&'(')' R
n
 ! "! C

n(n ≥ 1) #$%&'( )*! +!(, -*$(./"$

sn(x, y) =

(

n
∑

i=1

|xi − yi|
2

)
1

2

"#$%!&'

". $ &!/,0+!/!/ "'/-1-0 2.( 0$&(.%&.(3 4)/! ()*+, -.,/+0+ ". $5$6.*3

 !"#$% 12#34 12 34 1253 6. 1273 8)9+:;-*8/<=<= 980*8=><0< 8?8@<),</% 12!3

8)9+:;-A=A= 980*8=><0<=< BC/-.) +@+=4 x = (x1, x2, . . . , xn) :./+=.

x− y = (x1 − y1, x2 − y2, . . . , xn − yn)

);:8/8) 7./%89:%. .D+,9+E*+0+=+ A:BA*8-8) :.,.F.),+/%

n = 1 +@+= sn -.,/+0+=+= µ 98*, -.,/+0+=. +=>+/B.=>+0+ 8@<),</%

 !"#$" %&'('*' (X, ρ) 2.( 0$&(.%.0:. )*! .:$; <$( x, y, z ∈ X .=./

|ρ(x, z)− ρ(y, z)| ≤ ρ(x, y) "#$%!#'

8+)(3

 !"#$% 12 3 6. 12!3 >.=

ρ(x, z) ≤ ρ(y, z) + ρ(x, y)

6.

ρ(y, z) ≤ ρ(y, x) + ρ(x, z) = ρ(x, y) + ρ(x, z)

:8E<*8G+*+/% HA/8>8=

−ρ(x, y) ≤ ρ(x, z)− ρ(y, z) ≤ ρ(x, y)

@<)8/% HA4 +9,.=.=+ 6./+/%

 !"#$" %&'('+' (X, ρ) 2.( 0$&(.%.0:. )*! .:$; <$( x, y ∈ X .=./

q : (x, y)→ q(x, y) = min{1, ρ(x, y)} "#$%! '

". $ &!/,0+!/!/ "'/-1-0 "$ X -*$(./"$ 2.( -.,/+)+-9+ 8+)(3



 !"  !"#$ %&' $()*+, -./0"/*

 !"#$% #$%&' #$ & () #$"& *+,-./01*23434 ,*51*46353 *7*83+932: #$!& *+,-;

./0<4<4 ,*51*46353 -,)

min{1, ρ(x, y)} ≤ min{1, ρ(x, z) + ρ(z, y)}

≤ min{1, ρ(x, z)}+min{1, ρ(z, y)}

)=-9,->1-5-46)4 83+*2: ?-06- @< )=-9,->1-5-4 (*2135343 AB,9)2)1-0: C+- D*1 (*2632:

E5)2 ρ(x, z)+ρ(z, y) ≥ 1 -,) ,/1 .*4 1F6)4 @G.G+ /10*.*H*534* AB2)' )=-9,->1-+

(*2632: E5)2 ρ(x, z) + ρ(z, y) < 1 -,)' -,9)4)4 =). ρ(x, y) ≤ ρ(x, z) + ρ(z, y)
6)4 83+*2:

I)0)+ +- q 6B4G=G0G X G>)2-46) @-2 0)92-+-0,-6-2:

 !"#$" %&'(')'  !"#$%$&'$(!#)!* +(,-.* /!# /.*0$ 1$# .$(!*$* "+2(.&3 ).

1$# &!"#$%$&'$)$#4 56!( +(.#.%7 '+*(, ".*! &!"#$8$* "+2(.&3 ). 1$# &!"#$%"$#4

 !"#$% X G>)2-46) 9*43013 @-2 {ηi : i ∈ I} 0)92-+-0,-1)2 *-1),- ()2-1,-4:

J< 6<2<06* η =
∑

i∈I
ηi 9/71*03434 6* X G>)2-46) @-2 0)92-+-0,- /16<5<4<

AB,9)2)H)5->: K)28)+9)4' D)2 x, y ∈ X -8-4

(x, y)→ η(x, y) =
∑

i∈I

ηi(x, y) L%M:!!N

6-.) 9*4301*4*4 O/4+,-./4<4 #$%&;#$"& *+,-./01*2343 ,*51*.*H*5343 AB20)+

-8-4' D)2 i ∈ I -8-4 ηi 4-4 @< *+,-./01*23 ,*51*635343 6G=G40)+ .)9)H)+9-2:

P>)1 /1*2*+ I -46-, +G0),- ,/41< () ηi 1)2 @-2)2 0)92-+ -,) 9/71*01*23434

,/41< +*1*H*53 () #$Q& *+,-./0<4<4 6* ,*51*4*H*53 *7*83+932:

 !"#$" %&'('&'  !"#$%$&'$(!#)!* +(,-.* /!# /.*0$ 1$# .$(!*$* )4 +G8G+

G,9 ,34323 L,<7N ). 1$# &!"#$%$&'$)$#4 56!( +(.#.%7 '+*(, ".*! &!"#$8$* 0*+;

,-0<0< ). 1$# &!"#$%"$#4

 !"#$% X G>)2-46) 9*43013 @-2 {ηi : i ∈ I} &!"#$%$&'$(!# *-1),- ()2-1,-4:

J< 6<2<06*

χ = sup{ηi : i ∈ I}

6B4G=G0G4G4 6) X G>)2-46) @-2 0)92-+-0,- /16<5<4< AB,9)2)H)5->: χ 4-4

9*4303 <.*234H*' D)2 x, y ∈ X -8-4

χ : (x, y)→ χ(x, y) = sup{ηi(x, y) : i ∈ I} L%M:!"N

/1<2: χ 4-4 6B4G=G0G4G4 #$%&;#$"& *+,-./01*2343 ,*51*.*H*5343 AB20)+ -8-4'

.-4) D)2 i ∈ I -8-4 ηi 4-4 @< *+,-./01*23 ,*51*635343 6G=G40)+ .)9)H)+9-2:



 !"#" $%&'()  !"

#$%& '&()(*+ I ,'-&. /% ηi &%) 01)%) 2%3)1* 1,%+ 0.-&()4- %- *565* 5,3 ,4-4)4

(x, y)→ χ(x, y) = max{ηi(x, y) : i ∈ I, I ,'-&.} 789:!";

2(*,12.2.-( %<1331): =5-*5 ,'-&. ,(>4?( ηi(x, y) @%)6%& ,(>4 *52%,1-1- sup
?%A%)1 max ?%A%)1-% %<1331): B'&(>4,4>&(+ χ -1- CD"E (*,1>'2.-. ,(A&(>(F(A4

G%2%- @H)5&5):

 !"#$" %&'(')'  !" #$%&' ('" X )*+!,' '-! #!" #$%&' ('" (E, η) +!."')'+,'
/0$12 3!"'-,'% 3! ('" f : X → E 45%),'15%/ .$%2+-$%+26 5-,/%7 8/ 9/"/+9$:

#!" x, y ∈ X ';'%

ϑ : (x, y)→ ϑ(x, y) = η(f(x), f(y)) 789:!I;

9'1! .$%2+-$%$% ϑ 9<%*6*+* X *0!"'%9! ('" +!."')'+,' 5-/"7

 !"#$% J.-.- CD8EKCDLE (*,1>'2&()4-4 ,(A&(>(F(A4 *'&(>F( @H)5&%01&1):

M-F(* η 01) 2%3)1* '&,( 01&%+ ϑ 01) 2%3)1* '&2(>(01&1): J.-. (<(A4?(*1 H)K

-%*3%- @H)%01&1)1$:

 #!"* %&'('+' J1)X *52%,1 1&% G%) G(-@1 01) f : X → R N'-*,1>'-. /%)1&,1-:

ϑ : (x, y)→ ϑ(x, y) = |f(x)− f(y)|

?H-5<525 X 5$%)1-?% 01) +!."')'+,'9'"+ (2( 01) 2%3)1* '&2(>(01&1): O%)K

6%*3%- f 01)%K01) ?%A1&,% ϑ -4- CD"E (*,1>'2.-. ,(A&(2(>(F(A4 (P(64*34):

Q12?1 ?%+ 0. ?H-5<525- 2%3)1* '&?.A. ?.).2( 01) H)-%* /%)%&12:

 #!"* %&'(','

ν(x, y) =

∣

∣

∣

∣

x

1 + |x|
−

y

1 + |y|

∣

∣

∣

∣

789:!9;

?1>% 3(-42&(-(- ν N'-*,1>'-. R 5$%)1-?% 01) 2%3)1*31):

O%)6%*3%- ν -5- 2%3)1*12,1 '&?.A. >.*()4?(*1 H)-%*3%- 0%&&1?1):

x→
x

(1 + |x|)

N'-*,1>'-.-.- R ?%- (−1,+1) 5$%)1-% ,5)%*&1 /% 01)%K01) '&?.A.-. 01&1>').$:

#>&%>,% CD"E (*,1>'2. ?( ,(A&(-(F(*34):
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 !"#$" %&'(')' (X, ‖‖)  !"#$% #&' ()" *+%, )-. /." x, y ∈ X )0) 

ρ : (x, y)→ ρ(x, y) = ‖x− y‖ #$%&!'(

1),. 2% &#$% % ρ 13 4'4#4 X 54#.-) 4+.") 1. ()" #.2")5 !$*"6

 !"#$% )*+, -*./012*.3 .45671- 8494+ 6:,68;9;.86.< #$%&!'( 1:4 76.;,:6=

.6. ρ 8>.?@?,? AB$C 6/012*,3.3 069:6+& AB C 6/012*,3< α 24+1.4 −1 /*.3=

:3+06 A) C 84. D;/6+& AB!C 6/012*,3

ρ(x, y) = ‖x− y‖

= ‖x− z + z − y‖

≤ ‖x− z‖+ ‖z − y‖

= d(x, z) + d(z, y)

84. 5>+?:?+& ABEC F4 ABGC 6/012*,:6+; 104

ρ(x, y) = ‖x− y‖ = 0⇔ x = y

84. D;/6+&

*+,#- %&'('%' H3/6+;86 76.;,:6.,;@ *:6. s, p,m F4 sn ,47+1/:4+1.1. 1:51:1

I/:18 .*+,:6+;.86. 4:84 481:4J1:8191.1 5>+?.?K&

 #!". %&'('/' C[a, b] /?,401.4 617 L4+ f, g 1D1.

(f, g)→ ρ(f, g) = ‖f − g‖
1
=

∫

b

a

|f(x)− g(x)| dx #$%&!M(

8124 76.;,:6.6. ρ 8>.?@?,? J1+ ,47+1/71+&

 #!". %&'('&' #$%& E( 1:4 76.;,:6.6. B(X) /?,401.4 617 L4+ f, g 1D1.

(f, g)→ ρ(f, g) = ‖f − g‖
∞

#$%&EN(

= sup
x∈X

|f(x)− g(x)| #$%&E$(

8124 76.;,:6.6. ρ 8>.?@?,? J1+ ,47+1/71+& )484.O

 !"#$" %&'('%0' 7.2")5)#-) *+%,$%"1% !$*'% ()" {(Xn, ηn) : n ∈ N}
%)$.-) 8.")$-) 6 X = Πn∈NXn 5%"2.+,. 0%"9&#& & 2% &#$%,%$&#6 :." n )0) 

xn, yn ∈ Xn !$#%5 4+.".; /." x = (xn), y = (yn) ∈ X

ρ : (x, y)→ ρ(x, y) =
∞
∑

n=1

2−nηn(xn, yn) #$%&E (

13 4'4#4 X 4+.") 1. ()" ,47+1/1,0181+&

P3.3. 10Q67; /*:62R6 26Q6J1:4R4/71+&



 !"#" $%&'()  !"

 !"#" $%&'()*()%

#$ %& '()*+,( *)-./0 1.-02+.1.3 453('2(5* *)-./2.10306$

 $ x = (x1, x2) 7( y = (y1, y2) 48(2(5* R
2
'9+()*3,(3 .203+.' 96(5(:

.;.80,.'*2(5,(3 <.3=*2(5* R
2
96(5*3,( >*5 +(/5*' ,(8*2,*5?

ρ(x, y) = min{|x1 − y1| , |x2 − y2|}

δ(x, y) = (x1 − y1)
2 + (x2 − y2)

2

ψ(x, y) = |x1|+ |y1|+ |x2|+ |y2|

!$ @A32& ).10,. (Xi, ηi): 1 ≤ i ≤ n: n ∈ N: +(/5*' &6.12.50 7(5*2*1A5$

X = Πn

i=1Xi

A2)&3 7( x, y ∈ X *)( x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) A2+.'

96(5(:

α(x, y) =

(

n
∑

i=1

[ηi(xi, yi)]
2

)
1

2

β(x, y) =
n
∑

i=1

ηi(xi, yi)

γ(x, y) = max{ηi(xi, yi) : 1 ≤ i ≤ n}

BA3')*1A32.50 /.30+2.301A5$ %&32.5 X 96(5*3,( >*5(5 +(/5*' +*,*5?

C$ C× C ,(3 RD1( /.30+2.3.3

ρ(z1, z2) = |z1 − z2|

BA3')*1A3&3&3 >*5 +(/5*' A2,&8&3& =4)/(5*3*6$ %&3.: '.5+.;0' ).102.5

96(5*3,('*  !"# $%&%' (%#')&) ,*1(E(8*6$

F$ (X, ρ) >*5 +(/5*' &6.1 A2)&3$ G(5 x, y ∈ X *H*3

δ(x, y) =
ρ(x, y)

1 + ρ(x, y)

,*1( /.30+2.3.3 δ BA3')*1A3&3&3 ,. X 96(5*3,( >*5 +(/5*' A2,&8&3&

=4)/(5*3*6$



 !"  !"#$ %&' $()*+, -./0"/*

#$ (X, ρ) %&' ()*'&+ ,-./ 012,3$ X × X 4)3 R5/) *.36(1.3.3 .7.864.+&

903+2&/031.'4.3 :.3;&1)'& X <-)'&34) %&' ()*'&+*&'=

δ(x, y) = kρ(x, y), (k ∈ R
+)

γ(x, y) = kρ(x, y), (k ∈ R)

µ(x, y) = [ρ(x, y)]n, (n ∈ N)

ν(x, y) = [ρ(x, y)]r, (0 < r < 1)

>$ X +<()2&3) .&* 2.%&* %&' a 30+*.26 2)?)1&($ @)' f, g ∈ C
X

&?&3

ρ : (f, g)→ ρ(f, g) = |f(a)− g(a)|

4&/) *.36(1.3.3 ρ 4A3<7<(< C
x
<-)'&34) %&' ()*'&+&(2&4&'$ B)4)3=

"$ C<*<3 +.'(.76+ 4&-&1)'&3 01,7*,'4,8, +<()/) C 4&/)1&(D /.3&

C = {x|x = (xn), xn ∈ C, n ∈ N}

012,3$ EA2*)'&3&- +&

ρ(x, y) =
∞
∑

i=1

1

2n
·
|xn − yn|

1 + |xn − yn|
FG>$H!I

4&/) *.36(1.3.3 ρ 903+2&/03, C +<()2& <-)'&34) %&' ()*'&+*&'$
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